
Computers and Geotechnics 38 (2011) 1096–1101
Contents lists available at ScienceDirect

Computers and Geotechnics

journal homepage: www.elsevier .com/ locate/compgeo
Technical Communication

Consolidation of vertical drain with depth-varying stress induced
by multi-stage loading

M.M. Lu a,b,⇑, K.H. Xie c,d, S.Y. Wang e

a State Key Laboratory for Geomechanics and Deep Underground Engineering, China University of Mining & Technology, China
b School of Mechanics & Civil Engineering, China University of Mining & Technology, China
c Key Laboratory of Soft Soils and Geoenvironmental Engineering of Ministry of Education, Zhejiang University, China
d Institute of Geotechnical Engineering, Zhejiang University, China
e Centre for Geotechnical and Materials Modeling, Department of Civil, Surveying, and Environmental Engineering, The University of Newcastle, Callaghan, NSW 2308, Australia
a r t i c l e i n f o

Article history:
Received 12 April 2011
Received in revised form 2 June 2011
Accepted 28 June 2011
Available online 23 July 2011

Keywords:
Consolidation
Vertical drain
Multi-stage loading
Depth-varying stress
Analytical solution
Smear effect
Well resistance
0266-352X/$ - see front matter � 2011 Elsevier Ltd.
doi:10.1016/j.compgeo.2011.06.007

⇑ Corresponding author at: School of Mechanics
University of Mining & Technology, China.

E-mail addresses: lumm79@126.com (M.M. Lu), z
Shanyong.Wang@newcastle.edu.au (S.Y. Wang).
a b s t r a c t

An explicit analytical solution is developed for the consolidation of vertical drain with both radial and
vertical drainage by adopting a depth-varying stress induced by multi-stage loading. The well resistance
and smear effect are also considered. The smear effect is described by three decay patterns of horizontal
permeability towards drains within the smeared zone, including a reduced constant pattern, a linear
decay pattern and a parabolic decay pattern. A parameter analysis is performed to investigate the consol-
idation behavior of the vertical drain. The convergence of the proposed series solution is discussed.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Vertical drains, such as sand drain wells and prefabricated ver-
tical drains (PVDs), are commonly used to accelerate the consolida-
tion of soft soils combination with preloading. The mechanism of
this improvement is usually attributed to the following two
aspects: (a) providing an additional drainage path in the radial
direction, along which the soil layer usually has a larger permeabil-
ity than along the vertical direction [1] and (b) greatly reducing the
length of the drainage path from the thickness of soil layer to half
of the drain spacing. The most well-known theoretical study on the
radial consolidation of vertical drains was first carried out by
Barron [2]. Since that study, a large number of studies have been
conducted by many researchers. By incorporating the radial and
vertical drainage in a coupling fashion, Leo [3] presented a series
of closed-form solutions for equal strain consolidation of vertical
drains subjected to instantaneous and ramp loading and analyzed
the smear effect and well resistance. And furthermore, this solution
All rights reserved.
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was later extended by Lei and Jiang [4] to consider a time- and
depth-dependent loading. Zhu and Yin [5,6] also obtained analyti-
cal solutions for the same consolidation problem as Leo’s; however,
in contrast to Leo [3], a new normalized time factor was introduced
in their study. Wang and Jiao [7] introduced the double porosity
model into the analysis of vertical drain consolidation. In this ap-
proach, the variation of horizontal soil permeability can be de-
picted by an arbitrary function, which presents a relatively
simple way to consider the gradual variation of soil permeability
within the smear zone. Conte and Troncone [8] presented an ana-
lytical solution for the consolidation of vertical drain subjected to
an arbitrary time-dependent loading. By incorporating surcharge
and vacuum loading that vary with both depth and time, Walker
and Indraratna [9] analyzed the consolidation behavior of a layered
soil with vertical and horizontal drainage using spectral method.

The installation of vertical drains will inevitably disturb the soil
adjacent to the drain and consequently reduce the soil permeabil-
ity to a certain extent, called the smear effect. The smear effect was
considered in many previous studies [3–6] by assuming a reduced,
constant value of the horizontal permeability of soil through the
smear zone. However, many laboratory studies [10–14] have
shown the coefficient of permeability within the smear zone is
highly variable. To reflect this variability, some researchers
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(b) Variations of the stress with depth by nth stage loading.

