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Three-dimensional surface crack initiation and propagation in two kinds of heterogeneous rocks were
numerically investigated via parallel finite element analysis using a supercomputer. Numerically simu-
lated rock specimens containing a pre-existing flaw were subjected to uniaxial compression until failure.
The initiation and propagation of wing cracks, anti-wing cracks, and shell-like cracks were reproduced by
numerical simulations. The numerically simulated results demonstrate that the further propagation of
wing cracks and shell-like cracks stop due to their wrapping (curving) behavior in three-dimensional
spaces, even if the applied loads continue to increase. Furthermore, rock heterogeneity could significantly
influence crack propagation patterns and the peak uniaxial compressive strengths of rock specimens.
Moreover, anti-wing cracks only appeared in relatively heterogeneous rocks, and the peak uniaxial com-
pressive strengths of the specimens were observed to depend on the inclination of the pre-existing flaw.
Finally, the mechanism of surface crack propagation is discussed in the context of numerically simulated
anti-plane loading tests, wherein it was identified that Mode III loading (anti-plane loading) does not lead
to Mode III fracture in rocks due to their high ratio of uniaxial compressive strength to tensile strength.
This finding could explain the lateral growth of an existing flaw in its own plane, which is a phenomenon
that has not been observed in laboratory experiments.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The Earth’s crust consists of rocks, and fractures normally exist
in all rocks. These fractures vary at different scales, ranging from
microcracks to all kinds of macrojoints to continental faults. The
failure of heterogeneous rocks under compression is preceded by
the initiation and accumulation of new cracks and the propagation
of existing cracks [1,2]. The deformations and strengths of rock
masses depend on the spacing, direction and scale of the joints
(fractures) that are distributed throughout them. Therefore, an
understanding of the mechanisms of crack initiation and propaga-
tion processes in rocks is crucial for the reliable performance of
many geotechnical structures, such as tunnels, slopes and dams
[3].
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In recent decades, many laboratory experimental investigations
have studied crack initiation and propagation in rocks. Dyskin and
co-authors conducted a series of uniaxial compression tests on
transparent models (such as resin, polymethyl methacrylate
(PMMA), and borosilicate glass) that contained internal three-
dimensional (3D) flaws [4,5]. They observed that wing cracks initi-
ated and propagated only to approximately the size of the initial
flaw and then stopped. This type of crack did not further propagate
even with an additional applied loading. In Dyskin’s opinion, this
cracking behavior can be explained by the wrapping (curving) of
emerging wings around the initial crack [4,5]. Teng et al. also inves-
tigated frictional cracking from a 3D surface crack in various mate-
rials, including PMMA, glass and marble [6]. Their experimental
results were similar to those of Dyskin’s, in which further loading
was observed to not result in further wing crack propagation [7].
In view of these observations, Sahouryeh and Dyskin experimen-
tally investigated 3D crack growth under biaxial compression [8].
They found that the growth behavior of an internal crack under
biaxial compression markedly differed from that observed under
uniaxial compression. The presence of the intermediate principal
compressive stress prevented the curling (wrapping) behavior of
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wings, thereby enabling an extensive growth of crack branches,
which ultimately resulted in splitting failure.

Recently, several experiments concerning 3D fault growth have
been investigated at the Rock Mechanics Laboratory at The Hong
Kong Polytechnic University. The samples that were investigated
in those experiments included a variety of real rocks, PMMA, resin,
cement, and gypsum samples. All samples contained a prefabri-
cated 3D surface flaw [3,9–12]. According to their experiments,
both tensile cracks and petal cracks can initiate from flaw tips in
both PMMA and marble specimens, and shell-like cracks can initi-
ate from the flaw tips of both PMMA and marble specimens in
some cases. Moreover, anti-wing cracks (opposite to wing cracks)
were induced at a certain distance away from the flaw tips in the
compressive stress zone in gabbro specimens [9]. Liu et al. con-
ducted a series of experimental tests to study the 3D propagation
processes of a single surface flaw under the conditions of biaxial
compression [13]. In their experimental tests, a high-density, mul-
ti-channel digital strain gauge (MCDSG), a digital speckle correla-
tion method (DSCM) based on white-light image analysis, and a
3D acoustic emission (AE) location system were used. They also
observed shell-shaped fracturing on the sample surface in the last
stage of the 3D propagation process of surface flaws [13].

