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Abstract Using a numerical modelling code, rock failure
process analysis, 2D, the progressive failure process and
associated acoustic emission behaviour of serial and parallel rock samples were simulated. Both serial- and parallel
sample models are presented for investigating the mechanism of rock pillar failure. As expected, the numerical
results show that not only the stiffness, but also the uniaxial
compressive strength of the rock plays an important role in
pillar instability. For serial pillars, the elastic rebound of a
rock pillar with higher uniaxial compressive strength can
lead to the sudden failure of an adjacent rock pillar with
lower uniaxial compressive strength. The failure zone
forms and develops in the pillar with lower uniaxial compressive strength; however, the failure zone does not pass
across the interface of the two pillars. In comparison, when
two pillars have the same uniaxial compressive strengths
but different elastic moduli, both serial pillars fail, and the
failure zone in the two pillars can interact, passing across
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the interface and entering the other pillar. For parallel
pillars, damage always develops in the pillar having the
lower uniaxial compressive strength or lower elastic
modulus. Furthermore, in accordance with the Kaiser
effect, the stress-induced damage in a rock pillar is irreversible, and only when the previous stress state in the
failed rock pillar is exceeded or the subsequent applied
energy is larger than the energy released by the external
loading will further damage continue to occur. In addition,
the homogeneity index of rock also can affect the failure
modes of parallel pillars, even though the uniaxial compressive strength and stiffness of each pillar are the same.
Keywords Serial and parallel  Numerical simulation 
Damage  Acoustic emission

1 Introduction
Pillars are used in a mine to support the weight of overburden material between adjacent underground openings.
As mine depths increase, pillar failure becomes more frequent and critical due to the progressive increase in ambient
stresses (Cook 1976). This failure process is a progressive
one due to the initiation and propagation of cracks, disturbance of local stress fields, development of local failures
and the formation of fracture planes. These micro processes
lead to macroscopic pillar failure and the associated loss of
load-carrying capability (Fang and Harrison 2002).
In laboratory tests, the pillar-failure mechanism can be
investigated by uniaxial compression loading in a stiff
testing machine (Gill et al. 1993). Indeed, servo-controlled
testing machines provide a valuable means of initiating the
failure of rock specimens under a prescribed deformation
rate. However, the occurrence of instability during rock
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failure depends on the stiffness ratio of the rock to the
machine (Hudson et al. 1972), which can complicate the
interpretation of the results. In general, the occurrence of
soft rocks in the roof or floor of a mine accelerates the
failure process by quickly releasing the energy stored in the
pillar system when a high-strength pillar penetrates into
the failed material (Tang et al. 1993).
Under actual field conditions, the pillar load capacity is
reduced to a residual value and failure occurs once the
applied stress level exceeds its peak uniaxial compressive
strength. From a design point of view, understanding the
pillar-failure mechanism is essential. The pillar strength
can be assessed using empirical, statistical or analytical
methods (Sheorey 1993). For example, some authors have
proposed empirical and semi-statistical approaches for
calculations of the uniaxial compressive strength of pillar
(Salamon 1970; van der Merwe 1998). However, due to the
nonlinear behaviour of rock pillars at the high stress levels
associated with deep mining conditions, the failure mechanism is not considered explicitly in these methods.
Moreover, as evident from the Kaiser (1950) effect, the
stress-induced damage in a rock pillar is irreversible. A
further complication is that parallel pillars may fail at
different times, leading to probable interaction effects
between adjacent damaged pillars. The failure mechanisms
can also be different for each individual pillar, owing to the
heterogeneous character of the rock mass. As a result, it is
not easy to predict the final uniaxial compressive strength
of the pillars.
Compared with simplified laboratory tests and analytical
methods, numerical methods have the advantage of being
able to model complex boundary conditions and material
properties, as well as the mechanisms involved in rock
pillar failure (Mortazavi et al. 2009). Murali Mohan et al.
(2001) used FLAC3D to simulate failed and stable pillars in
Indian coal mines. Chen et al. (2009) numerically investigated the effects of rock pillar width on the stability
behaviour of three and four parallel tunnels during excavation. The numerical results showed that the interaction
effects were dependent not only on the geological conditions and tunnel cross section, but also on the rock pillar
widths. In addition, Chen et al. (1997) and Kaiser and Tang
(1998) provided a double-rock sample model for studying
the pillar rockburst mechanism and simulated the progressive failure process in a pillar. However, the different
mechanical properties and the further interactions between
pillars with different uniaxial compressive strengths and
stiffnesses during the failure process were not considered.
Rock pillars in general have 3-D geometries. However,
according to Mortazavi et al. (2009), for narrow-vein
mining conditions, where the ore body is nearly vertical
and very long, the pillar behaviour can be modelled
under plane strain conditions. In the present investigation,
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the numerical modelling code rock failure process analysis
(RFPA) is used to simulate the failure mechanism of rock
pillars. The focus of the work is to study the failure processes of pillars in serial and parallel, as well as their
corresponding stress–strain behaviour. In addition, the
effect of rock heterogeneity on the failure mechanism is
also considered.