Fig. 1. Depth-varying stress by multi-stage loading.
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Fig. 2. A typical unit cell selected for modeling the consolidation of a vertical drain
and three decay patterns of the horizontal permeability coefficient of the smeared
soil toward the drain.
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included the gradual decay of horizontal permeability of soil to-
ward the drain, such as linear decay [15,16] and parabolic decay
[17], in their analyses of vertical drain consolidation.

In practical engineering the construction loads of buildings or
embankments on clayey soils are usually applied gradually to the
surface of the foundation; this gradual process is often required be-
cause in many cases a rapid loading rate may lead to a ground fail-
ure. In these situations multi-stage loading is usually used to
achieve higher soil strength by consolidating the soil layers to a
certain degree before applying the next, larger load(s). In many
previous studies of vertical drain consolidation, the stress caused
by external loads was assumed to be uniform with depth. How-
ever, many factors can lead to variations in the stress applied along
the vertical direction, and this variation usually has various forms
as shown in Fig. 1. These various forms can be depicted by the top
to bottom stress ratio (rnT=rnB) with various values, which corre-
spond to various field situations. The field situations corresponding
to various value of rnT=rnB are summarized in Table 1. Therefore,
considering a more realistic linear variation of stress with depth
seems more credible in the analysis of vertical drain consolidation.
In addition, in many cases, the total stress may reduce with depth,
and therefore, for a thick soil deposit, considering the well resis-
tance in the analysis of the consolidation behavior of vertical drain
might be important.

This paper presents an analytical solution for the consolidation
of soils with vertical drains by incorporating a depth-varying stress
induced by multi-stage loading. A variety of factors are considered,
Table 1
Filed situations corresponding to various values of top to bottom total stress ratio.

Values of
rnT=rnB

Corresponding field situations

rnT=rnB ¼ 1 The external loads are applied on a small area over a very thick soil la
bottom base of soil layer

rnT=rnB > 1 Using a relatively small loading area over a thick soil layer when th
rnT=rnB ¼ 1 The external load is applied on a relatively large area over a thin so

completed
rnT=rnB < 1 The external load is applied over the soil layer before the completi
rnT=rnB ¼ 0 Consolidation problems due to the gradual drawdown of a water tab

stress
including both the radial and vertical drainage within the soil, well
resistance and the smear effect. To reflect the unfavorable influ-
ence of the smear effect, the horizontal coefficient of the perme-
ability of the soil within the smear zone is assumed to have
three decay patterns toward the vertical drain, as shown in
Fig. 2, including a reduced constant pattern (referred as Pattern I
in this paper), a linear decay pattern (as Pattern II) and a parabolic
decay pattern (as Pattern III).

2. Basic assumptions and governing equations

The consolidation model of the vertical drain in this study is
idealized as shown in Fig. 2. The top surface is assumed to be fully
permeable, whereas the bottom base is impervious. As shown in
Fig. 2, to reflect the unfavorable influence during the installation
of vertical drains, three decay patterns of the horizontal permeabil-
ity of soil are incorporated in the analysis: a reduced constant pat-
tern (Pattern I), a linear decay pattern (Pattern II) and a parabolic
decay pattern (Pattern III). Similar to the study of Barron [2], some
basic assumptions are made in this analysis as follows:

(1) The assumption of equal strain is adopted, i.e., the vertical
drain and the surrounding soil only deform vertically, and
they have equal strains at any depth and time.

(2) The water flow within both the soil and the vertical drain
obeys Darcy’s law.