Typically, an initial crack can grow in the lateral direction due to
Mode III conditions that exist at the lateral parts of the initial crack
contour [14]. Mode III cracks are known to grow in their own plane
by producing an array of microcracks in brittle materials [15];
however, the actual lateral propagation of the initial crack was
not observed in either of the experiments of Adams and Sines
[16] and Cannon et al. [17]. Even in specifically designed experi-
ments that permit crack growth, such as those performed by
Dyskin et al. [4] on large transparent blocks of polyester casting
resin and others on PMMA blocks, the observed crack growth
was only moderate. Dyskin thought this was the major difference
between two-dimensional (2D) and three-dimensional crack prop-
agation mechanisms in uniaxial compression [4].

In terms of rock experiments, due to the non-transparency of
rock, it is difficult to trace the initiation and propagation of frac-
tures within the rock. Although some new techniques are utilized
to measure and observe the fracturing process [12,13], it is too
expensive to conduct a large number of such experiments. In con-
trast, numerical methods provide an alternate way to study crack
initiation, propagation and coalescence in rock and/or rock-like
materials. Many numerical methods have been applied to investi-
gate the fracturing of cracks in rocks [18–32].

The FEM remains a main numerical tool in rock mechanics prob-
lems because of its maturity and advantages in handling rock heter-
ogeneity and non-linearity, and the availability of many well-
verified commercial codes. The traditional FEM is handicapped by
the requirement of continuous re-meshing with fracture growth,
and conformable fracture path and small element size. A special
class of FEM, often called ‘enriched FEM’ or ‘extended FEM (XFEM)’,
has been especially developed for fracture analysis with minimal or
no re-meshing. The XFEM with jump functions and crack tip func-
tions has improved the FEM’s capacity in fracture analysis.
Rozycki et al. applied XFEM to simulate the dynamic problem [23].
Colombo et al. proposed a fast and robust level set update to simulate
the complex 3D crack propagations efficiently simulated in an X-
FEM model [25]. The XFEM may become a promising subject for fur-
ther research and development for the problems of fractured rocks.

The BEM, requires discretization at the boundary of the solution
domains only, thus reducing the problem dimensions by one and
greatly simplifying the input requirements. The main advantage
of the BEM is the reduction of the computational model dimension
by one, with much simpler mesh generation and therefore input
data preparation, compared with full domain discretization
methods such as the FEM. Chen et al. investigated the deformabi-
lity, tensile strength and fracturing of anisotropic rocks by Brazilian
test by using a new formulation of the BEM to determine the stress
intensity factors (SIFs) and the fracture toughness of anisotropic
rocks [18]. Shen et al. investigated the mechanism of fracture
coalescence by uniaxial compression of gypsum samples with two
open or closed cracks by using a modified G-criterion and displace-
ment discontinuity method (DDM), and they found that coales-
cence could be caused by tensile failure, shear failure or mixed
tensile and shear failure, and Mode II failure was the key reason
for the coalescence between two non-overlapping cracks [19,20].
However, in general, the BEM is not as efficient as the FEM in deal-
ing with material heterogeneity, because it cannot have as many
sub-domains as elements in the FEM. It is also not as efficient as
the FEM in simulating non-linear material behavior, such as plastic-
ity and damage evolution processes.

EPCA model is a useful method for simulating the rock fractur-
ing process using simple rules. Feng et al. simulated the failure pro-
cess of heterogeneous rocks successfully by using an elastoplastic
cellular automation [21,22].

Among all of these numerical methods, the FEM is perhaps the
most widely applied numerical method in rock mechanics problems
today because its flexibility in handling material heterogeneity,
non-linearity and boundary conditions, with many well developed
and verified commercial codes with large capacities in terms of com-
puting power, material complexity and user friendliness.