2 Brief Description of RFPA and Model Setup
Briefly, RFPA2D (Tang 1997) is a two-dimensional finite
element code that can simulate the fracture and failure
process of quasi-brittle materials such as rock. To model
the failure of a rock material (or a rock mass), the medium
is assumed to be composed of many mesoscopic elements
with differing material properties, which are specified
according to a Weibull distribution. The finite element
method is employed to obtain the stress fields in these
mesoscopic elements. Linear elastic damage mechanics is
used to describe the constitutive law of the meso-scale
elements, and the maximum tensile-strain criterion and the
Mohr–Coulomb criterion are utilized as damage thresholds
(Zhu and Tang 2004).
As rock is a heterogeneous material; it is assumed that
the local mechanical parameters are distributed following a
certain probability distribution. Weibull’s distribution
describes the experimental data obtained for the distribution of heterogeneities in rock very well (Weibull 1939).
Here, it is assumed that the specimen is divided into many
finite elements and the elemental parameters (uniaxial
compressive strength, rc, elastic modulus, E, etc.) of the
rock follow Weibull’s distribution law:
 
  m 
m rc m1
rc
uðrÞ ¼
exp 
ð1Þ
rca rca
rca
 
  m 
m E m1
E
uðEÞ ¼
exp 
ð2Þ
Ea Ea
Ea
where rca and Ea are the average uniaxial compressive
strength and elastic modulus, respectively, and m is the
shape parameter. The shape parameter m is defined as the
homogeneity index of the rock (Tang et al. 1993, 1997;
Tang 1997), with a larger m implying a more homogeneous
material and vice versa.
In the proposed model, a damage mechanics approach is
employed to model the mechanical behaviour of the mesoscale elements. For each element, the material is assumed
to be linear elastic, isotropic and undamaged before loading, with its elastic properties defined by the elastic modulus and Poisson’s ratio. After the initiation of damage, the
uniaxial compressive strength and elastic modulus of the
element are assumed to degrade gradually with the elastic
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modulus of the damaged material given by (Krajcinovic
1996):
E ¼ ð1  DÞE0

ð3Þ

where E and E0 are the elastic moduli of the damaged
material and the undamaged material, respectively, and
D is the damage variable, ranging from zero (for the
undamaged material) to one (for the completely damaged
state). The constitutive law for the damaged rock under
uniaxial stress conditions can then be expressed as
(Krajcinovic 1996; Tang et al. 1997)
r ¼ Eeð1  DÞ

ð4Þ

where e is the strain. Two kinds of damage thresholds are
adopted: the maximum tensile-strain criterion and the
Mohr–Coulomb shear strength criterion (Zhu and Tang
2004; Tang 1997).
When the maximum tensile strain criterion is met,
damage of the element occurs. Herein, this kind of damage
is called tensile damage and D is given by Zhu and Tang
(2004):
8
e\et0
<0
D ¼ 1  Er0tre et0  e\etu
ð5Þ
:
1
e  etu
where rtr is the residual tensile strength, e is the tensile
strain, et0 is the tensile strain at the elastic limit (the socalled threshold strain) and etu is the ultimate tensile strain
corresponding to the completely damaged state of the
material (Zhu and Tang 2004).
In addition, the Mohr–Coulomb criterion is included as
the second damage threshold to detect shear damage. This
criterion is given by the following equation (Zhu and Tang
2004):
F¼

1 þ sin /
r1  r3  rc0
1  sin /

ð6Þ

where r1 and r3 are the major and minor principal stresses,
respectively, rc0 is the uniaxial compressive strength, and
u is the angle of internal friction (Zhu and Tang 2004).
Amitrano (1999) used this kind of shear failure criterion to
investigate the damage of rock with an isotropic damage
threshold.
In this case, the damage variable D is given by (Zhu and
Tang 2004):

0
e\ec0
D¼
ð7Þ
1  Er0cre e  ec0
where rcr is the residual uniaxial compressive strength and
ec0 is the strain at the peak value of maximum principal
stress.
It is assumed that rcr/rc0 = rtr/rt0 = k when an element
is under uniaxial compression or tension, where rt0 is the

uniaxial tensile strength and k is a residual strength coefficient, which lies in the range 0 \ k B 0.1. Detailed
descriptions of these parameters can be found in Zhu and
Tang (2004) and Wang et al. (2006, 2009).
There is a strong link between rock damage and acoustic
emission (AE). AE indicates the extent of local damage in
rocks, which is directly associated with the evolution and
propagation of fracturing. Tang et al. (1997) derived the
following relationship between the damage parameter
D and the AE counts, N:
D¼