(3) To consider the effect of well resistance in a simple way, an
assumption was made by Xie [18] together with Wang and
Jiao [7], in which the radial flow within the vertical drains
was neglected. As demonstrated by Lu et al. [19], this
assumption does not mean that no radial flow exits in the
vertical drain but rather that the vertical drain was assumed
to be infinitely permeable in the radial direction. In this
yer, which may lead to variations in the stress over depth with a zero value at the

e total stress at the bottom base does not decrease to zero
il layer, and, moreover, the consolidation of soil layer by its self-weight stress is

on of consolidation by its self-weight stress
le in the soil layer or the consolidation of a newly filling soil due to its self-weight
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study, this revised assumption by Lu et al. [19] is used.
Therefore, the excess pore water pressure within the vertical
drain will be uniform at any depth. Additionally, the water
flowing into the vertical drain is assumed to be equal to that
flowing out of the vertical drain, i.e.,

� ��
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krðrÞ
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cw

@2ud

@z2 ð1Þ

where cw is the unit weight of water; us and ud are the excess
pore water pressures at any point and time in the soil and
vertical drain, respectively; rd, rs, re are radii of the vertical
drain, the smear zone and the influence zone, respectively;
kd is the vertical coefficient of permeability of drain well;
and kr(r) is the horizontal coefficient of permeability of soil
with respect to radial distance, as shown in Fig. 2. It ranges
from ks to kh and can be expressed as
krðrÞ ¼ khf ðrÞ ð2Þ

The parameters kh and ks are the maximum and minimum
horizontal coefficients of permeability of soil as shown in
Fig. 2; f(r) is a function to depict the decay pattern of horizon-
tal coefficient of permeability of soil.
(4) The total stress caused by the multi-stage loading is a func-
tion depending on both time and depth, as shown in Fig. 1,
and it is assumed to have the following form:
rðz;tÞ¼
rn�1ðzÞþ t�t2n�2

t2n�1�t2n�2
½rnðzÞ�rn�1ðzÞ�; t2n�26 t6 t2n�1

rnðzÞ; t2n�16 t6 t2n

8><
>:
ð3Þ
where

rnðzÞ ¼ rnT þ ðrnB � rnTÞ
z
H

ð4Þ

where rnðzÞis the final stress varying with depth caused by the nth
stage loading, with values of rnT and rnB at the top surface and bot-
tom base, respectively; t2n�2; t2n are the final times of the (n � 1)th
and nth stage loadings, respectively; t2n�1 corresponds to the time
when the nth stage load is increased to the final value; and H is
the thickness of the soil layer as well as the vertical drain length
(n ¼ 1;2;3; . . . ; r0 ¼ 0; t0 ¼ 0).Following the studies by Xie [18]
and Wang and Jiao [7], the equation governing the equal strain con-
solidation of vertical drain with radial and vertical drainage can be
obtained as follows:

1
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krðrÞ
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@us
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@ev
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ð5Þ

where ev is the vertical strain of the surrounding soil and the verti-
cal drain; kv is the average vertical coefficient of permeability of
soil; and �us is the average excess pore water pressure in terms of
radius at any depth and time, i.e.,

�us ¼
1

pðr2
e � r2

dÞ

Z re

rd

2prusðr; z; tÞdr ð6Þ

The vertical strain rate can be calculated as

@ev

@t
¼ 1

Es

@

@t
rðz; tÞ � �usðz; tÞ½ � ð7Þ

where Es is the constrained compression modulus of soil and is
assumed to be constant during consolidation.

The external radial boundary of the soil-drain unit cell is imper-
vious. In addition, the excess pore water pressure is the same for
the soil and the vertical drain at the soil–drain interface. Thus,
the radial boundary conditions can be written as
r ¼ re : @us
@r ¼ 0

r ¼ rd : us ¼ ud

(
ð8Þ

Integrating Eq. (5) twice with respect to r and combining with
Eq. (8) leads to the following expression:

us ¼ ud þ
cw

2kh

@ev

@t
þ kv

cw

@2�us

@z2

 !
½r2
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where A0ðrÞ ¼
R r

rd

dn
nf ðnÞ ; B0ðrÞ ¼

R r
rd

ndn
f ðnÞ.

Substituting Eq. (9) into Eq. (6) yields

�us ¼ ud þ
cwr2

e Fc

2kh
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þ kv

cw
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 !
ð10Þ

where Fc ¼ 2ðA00r2
e�B00 Þ

r2
e r2

d
ðn2�1Þ; A00 ¼

R re

rd
rA0ðrÞdr; B00 ¼

R re

rd
rB0ðrÞdr; and n is

radius ratio of the influence zone to the vertical drain, n = re/rd.Fc

is a parameter to reflect the effect of the decay pattern of the hori-
zontal permeability of the soil and the geometry of the soil-drain
system. The detailed determination of Fc for these three decay
patterns of this paper can be found in the study of Xie et al. [20].