Tang et al. developed and applied the finite element code of
rock failure process analysis (RFPA2D) to investigate fracture initi-
ation, propagation and coalescence from a pre-existing flaw in
rock-like materials [26]. The numerically simulated results agreed
with the experimental results of Wong et al. [34]; however, as far
as the numerical simulations of 3D fractures from surface flaws are
concerned, little information has been reported in the literature.

In addition, due to the heterogeneity of rock and the complicated
boundary conditions therein, it is difficult to use fracture mechanics
to establish an analytical model to investigate the initiation, prop-
agation and coalescence of 3D cracks [13,35]. In this study, RFPA3D

numerical analysis, which is an extension of RFPA2D, was applied to
investigate the 3D fracturing processes of rock samples with single
pre-existing flaws at different dip angles. Two kinds of rock heter-
ogeneities and different pre-existing flaw dip angles were consid-
ered. In addition, anti-plane loading tests were also numerically
simulated to investigate the fracture process of the surface flaws.
2. Brief description of RFPA3D

When a heterogeneous material is concerned, the disorder of
microstructures in rock should be implemented in a numerical
model. To simulate the random microstructures in rock, rock heter-
ogeneity can be well characterized using statistical approaches
[26,27]. In RFPA3D, it is assumed that the numerical specimens
consist of the elements with the same shape and size and that there
is no geometric priority in any orientation in the specimen [28]. Dis-
order can be obtained by randomly distributing the mechanical
properties of elements. The statistical distribution of elemental
mechanical parameters can be described by the Weibull distribu-
tion function [36], even distribution function, or normal distribu-
tion function [27,28]. These elemental mechanical parameters
include the uniaxial compressive strength, elastic modulus, Poisson
ratio and weight. Only the Weibull distribution function was used
in the present paper, as is detailed below [36]:

WðxÞ ¼ m
x0

x
x0

� �m�1

exp � x
x0

� �m� �
ð1Þ

where m defines the shape of the Weibull distribution function, and it
can be referred to as the homogeneity index [26], x is the mechanical
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parameter of one element, and x0 is the even value of the parameter of
all the elements. According to the Weibull distribution [36], a larger
m value indicates that more elements have mechanical properties
that have been approximated to the mean value, which describes a
more homogeneous rock specimen. Fig. 1a depicts the elastic modu-
lus distribution in two specimens with heterogeneity indices of 5.0
and 50.0. In this figure, the mean value for all of the elements is
2000 MPa; however, for specimens with heterogeneity indices of
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Fig. 1. (a) Two specimens with different heterogeneity indices. Heterogeneity is
introduced into the numerical specimens by following a Weibull distribution
function. The grey color represents the mechanical parameter value relatively. (b)
Distribution probability of the elastic modulus for the two specimens with different
heterogeneity indices. The mean value of the elastic modulus for these two model is
20,000 MPa.
5.0 and 50.0, the maximal values for all of the elements were
5.257 � 104 MPa and 2.079 � 104 MPa, respectively, and the mini-
mal values for all of the elements were 6.326 � 102 MPa and
1.742 � 104 MPa, respectively, as shown in Fig. 1b. For the specimen
with m = 50.0, the elements therein had a greater probability to reach
the mean elastic modulus value.

In RFPA code, each element has an elastic–brittle constitutive
law during the failure process [28,29]. The constitutive relation
for an element under uniaxial tensile stress is illustrated in
Fig. 2a. Before the stress of the element satisfies the strength crite-
rion, the elastic modulus is a constant with the same value as before
loading. When the stress increases to a value leading to the failure
of the element, in elastic damage mechanics the elastic modulus of
the element may degrade gradually as damage progresses. The elas-
tic modulus of the damaged element is defined as follows:

E ¼ ð1� DÞE0 ð2Þ

where D represents the damage variable, and E and E0 are the elastic
modulus of the damaged and undamaged elements, respectively. It
must be noted that the element and its damage are assumed to be
isotropic, and therefore E, E0 and D are all scalar.