N
Nm

ð8Þ

where Nm is the accumulated AE count. By recording the
counts of failed elements (i.e. elements in which all the
Gauss points have failed) and the released energy when
failure occurs, the AE phenomena associated with progressive failure can be simulated.
Figure 1 shows a schematic of the numerical model for
serial and parallel pillars. We examine three principal
parameters in Eqs. 1 and 2: the uniaxial compressive
strength (rc), the elastic modulus (E) and the homogeneity
index (m). In total, three types of numerical models are
studied. The first type, Type I is the serial model (Fig. 1a),
which examines the effect of the uniaxial compressive
strength and elastic modulus of each rock pillar on the
failure mode, keeping the other parameters such as Poisson’s ratio and the homogeneity index (m) constant. Case I
is for pillars of different uniaxial compressive strengths but
the same elastic modulus, and Case II considers those with
the same uniaxial compressive strength but different elastic
moduli. The input parameters are listed in Table 1. The
second type, Type II, analyses the parallel model (Fig. 1b),
again with Case I being for different uniaxial compressive
strengths but the same elastic modulus, and Case II being
for the same uniaxial compressive strength but different
elastic moduli. The input parameters are listed in Table 2.
Finally, for Type III (Fig. 1c), the effect of the homogeneity index (m) on the failure mode of pillars is examined
by keeping the uniaxial compressive strength, the elastic
modulus and Poisson’s ratio constant. In this instance, Case
I is for pillars 1, 2 and 3 with different homogeneity indices
(m) of 4, 5 and 3, respectively. Case II considers each pillar
with the same homogeneity index of 3. The input parameters are listed in Table 3. Since the effects of the stiffness/
uniaxial compressive strength of the floor and roof on the
pillar-failure mode has been studied by Kaiser and Tang
(1998), the current investigation focuses on the interaction
of pillars in serial and parallel with different uniaxial
compressive strengths, elastic moduli and homogeneity
indices (m). For simplicity, the uniaxial tensile strength is
assumed to be 10% of the uniaxial compressive strength,
the residual strength coefficient is set to 0.1 and the internal
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friction angle (u) is taken as 30° (Zhu and Tang 2004;
Wang et al. 2009). The uniaxial compressive strength and
elastic modulus of the floor and roof in these models are
given sufficiently high values to ensure that they do not fail
during collapse of the pillars. The properties of the floor
and roof are listed in Table 4.
In the Type I model, the mesh size for each pillar is taken
as 200 9 150 with 30,000 elements being used to discretize
a specimen 4 m wide 9 3 m high. For Type II, the mesh
size of each pillar is 150 9 300 with 45,000 elements used
to simulate a 3 m 9 6 m pillar. For the Type III model,
the mesh size is 200 9 400 with 80,000 elements being
employed to discretize a pillar 4 m wide 9 8 m high. It is
noted that, for simplicity, Fig. 1 is just the general schematic serial and parallel numerical model setups. It does not
Fig. 1 Schematic serial and
parallel numerical model setups
without considering the
modelled pillar widths and
heights. a Type I is for the two
serial pillars with different
uniaxial compressive strengths
or elastic moduli; b Type II is
for parallel pillars with
different uniaxial compressive
strengths or elastic moduli;
c Type III is for three parallel
pillars with the same uniaxial
compressive strengths and
elastic moduli, but different
homogeneity indices (m)

Table 1 Material parameters for tests of two serial pillars
Two serial pillars

Case 1

Elastic modulus
Uniaxial compressive strength

Case 2

Pillar 1

60 Gpa

60 Gpa

Pillar 2

60 Gpa

60 GPa

Pillar 1

100 Mpa

100 Mpa

Pillar 2

100 MPa

100 MPa

Poisson’s ratio

Pillar 1

0.25

0.25

Pillar 2

0.25

0.25

Homogeneity index (m)

Pillar 1

3

3

Pillar 2

3

3

reflect the variations in pillar geometry between Types I, II
and III. The following numerical results will reflect the
modelled pillar relative widths and heights. It is worth
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Table 2 Material parameters for tests of two parallel pillars
Two parallel pillars

Case 1

Case 2

Pillar 1

30 GPa

60 GPa

Pillar 2

30 GPa

30 GPa

Uniaxial compressive strength

Pillar 1

100 MPa

200 MPa

Pillar 2

200 MPa

200 MPa

Poisson’s ratio

Pillar 1

0.25

0.25

Pillar 2

0.25

0.25

Homogeneity index (m)

Pillar 1

3

3

Pillar 2

3

3

Elastic modulus

Table 3 Material parameters for tests of three parallel pillars
Three parallel pillars
Elastic modulus

Uniaxial compressive strength

Poisson’s ratio

Homogeneity index (m)