Performing the partial differential derivative of Eq. (10) with
respect to r and substituting it into Eq. (1) yields

kd
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Substituting Eq. (10) into Eq. (11) leads to

�us ¼ ud þ G
@2ud

@z2 ð12Þ

By substituting Eqs. (7) and (12) into Eq. (10) and cancelling out
the variable of �us, a partial differential equation, only containing
the variable of ud, can be obtained as

D
@4ud

@z4 þ G
@3ud

@t@z2 þW
@2ud
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@ud
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¼ @rðz; tÞ

@t
ð13Þ

where D ¼ r2
e FckdkvEs

2ðn2�1Þkhcw
;G ¼ � r2

e Fckd
2khðn2�1Þ ; W ¼ � kvEs

cw
þ kdEs
ðn2�1Þcw

h i
Eqs. (12) and (13) are the governing equations for the vertical

drain consolidation. As shown in Fig. 2, the top surface of ground
is fully permeable, and the bottom base is impervious. Therefore,
the vertical boundary conditions can be written as

z ¼ 0 : �usðz; tÞ ¼ 0; udðz; tÞ ¼ 0

z ¼ H : @�usðz;tÞ
@z ¼ 0; @udðz;tÞ

@z ¼ 0

(
ð14Þ

As shown in Fig. 1, initially, the stress within the surrounding
soil equals zero, and hence the excess pore water pressure within
the surrounding soil also equals zero, i.e.,

t ¼ 0 : �usðz; tÞ ¼ 0 ð15Þ
3. Solutions for the governing equations

3.1. Solution for excess pore water pressure

Referring to the study by Wang and Jiao [7], the solution for Eq.
(13) can be assumed as the following form by introducing the Fou-
rier series, sin(Mz/H):

ud ¼
X1
m¼1

TmðtÞ sin
M
H

z
� �

ð16Þ

where M ¼ 2m�1
2 p, m = 1, 2, 3. . .

Then, the excess pore water pressure at any depth within the
surrounding soil can be obtained by substituting Eq. (16) into Eq.
(12) as
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Eqs. (16) and (17) satisfy the vertical boundary conditions in Eq.
(14).

Substituting Eq. (16) into Eq. (13) yields

T 0mðtÞ þ bmTmðtÞ ¼ Q mðtÞ ð18Þ
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Using the initial condition in Eq. (15), Eq. (18) can be solved as

TmðtÞ ¼ e�bmt
Z t

0
Q mðsÞe�bmsds ð21Þ

Substituting Eqs. (3) and (4) into Eq. (20) yields
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where An ¼ rnT � rðn�1ÞT ; Bn ¼ rnB � rnT � ðrðn�1ÞB � rðn�1ÞTÞ.
By substituting Eq. (22) into Eq. (21), the expression of Tm(t) can

be determined in a generalized form as below for both the loading
periods (t2n�2 6 t 6 t2n�1) and the rest periods (t2n�1 6 t 6 t2n):

TmðtÞ ¼
2

Mbm 1� G M
H

� �2
h i Xn
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Ai � ð�1Þm Bi
M

h i
ðt2i�1 � t2i�2Þ

e�bmðt�tf Þ � e�bmðt�tsÞ
� �

ð23Þ

where ts ¼ min½t; t2i�2�, tf ¼min½t; t2i�1�.
Then the excess pore water pressures within the vertical drain

and the surrounding soil can be finally obtained by substituting
Eq. (23) into Eqs. (16) and (17).

3.2. Solution for average degree of consolidation

The average degree of consolidation for the vertical drain
ground can be developed based on the solution for excess pore
water pressure. The average degree of consolidation is defined as
the ratio of the effective stress to the final total stress within the
surrounding soil over the whole thickness of the ground. If the
external loads are applied by j stages, the final total stress is equal
to rjðzÞ as described in Eq. (4).