If the element is subjected to uniaxial tensile stress, before the
tensile stress (the minimal principal stress) of the element reaches
its tensile strength rt, the element keeps linear elastic. When
r3 > rt, the element fails and the elastic modulus changes to a small
value and its strength falls to rrt, which we can call it residual
tensile strength. When the tensile strain increases to a more large
value eut, the element loses his capability of loading. The evolution
of damage variable D can be summarized as following:

D ¼
0 ð�e > et0Þ

1� rrt
�eE0

ðet0 6 �e 6 eutÞ
1 ð�e 6 eutÞ

8><
>: ð3Þ
(a) The constitutive law of the element in tensile failure. 

(b) The constitutive law for the element in shear failure 

Fig. 2. The constitutive law for the element in two different failure modes.



Fig. 3. Layout of the numerical specimens with a single pre-existing flaw.
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where rrt is the residual strength of the element, and rrt ¼ �kjrt j.
et0 is the tensile strain at the point of failure. eut is the ultimate ten-
sile strain and can be described as eut = get0. g is the ultimate tensile
strain coefficient and k is coefficient of residual tensile strength. �e is
equivalent principal strain of the element, eto is the strain at the
elastic limit, or threshold strain, and etu is the ultimate tensile strain
of the element at which the element would be completely damaged.
The equivalent principal strain �e is defined as [29,30]:

�e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
he1i2 þ he2i2 þ he3i2

q
ð4Þ

where e1, e2 and e3 are three principal strains and h i is a function
defined as follows:

hxi ¼
x x P 0
0 x < 0

�
ð5Þ

When the equivalent strain of an element decreases to be smal-
ler than the ultimate tensile strain, the damaged elastic modulus is
zero, which would make the system of equations ill-conditioned. In
order to keep the continuum of the numerical model physically,
the element is not removed from the model and a relatively small
number, i.e. 1.0 � 10�6 is specified for the elastic modulus for this
consideration. Shear failure is also assumed to exist when the
element is under compressive and shear stress. The constitutive
law for the elements in microscales under compressive or shear
stress is shown in Fig. 2b. In shear failure mode, the damage vari-
able D can be described as follows:

D ¼
0 �e < ec0

1� rrc
E0�e

�e P ec0

(
ð6Þ

where rrc is the peak strength of the element subjected to uniaxial
compression and rc0 is the compressive stress at the point of shear
failure (Fig. 2b).

Before the stress of the element satisfies a certain strength cri-
terion, the elastic modulus is constant with the same value. When
the stress of the element satisfies the strength criterion, the elastic
modulus of the element may damage [28,29]. If the elemental
stress state satisfies both the tensile failure criterion and shear
failure criterion, the tensile failure mode takes the higher priority.
When the tensile stress increases to a larger value, which we call
the ultimate tensile strength, the element loses its loading capabil-
ity. Similarly, the element maintains a linear elasticity before the
uniaxial compressive stress reaches the uniaxial compressive
strength. If the elemental stress meets the shear failure criterion,
the element will damage [28,36–38].

The mechanical parameters of a macroscopic specimen for a
specific rock specimen can be obtained from laboratory experi-
ments; however, it is impossible to directly measure the parame-
ters of such failed elements. For the Weibull distribution, a
parametric study can be performed to obtain the relationships
between the macroscopic parameters (compressive strength, rc,
and elastic modulus, E0) of the specimen and the seed parameters
(mean value of compressive strength, �rc , and elastic modulus E0) of
the mesoscopic elements by using the linear least squares
technique.

�rc ¼ ½a1 lnðmÞ þ b1�rc ð7Þ

E0 ¼ ½a2 lnðmÞ þ b2�E0 ð8Þ

The uniaxial compressive strength and elastic modulus that
corresponds to a specific rock can be obtained from laboratory
experiments. Because rock is a geotechnical material that has
dramatically different tensile and compressive strengths, the coef-
ficient b can be used to define the ratio of the compressive strength
to the tensile strength of a numerically modeled rock. The shape
parameter, m, in a Weibull distribution function, can be obtained
as a matter of experience from experimental and numerical tests.
More detailed descriptions can be found in other publications
[26–33].