Case 1

Case 2

Pillar 1

60 GPa

60 GPa

Pillar 2

60 GPa

60 GPa

Pillar 3

60 GPa

60 GPa

Pillar 1

200 MPa

200 MPa

Pillar 2

200 MPa

200 MPa

Pillar 3

200 MPa

200 MPa

Pillar 1

0.25

0.25

Pillar 2

0.25

0.25

Pillar 3
Pillar 1

0.25
4

0.25
3

Pillar 2

5

3

Pillar 3

3

3

Table 4 Material parameters for floor and roof
Elastic modulus

300 GPa

Uniaxial compressive strength

1,000 MPa

Poisson’s ratio

0.25

Homogeneity index (m)

3

remarking that the width-to-height (w/h) ratio plays a key
role in the uniaxial compressive strength and failure mode
of mine pillars (Tang et al. 2000). In the current study,
however, these effects are not considered. To simplify
the analysis, the effect of the excavation process between
pillars is not considered.
All the simulations in this paper assume two-dimensional plane strain conditions with the loading being
applied via prescribed displacements, similar to the displacement control used in servo-controlled laboratory tests.
Each increment of displacement is equivalent to the disturbance induced by mining, and the pillars are loaded to
failure by vertically displacing the upper boundary in
increments of 0.005% of the model height (Tang 1997). As
the total vertical displacement in the axial direction
increases, the stress states in the pillars reach the failure
criterion and cause damage. In the finite element analysis,

the stress and deformation distribution throughout each
specimen is continually adjusted via iterations to satisfy the
equilibrium. Due to stress redistribution, the stress state
may cause shear failure and lead to further ruptures. For a
given external displacement, the iterations are repeated
until there are no new failed elements remaining in the
sample. Following that, the external displacements are
incremented and the process is repeated. During this process, the system forms macroscopic fractures, releasing the
elastic energy stored in the elements as acoustic emissions.
Ultimately, the entire load–deformation curve is obtained.

3 Numerical Results and Analysis
3.1 Numerical Results for Two Serial Pillars (Type I)
3.1.1 Numerical Results for Case I
For Case I, Fig. 2 shows the failure mode development at
selected stages of loading. Figures 3, 4 and 5 show,
respectively, the associated stress–strain relation, the AE
counts and energy-versus-strain plots for the two serial
pillars under increasing vertical displacement. Since the
uniaxial compressive strength of pillar 2 (200 MPa) is
higher than that of pillar 1 (100 MPa), the initial damage is
mainly concentrated in pillar 1 with little damage occurring
in pillar 2 (see Fig. 2). During stage (a), the damaged
elements are randomly distributed in pillar 1. Due to the
heterogeneity of the rock (m = 3), some element damage
develops with increasing loading, and a localized shear
failure zone forms from the top left corner of pillar 1 to the
midpoint of the interface of pillar 1 and pillar 2 (Fig. 2
stages b, c and d). During this stage, some AE counts and
energy releases occur (see Fig. 4). As soon as the failure
zone reaches the interface of pillar 1 and pillar 2, it
develops along the interface (stage e) but does not cross it
due to the higher uniaxial compressive strength of the
second pillar. In this stage, a large stress drop occurs,
which indicates that the serial pillar system is no longer
stable (Fig. 3 stage e). The peak uniaxial compressive
strength reached is 52 MPa, and more AE counts and
energy releases occur (stage e of Figs. 4, 5). Although the
whole system is unstable after stage e, the system still
retains some residual strength of about 15 MPa (Fig. 3
stages f, g and h). Subsequently, the failure zone continues
to propagate and begins to rebound from the interface.
Several smaller stress drops in the post-peak range (stages
f, g and h) are observed when the shear zone extends to the
pillar boundary, with each stress drop being associated with
elevated acoustic emission counts and energy release rates
(Figs. 4, 5). Ultimately, a V-shaped failure zone is formed
(Fig. 2 stages f, g and h).
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Fig. 2 Failure processes of two serial pillars with different uniaxial compressive strengths, but the same elastic moduli (shear stress distribution)

To explain the above results, consider a simple onedegree-of-freedom system where two elements are connected in series (see Fig. 6). The uniaxial compressive
strength of element 2 is higher than element 1, and both
elements 1 and 2 are nonlinear and inelastic, possessing
softening and hardening characteristics as shown in Fig. 7.
From static equilibrium, it follows that:
P1 ¼ P2 ¼ P;

u ¼ u1 þ u2

ð9Þ

where P1 and P2 are the forces acting on elements 1 and
2, respectively; u1 and u2 are the corresponding displacements.
The force–displacement relation for the overall systems
is:
P¼