UðtÞ ¼
R H

0 ½rðz; tÞ � usðz; tÞ�dzR H
0 rjðzÞdz

ð24Þ

The detailed expression for the average degree of consolidation
can finally be determined as below by substituting Eqs. (3, 4, 17,
and 23) into Eq. (24):

UðtÞ ¼
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8>>>>>>>>>>><
>>>>>>>>>>>:

ð25Þ
where n ¼ 1;2; . . . j; Cn ¼ ðrnB þ rnTÞ � ðrðn�1ÞB þ rðn�1ÞTÞ. By letting
rnB ¼ rnT , this solution can be reduced to the particular case
provided by Tang and Onitsuka [21], where the stress induced by
the multi-stage loading is uniform with depth in the surrounding
soil.

j ¼ 1 and r1B ¼ r1T imply that the total stress induced by a sin-
gle-stage loading is uniform with depth, a situation called ramp
loading by Tang and Onitsuka [21] and Leo [3]. The solutions for
the vertical drain consolidation subjected to such a ramp loading
can be obtained from the present solution by letting j ¼ 1 and
r1B ¼ r1T .

4. Parametric analysis

In this section, the consolidation behavior of a vertical drain
was investigated using parametric analysis. The horizontal time
factor of the undisturbed soil Th (Th ¼ cht=ð4r2

eÞ ¼ khEst=ð4r2
eÞ) in-

stead of the real time t is selected as the horizontal axis. T1, T2, T3

are the time factors corresponding to the real times t1, t2 and t3,
respectively.

Fig. 3 shows the dissipations of excess pore water pressure, pre-
dicted by the solutions above with the three decay patterns of the
horizontal permeability coefficient for the surrounding soil. It can
be seen that the excess pore water pressure always builds up dur-
ing the loading periods but decreases during the rest periods. In
addition, the dissipation of excess pore water pressure predicted
by the solution of Pattern III is the most rapid; dissipation by the
solution of Pattern I is the slowest, and that by Pattern II lies in be-
tween those of Patterns I and III.

Fig. 4 shows the difference in the average degree of consolida-
tion with various patterns of total stress over depth, as shown in
Fig. 1. The average degree of consolidation increases with an
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increase in the top to bottom stress ratio value. As shown in Fig. 2,
the vertical draining boundary of the ground is set at the top sur-
face; hence, a large stress at close to the draining boundary will
inevitably accelerate the consolidation rate of the soil ground. As
a special case, the average degree of consolidation predicted by
Tang and Onitsuka [21] (i.e., the case of riT ¼ riB) lies in the middle
of all the cases in Fig. 4.

The smear effect resulting from the installation of a vertical
drain can be described by the reduction in the horizontal perme-
ability coefficient within the smear zone and the size of the smear
zone, the influence of which on the average degree of consolidation
is investigated in Figs. 5 and 6. The average degree of consolidation
increases with a reduction in the values of kh/ks and s. In other
words, reducing the extent of the smear effect can accelerate the
consolidation rate of the vertical drain ground.

To help engineers in determining the correct number of calcula-
tion terms for this series solution, the comparison of the average
degree of consolidation calculated with various numbers of terms
is presented in Fig. 7. This series solution converges rapidly, and
at most, five calculation terms can produce sufficient accuracy
for practical engineering.
5. Conclusions

This paper presented an analytical solution for the consolida-
tion of a vertical drain with depth-varying stress induced by mul-
ti-stage loading. The smear effect and the well resistance were
considered in the analysis. To reflect the unfavorable influence of
the smear effect, three decay patterns of the horizontal permeabil-
ity coefficient within the smear zone, a reduced constant pattern
(Pattern I), a linear decay pattern (Pattern II) and a parabolic decay
pattern (Pattern III), were incorporated. A parameter analysis was
performed to investigate the consolidation behavior of a vertical
drain. The results show that the excess pore water pressure always
builds up during the loading periods but decreases during the rest
periods. The consolidation rate increases with an increase in the
value of the top to bottom stress ratio under the condition of PTIB
(pervious top and impervious bottom). Reducing the smear effect
will increase the consolidation rate. The present solution converges
very rapidly, and at most five calculation terms will achieve suffi-
cient accuracy in practice.
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