It should be noted that even under uniaxial compression, both
tensile damage and shear damage may occur in the elements due
to a complicated stress state that is caused by the heterogeneity
of rock and the pre-existing flaw in the rock specimen. In 3D
studies, the traditional Mohr–Coulomb strength criterion or
Hoek–Brown strength criterion is not valid when the effect of inter-
mediate principal stress is considered. Higher strength values were
observed under the condition of plane strain, which was due to the
strengthening effect of the intermediate principal stress [39–42].
Therefore, the Drucker–Prager strength criterion and unified
strength criterion proposed by Yu [42], which consider all three of
the principal stresses, are adopted in RFPA3D. A simplified unified
strength criterion, which is referred to as the twins shear failure
criterion, can be expressed as follows [42]:

F ¼ r1 � a
2 ðr2 þ r3Þ ¼ rt r2 6

r1þar3
1þa

F ¼ 1
2 ðr2 þ r3Þ � ar3 ¼ rt r2 >

r1þar3
1þa

ð9Þ

where r1, r2 and r3 are the maximal, intermediate and minimal
principal stresses, respectively, and a is the influence coefficient
of the intermediate principal stress.

The tensile failure criterion can be expressed as follows:

r3 6 �jrt j ð10Þ

where rt is the tensile strength of the rock.
To perform finite element analysis, the parameters of the

numerical model are specified together with the initial boundary
conditions. A finite element analyzer is used to calculate the stress
and strain distributions in the finite element network. The calcu-
lated stresses are substituted into the strength criterion to check
whether elemental damage occurs or not. If the strength criterion
is not satisfied, the external loading or displacement loading is fur-
ther increased. Otherwise, the element is damaged and becomes
weak according to the rules specified by the mesoscopic elemental
mechanical model for elastic damage [29], which results in a new
perturbation. The stress and deformation distributions throughout
the model are then instantaneously adjusted after such rupture so
as to reach the equilibrium state. Due to the new stress distur-
bances, the stresses of some elements may satisfy the critical value,
causing further ruptures. This process is repeated until no damaged
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elements are found. The external load is then increased further. In
this way, the system develops a macroscopic fracture such that
the propagation of fractures can be simulated [28,29].

In addition, an acoustic emission (AE) technique is used to mon-
itor the cracking processes taking place in some portions of rock
mass. In RFPA3D, the failure (or damage) of every element is assumed
to be the source of an acoustic event because the failed element must
release its elastic energy stored during the deformation. Therefore,
by recording the number of damaged elements and the associated
amount of energy release, RFPA3D is capable of simulating AE activ-
ities, including the AE event rate, magnitude and location.

RFPA3D includes the following three modules: the pre- and
post-processing module, FEM module and failure analysis module.
The pre- and post-processing module is implemented by the Visual
C++ language, whereas the other two modules are developed using
the FORTRAN 95 language and message passing interface (MPI),
which can run on both PC and parallel computers.
3. Numerical model setup

Ten specimens were prepared to numerically investigate 3D
crack behaviors under uniaxial compressive loading (from case 1–
10), as detailed in Table 1. Two groups of materials with different
heterogeneities (i.e., m = 5.0 and m = 50.0) were used. The higher
homogeneity index of a specimen indicates that it has relatively
homogenous features such that the macromechanical parameters
are close to the specified mean values [19–21]. The specimen with
m = 5.0 represents a heterogeneous rock with a fine-grained tex-
ture, whereas the specimen with the higher homogeneity index of
m = 50.0 represents relatively more homogeneous rock, such as
glass or PMMA. To simplify the analysis, only two different homo-
geneity indices (m) were investigated. The effect of different homo-
geneity indices (m) on the fracturing mechanisms of pre-existing
flaws in rock will be discussed in a later manuscript.