f 0 ðu1 Þf 0 ðu2 Þ
u
f 0 ðu1 Þ þ f 0 ðu2 Þ

ð10Þ

Where f0 (u1) and f0 (u2) are the secant moduli of the
characteristics P = P(u1) for element 1 and P = P(u2) for
element 2, respectively.
From Fig. 7, it is seen that there is a limit point, B1,
where the static load control is no longer possible. There is
another critical point, C1, for displacement control where
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f0 (u2) = -f0 (u1) and DP/Du = ?. This is the condition for
instability of the system. The resulting equilibrium stress–
strain relation for the whole system is shown in Fig. 3
(stage e).
In addition, when the serial pillar system is loaded
from point A1 to the maximum load of pillar 1 (point B1),
pillar 1 starts to yield as it is weaker than pillar 2. Pillar 2,
however, does not fail because of its higher uniaxial
compressive strength. This phase corresponds to stages a–d
in Fig. 2. During stage 1, the AE events recorded were
from the combination of pillars 1 and 2. Afterwards, the
load decreases due to the failure of pillar 1, causing pillar 2
to rebound elastically from B2 to C2. Point C1 is the critical
point controlling the stability of the system. The stage from
points B1 to C1 corresponds to stage e in Fig. 2. During this
phase, the AE events recorded were those produced by
pillar 2, because few AE events were produced by pillar 1
as it was in the process of rebounding (Chen et al. 1997).
Points D1 and D2 are another stability point, corresponding
to stages f, g and h. In summary, the interaction of the two
pillars can be explained by the failure of pillar 1 leading to
the rebound of pillar 2. The subsequent transfer of energy
to pillar 1 from the rebounding pillar 2 accelerates its rate

Failure Mechanism of Serial and Parallel Rock Pillars
Fig. 3 Axial stress–axial strain
relation for two serial pillars
with different uniaxial
compressive strengths, but the
same elastic moduli, Case I

185

60

e

d

50

c
Axial stress (MPa)

40

b

30

a

20

f

g
h

10

0
0.000

0.040

0.080

0.120

0.160

0.200

0.240

0.280

0.320

0.360

0.400

0.440

0.480

0.520

0.560

0.600

Axial strain (%)

1400

h

g

AE counts

f

Accumulated AE counts
1200

8000

7000

e
6000

AE counts (n)

1000
5000

d

800

4000
600

c

3000

400
2000

Accumulated AE counts (n)

Fig. 4 AE counts versus axial
strain for two serial pillars with
different uniaxial compressive
strengths, but the same elastic
moduli, Case I

b
200

1000

a
0
0.000

0
0.040

0.080

0.120

0.160

0.200

0.240

0.280

0.320

0.360

0.400

0.440

0.480

0.520

0.560

0.600

Axial strain (%)

2

0.7

AE energy

g

Accumulated AE energy
0.6

h

f

1.8
1.6

0.5

1.4

AE energy (J)

e
1.2
0.4
1
0.3

0.8

0.2

0.6

d

Accumulated AE energy (J)

Fig. 5 AE energy versus axial
strain for two serial pillars with
different uniaxial compressive
strengths, but the same elastic
moduli, Case I

0.4

c

0.1

0
0.000

a
0.040

0.080

0.120

0.2

b

0
0.160

0.200

0.240

0.280

0.320

0.360

0.400

0.440

0.480

0.520

0.560

0.600

Axial strain (%)

123

186

S. Y. Wang et al.

P,u
u=u1+u2
u1

u1
(1)

u2

u2
(2)

Fig. 6 Schematic system of two elements (pillars) in series

of failure, leading to instability of the whole system (Chen
et al. 1997; Kaiser and Tang 1998).
3.1.2 Numerical Results for Case II
For Case II, Fig. 8 shows the failure mode development at
selected stages. Figures 9, 10 and 11, respectively, show
the axial stress–axial strain relation, the AE counts and
energy-versus-axial strain plots for two serial pillars under
increasing vertical displacement. Although the uniaxial
compressive strengths of pillar 1 and pillar 2 for this case
are the same, the elastic modulus of pillar 2 is lower than
that of pillar 1, so that it suffers the initial damage [which
is mainly concentrated at the interface of the two pillars (Fig. 8, stage a)]. Afterwards, the damaged elements
develop and nucleate to form a shear band inside pillar 2
(Fig. 8, stages b and c). Under continuous loading, the
shear band starts to traverse the interface and enter pillar 1
(Fig. 8, stage d). In stages e and f of Fig. 8, the shear band
bifurcates into two branches in pillar 1, which corresponds
to the two stress drops seen in Fig. 9 (stages e and f).
Figures 10 and 11 show the corresponding AE counts and

energy releases in stages e and f, respectively. In stage g of
Fig. 8, the right hand shear branch (stage e) stops propagating upwards, but starts propagating downwards from
pillar 1 to pillar 2. The largest stress drop, AE counts and
energy releases occur in this stage, whilst stage h represents
the residual phase of the serial pillar failure.
As shown in Fig. 12, to explain the above results we note
that, whilst the uniaxial compressive strengths of pillar 1
and pillar 2 are the same, due to the lower elastic modulus of
pillar 2, it is the first to suffer damage (see Fig. 8, stage a).
When pillar 1 rebounds from B1 to C1, the failure in pillar 2
is only localized (see Fig. 8, stages b and c). Point C2 corresponds o corresponding stress drop where f0 (u2) =
-f0 (u1). When the prescribed displacement is increased,
pillar 1 and pillar 2 are re-loaded and their original yield
points are lowered (see Fig. 12). It is possible for pillar 2 to
rebound, which leads to failure of pillar 1 at point C0 1,
where f0 (u1)new = -f0 (u2)new. This corresponds to another
stress drop with associated AE counts and energy release.
This is the reason that the shear band can pass through the
interface and enter pillar 1 from pillar 2 (see Fig. 8, stages d,
e and f). After several cycles of these processes (i.e. the
interaction of the two pillars), the whole system finally
becomes unstable.
3.2 Numerical Results for Two Parallel Pillars
(Type II)
3.2.1 Numerical Results for Case I
Figure 13 illustrates the failure mode development at
selected stages for Case I. Figures 14, 15 and 16 show,
respectively, the stress–strain relation, the AE counts and
the energy-versus-strain plots for two parallel pillars under
increasing vertical displacement. Since the elastic moduli
of pillar 1 and pillar 2 are the same, but the uniaxial
compressive strength of pillar 2 is greater, the initial

Fig. 7 Schematic serial model
with different uniaxial
compressive strengths, but the
same elastic moduli, Case I
(Chen et al. 1997; Kaiser and
Tang 1998)
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Fig. 8 Failure processes of two serial pillars with the same uniaxial compressive strengths, but different elastic moduli (shear stress distribution),
Case II
Fig. 9 Axial stress–axial strain
relation for two serial pillars
with the same uniaxial
compressive strengths, but
different elastic moduli, Case II
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damage occurs in pillar 1 (Fig. 13, stage a). Following this,
a shear band forms at an orientation of 55°–60° to the
horizontal (Fig. 13, stages b and c). After further loading,
another shear band forms from the centre of this shear band

in a downward direction (Fig. 13, stage d). In Fig. 14, at
point d, there is a big stress drop when pillar 1 becomes
unstable. The corresponding AE counts and energy releases
are shown at point d of Figs. 15 and 16, respectively.
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Fig. 10 AE counts versus axial
strain for two serial pillars with
the same uniaxial compressive
strengths, but different elastic
moduli, Case II
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Fig. 11 AE energy versus axial
strain for two serial pillars with
the same uniaxial compressive
strengths, but different elastic
moduli, Case II
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Fig. 12 Schematic serial model
with the same uniaxial
compressive strengths, but
different moduli, Type II

P
f ' (u2 )

f ' (u2 ) new
B2

B1

C2
C1

C '2

(2)

u1
During stages a–d, almost no damaged elements occur in
pillar 2. As the condition of pillar 1 deteriorates, pillar 2
bears more of the load and several failure zones start
occurring (Fig. 13, stages e and f). Not until stage g do both
the pillars become unstable.
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It should be noted that another failure zone also develops in pillar 1 from stage e to g. Although pillar 1 becomes
unstable at point d in Fig. 14, it still has some uniaxial
compressive strength. As the stress-induced damage
(microcrack growth) in a rock is irreversible, it is likely
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Fig. 13 Failure processes of
two parallel pillars with
different uniaxial compressive
strengths, but the same elastic
moduli (shear stress
distribution), Case I

that significant new damage will occur only when the
previous stress state is exceeded. This is the so-called
Kaiser effect in rocks (Kaiser 1950; Tang et al. 1997). In
Fig. 14, we see that the second failure zone starts to
develop in pillar 1 when the stress level becomes higher
(point e) than the previous stress levels (point d). Ultimately, the final failure pattern becomes x-shaped.
To illustrate these phenomena, consider the simple
parallel system shown in Fig. 17. Figure 18 presents the
associated axial load–deformation response, where the
elastic moduli of elements (pillars) 1 and 2 are identical,
but the uniaxial compressive strength of element 2 is higher
than element 1. Denoting the displacements and forces

acting on elements 1 and 2 by u1, P1, u2 and P2, static
equilibrium gives:
P ¼ P1 þ P 2 ;

u ¼ u1 ¼ u2

ð11Þ

whilst the overall force–displacement relation is:
P ¼ ðf 0 ðu1 Þ þ f 0 ðu2 ÞÞu

ð12Þ

where f0 (u1) and f0 (u2) are the secant moduli of the
characteristics P = P(u1) for element 1 and P = P(u2)
element 2, respectively.
In Fig. 18c, the energy released due to the failure of
element 1 equals the area A–B–C, whilst the energy input
due to further loading equals the area C–D–E. Only when
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Fig. 14 Axial stress–axial
strain relation for two parallel
pillars with different uniaxial
compressive strengths, but the
same elastic moduli, Case I
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Fig. 15 AE counts versus axial
strain for two parallel pillars
with different uniaxial
compressive strengths, but the
same elastic moduli, Case I
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Fig. 16 AE energy versus axial
strain for two parallel pillars
with different uniaxial
compressive strengths, but the
same elastic moduli, Case I
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P,u
u=u1=u2