To investigate the effect of dip angle on fracture behavior, each
group was selected using the following pre-existing flaw dip an-
gles: 15�, 30�, 45�, 60� and 75� (Table 1). These five specimens in
each group have the same mechanical parameters, including homo-
geneity index, elastic modulus, peak strength, and also have the
same geometric size (90 mm � 50 mm � 30 mm). The initial mean
values of the uniaxial compressive strength, elastic modulus and
Poisson ratio for all of the elements in the aforementioned speci-
mens were 100 MPa, 20,000 MPa and 0.25, respectively.

A semi-elliptic flaw was embedded at the center of each speci-
men, as shown in Fig. 2. The flaw surface is perpendicular to the
xoy surface, and the major axis lies on the xoy surface. The dip
angle of the major axis relative to the x-axis (compressive loading
stress direction) was varied from 15� to 75� at intervals of 15�. Half
of the major axial diameter (a) was set to 12 mm, half of the minor
axial diameter (b) was set to 8 mm, and the thickness of the flaw
Table 1
Different flaw dip angles and two kinds of homogeneity indices of rock are
considered.

Case no. Flaw dip angle of (�) Homogeneity index (m)

Group 1 1 15 5.0
2 30 5.0
3 45 5.0
4 60 5.0
5 75 5.0

Group 2 6 15 50.0
7 30 50.0
8 45 50.0
9 60 50.0

10 75 50.0
was set to 1 mm. To simulate open cracks in rocks, the surfaces
of the prepared flaws were not allowed to touch one another and
there was assumed to be zero friction transfer. Actually, the
elements in the surface flaw were not removed but, instead, re-
placed by very soft elements with very small elastic module that
could be ignored. The dimensions for all of the specimens were
the same. To reduce the boundary effect [3], the depth was set to
be 30 mm, which is more than three times the half minor axial
diameter. The height and width of the specimens were 90 mm
and 50 mm, respectively. The specimens were meshed into
180 � 100 � 60 = 1,080,000 finite elements. A displacement con-
trol of 0.002 mm per step was axially applied on the top and bot-
tom of the specimen.

According to a study by Wong et al. [11], pre-existing fractures
can be referred to as flaws, whereas initiated fractures can be
referred to as cracks. Shell-like cracks that initiated from the inner
contour of the existing flaw along the loading direction have often
been referred to as wing cracks in many investigations. In this
present study, these cracks were referred to as shell-like cracks
so as to distinguish them from wing cracks in the 2D study.
4. Numerically simulated results

Based on the numerically simulated results, the complete failure
process of the specimens that were subjected to uniaxial compres-
sion can be divided into four stages: the elastic deformation stage
before crack initiation, the crack initiation stage, the crack propaga-
tion stage and the final failure stage. The elastic deformation stage
is normal and, thus, only the simulation results of the latter three
stages are described below.
4.1. Crack initiation

Fig. 4a–e depicts the crack initiation patterns for the specimens
that contained pre-existing flaws with different dip angles. When
the orientation angle was smaller than 60�, wing cracks were ob-
served (Fig. 4a–d), whereas anti-wing cracks were observed in
the specimen with a dip angle of 75� (Fig. 4e). All of the wing cracks
were observed to have initiated at the tips of the pre-existing
flaws. The initial wing cracks propagated parallel to the vertical
loading direction for the specimens with the flaw dip angles of
15� and 30�, whereas, in the specimens with flaw dip angles that
varied from 30� to 45� to 60�, the initial wing cracks were observed
to propagate along the direction perpendicular to the surfaces of
the prepared flaws; however, with increasing load, the wing cracks
in the specimens with the flaw dip angles that varied from 30� to
45� to 60� changed their direction from perpendicular to the flaw
surface to parallel to the maximal compressive stress.

Anti-wing cracks, which initiate at the tips of flaws and propa-
gate along the direction that is opposite to the wing crack, were
only observed in the specimen with a flaw dip angle of 75�. In addi-
tion to the anti-wing cracks, due to the tensile stress, several verti-
cal cracks were observed to have initiated perpendicular to the
surface of the prepared flaw (Fig. 4e). These vertical cracks were
observed to propagate more slowly than anti-wing cracks when
subjected to further uniaxial compressive loads, which indicates
that in the early stages of crack initiation, anti-wing crack initiation
depends on the dip angle of the prepared flaw. In the early studies
of Wong et al., anti-wing cracks were commonly referred to as sec-
ondary cracks and were thought to be induced by the extensions of
petal cracks [3].