(1)

(2)

Fig. 17 Schematic system of two elements (pillars) in parallel, Type II
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0
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(c)
P

D

has the lowest modulus, whilst little damage occurs in
pillar 1 (Fig. 19, stages b and c). At stage d of Fig. 19,
pillar 2 becomes unstable and a large loss of load capacity
is observed (see also Fig. 20). This generates high AE
counts and significant amount of energy release is shown at
point d in Figs. 21 and 22, respectively. Subsequently, a
failure zone develops in pillar 1. With further loading, a
failure zone evolves in pillar 1 (stages e and f) until overall
instability sets in (stage g).
Note that during stages e, f and g, no new damage
occurs in pillar 2. This is related to the Kaiser effect, and
follows from the fact that the previous highest stress state
(point d in Fig. 20) is not exceeded by the stress state at
point g in Fig. 20. Figure 23 shows a schematic system of
two pillars in parallel, with (a) and (b) being the load–
deformation relations for elements 1 and 2 and (c) being
the overall load–deformation response. In Fig. 23c, the
energy released due to the failure of pillar 2 equals the
area A–B–C, whilst the energy input due to further
loading equals the area C–D–E. Since the area of C–D–E
is smaller than that of A–B–C, pillar 1 does not undergo
further damage prior to failure.
3.3 Numerical Results for Three Parallel Pillars (Type
III)

B

A

E
C

0

u

Fig. 18 Schematic system of two elements (pillars) in parallel:
a and b are the load deformation relations for elements (pillars) 1
and 2, which have different uniaxial compressive strengths but the
same elastic moduli; Case I. c The total load deformation relation
for the two pillars in parallel, Case I

the additional energy input exceeds the released energy
will further damage occur in element 1. As the area of
C–D–E is larger than that of A–B–C, further damage in
element (pillar) 1 is inevitable.
3.2.2 Numerical Result for Case II
Figure 19 shows the failure mode development at selected
stages of Case II where the uniaxial compressive strength
of the pillars is the same, but their moduli are different.
Figures 20, 21 and 22 show, respectively, the axial stress–
axial strain relation, the AE counts and energy-versus-axial
strain plot. From Fig. 19, we see that both pillars bear the
same load during the initial phase of (stage a). Under
further loading, distinct shear bands form in pillar 2, which

In this section, two cases of three parallel pillars are considered. To examine the effects of the homogeneity index
(m) on the failure mode of the pillars, the elastic moduli
and uniaxial compressive strengths for the two cases are
the same. For Case I, the homogeneity indices (m) for
pillars 1, 2 and 3 were 4, 5 and 3, respectively. As a
comparison, for Case II, the homogeneity index for the
three pillars was the same (m = 3). Table 3 lists the
detailed input parameters.
3.3.1 Numerical Results for Case I
For Case I, Fig. 24 shows the failure mode development at
selected stages. Figures 25, 26 and 27 show, respectively,
the axial stress–axial strain relation, the AE counts and the
energy-versus-strain plots for the three parallel pillars
under increasing vertical displacement. At stage a in
Fig. 25, each pillar bears the same load, and minor damage
occurs in each of them. With further loading at stage b, a
failure zone forms in the most heterogeneous pillar, which
is pillar 3 (m = 3). At stage c, the failure zone develops
into a diagonal shear band and significant damage occurs in
pillar 1 (m = 4). Further loading to stage d causes pillar 3
to become unstable, as shown in Figs. 25, 26 and 27
respectively.
Following the failure of pillar 3, the other pillars bear
most of the load apart from small residual load capacity.
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Fig. 19 Failure processes of
two parallel pillars with
different elastic moduli, but the
same uniaxial compressive
strengths (shear stress
distribution), Case II

Point e in Figs. 25, 26 and 27 shows the stress drop, the AE
counts and energy released, respectively, for the overall
system. During the loading t from stage a to stage e, almost
no new damage occurs in pillar 2. Not until pillar 1 and
pillar 3 both fail, does pillar 2 start developing a shear band
(stage f) and finally become unstable (stage g). In summary, whilst the uniaxial compressive strength and elastic
modulus were the same for the three pillars, the homogeneity index also played an important role in the failure
sequence of the pillars. Pillars with a lower homogeneity
index failed first, whilst those with a higher index failed
last.
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3.3.2 Numerical Results for Case II
Figure 28 shows the failure mode development at selected
stages for Case II. Figures 29, 30 and 31 show, respectively, the associated axial stress–axial strain relation, the
AE counts and the energy-versus-axial strain under
increasing vertical displacement. As the uniaxial compressive strengths, elastic moduli and homogeneity indices
(m) are the same for the three pillars, they carry the same
loading. Accordingly, the initial damaged elements are
distributed equally amongst all the pillars in Fig. 28 at
stage a (which corresponds to the yield point of the whole
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Fig. 20 Axial stress–axial
strain relation for two parallel
pillars with different elastic
moduli, but the same uniaxial
compressive strengths, Case II
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Fig. 21 AE counts versus axial
strain for two parallel pillars
with different elastic moduli,
but the same uniaxial
compressive strengths, Case II
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Fig. 22 AE energy versus axial
strain for two parallel pillars
with different elastic moduli,
but the same uniaxial
compressive strengths, Case II
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system). With further loading, failure zones form in each
pillar at different locations (stage b). For example, in pillar
1 and pillar 3, failure zones form on the right-hand side of
the pillar, whereas in pillar 2 the failure zone forms at 45°

to the horizontal (stage c). Stages d, e, f, g and h depict the
subsequent failure process of the three parallel pillars.
The points b, c, d, e, f and g in Figs. 29, 30 and 31 show the
respective stress drop, AE counts and energy releases
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throughout the loading process. All the stress drops are
almost the same since the three pillars fail simultaneously,
and interaction effects due to elastic rebound are
negligible.

(b)
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D
A
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E

u

Fig. 23 Schematic system of two elements in parallel: a and b are the
load displacement relations for elements 1 and 2 with different elastic
moduli, but the same uniaxial compressive strengths, Case II. c The
total load displacement relation for two pillars in parallel, Case II
Fig. 24 Failure processes of
three parallel pillars with
different homogeneity indices,
but the same uniaxial
compressive strengths and
elastic moduli [m = 4 (pillar 1),
5 (pillar 2) and 3 (pillar 3),
respectively] (shear stress
distribution)
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4 Conclusions
In this study, the RFPA2D code has been applied to simulate the failure mechanism of serial and parallel rock
pillars. Although practical cases are often much more
complex than the numerical models considered, the study
highlights some interesting phenomena for improving the
understanding of pillar-failure mechanisms.
The numerical results show that not only the stiffness, but
also the uniaxial compressive strength plays an important
role in the stability of rock pillars for the serial and parallel
cases considered. For the serial case, the elastic rebound of
the rock pillar with a higher uniaxial compressive strength
can lead to the sudden failure of the rock pillar with lower
uniaxial compressive strength. The corresponding failure

Failure Mechanism of Serial and Parallel Rock Pillars
30

d

25

c
Axial stress (MPa)

Fig. 25 Axial stress–axial
strain relation for three parallel
pillars with different
homogeneity indices, but the
same uniaxial compressive
strengths and elastic moduli
[m = 4 (pillar 1), 5 (pillar 2)
and 3 (pillar 3), respectively]
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Fig. 26 AE counts versus axial
strain for three parallel pillars
with different homogeneity
indices, but with the same
uniaxial compressive strengths
and elastic moduli [m = 4
(pillar 1), 5 (pillar 2) and 3
(pillar 3), respectively]
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Fig. 27 AE energy versus axial
strain for three parallel pillars
with different homogeneity
indices, but the same uniaxial
compressive strengths and
elastic moduli [m = 4 (pillar 1),
5 (pillar 2) and 3 (pillar 3),
respectively]
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zone is confined to the pillar with the lower uniaxial compressive strength. In comparison, when the two pillars have
the same uniaxial compressive strength but different elastic

moduli, both the serial pillars fail. For the parallel case, the
damage always occurs in the pillar with the lower uniaxial
compressive strength or lower elastic modulus. In addition,
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Fig. 28 Failure processes of
three parallel pillars with the
same homogeneity indices and
the same uniaxial compressive
strengths and elastic moduli
(m = 3) (shear stress
distribution)
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Fig. 29 Axial stress–axial
strain relation for three parallel
pillars with the same
homogeneity indices and the
same uniaxial compressive
strengths and elastic moduli
(m = 3)
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in accordance with the Kaiser effect, the stress-induced
damage in a rock pillar is irreversible. This means that only
when the previous stress state in a failed rock pillar is
exceeded, or the energy input from the external loading
exceeds the previously released energy, does further damage
continues to occur.
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For cases where the uniaxial compressive strengths and
elastic moduli are the same for three parallel pillars, the
homogeneity index (m) plays an important role in the
failure process. Pillars with the lowest homogeneity index
(m) fail first and vice versa. When the uniaxial compressive
strength, elastic modulus and homogeneity index are all the
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Fig. 30 AE counts versus axial
strain for three parallel pillars
with the same homogeneity
indices and the same uniaxial
compressive strengths and
elastic moduli (m = 3)
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Fig. 31 AE counts versus axial
strain for three parallel pillars
with the same homogeneity
indices and the same uniaxial
compressive strengths and
elastic moduli (m = 3)
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same, each pillar starts failing at the same time, but the
failure locations are different.
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