Fig. 4a0–e0 demonstrate the crack initiation processes in the
more homogeneous specimens (m = 50.0). In this group, wing
cracks were only observed toward the direction of the loading
stress for the specimens with flaw dip angles of greater than 15�



Fig. 4. Crack initiation in the specimens containing a pre-existing flaw with different dip angle of 15�, 30�, 45�, 60�and 75�. The first row (a–e) is for the relatively
heterogeneous specimens (m = 5.0), and the second row (a0–e0) is for the relatively more homogeneous specimens (m = 50.0).

Fig. 5. The stress required for crack initiation for the specimens (m = 5.0) versus the
flaw dip angles.
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(Fig. 4b0–e0). Unlike the heterogeneous rock specimens, anti-wing
cracks did not appear in the specimen with the flaw dip angle of
75� (Fig. 4e0). For the specimen with the flaw dip angle of 15�,
new cracks were observed to have initiated at the tips of the flaw
along the direction of the surface of the pre-existing flaw. In addi-
tion, in homogeneous rocks (m = 50), newly initiating wing cracks
developed parallel to the loading stress (Fig. 4c0–d0), whereas in rel-
atively heterogeneous rocks (m = 5), wing cracks were observed to
have initiated perpendicular to the surfaces of the prepared flaws
(Fig. 4c and d). These data indicate that the homogeneity index of
rock can influence the initiation of anti-wing cracks and wing
cracks.

Fig. 5 demonstrates the required stress for crack initiation ver-
sus flaw dip angle in the investigated specimens (m = 5). From
Fig. 5, the required stress for crack initiation gently decreased with
a low slope when the dip angle was increased from 15� to 45�. In
comparison, when the dip angle was increased from 45� to 75�,
the required stress for crack initiation decreased with at high slope,
which indicates the existence of a transition of crack initiation
from wing cracking to anti-wing cracking. That is, the stress that
is required for anti-wing cracking is smaller than that for wing
cracking, and a dip angle of 45� is probably the inflexion. The
numerically simulated results for the effect of pre-existing flaw
dip angle on crack initiation agree with the experimental results
of Guo et al. [12], i.e., the stress for crack initiation also decreases
when the flaw angle increases from 30� to 75�.

Fig. 6 depicts the acoustic emission counts for cases 3 and 5
before failure. At the beginning of the loading stage in case 3, the
specimen underwent an elastic deformation, and no AEs were ob-
served throughout the entire specimen until the axial displace-
ment was increased to 0.006 mm. Beginning on the third step, a
few AEs (or damaged elements) that scattered throughout the
specimen were detected. Stress was observed to concentrate
around the edge of the flaw, including the two tips of the flaw
where wing or anti-wing cracks eventually appeared. In 2D model-
ing, the stress concentration around the inner edge of the flaw
cannot be analyzed. When the stress was increased to 45.7% of
the peak loading and the strain increased to 0.1% of the peak com-
pressive strain, wing cracks began to initiate perpendicular to the
surface of the prepared flaw. This critical point can also be deter-
mined from the AEs depicted in Fig. 6. Beginning at step 21, the
AE rate suddenly increased due to the initiation of wing cracks
and shell-like cracks inside of the investigated specimen. AE events
appeared later in case 5 than case 3. No AEs were observed until
step 2; however, a sharp increase in AEs occurred during step 25
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due to the initiation of anti-wing cracks. As shown in Fig. 4e, there
were several vertical cracks that were perpendicular to the pre-
pared flaw and parallel to the anti-wing cracks. The initiations of
these cracks contributed to increases in the frequency of AEs in a
stepwise manner.

4.2. Crack propagation

Fig. 7a–e depict the propagation paths of the wing cracks
(anti-wing cracks) and shell-cracks that were observed inside of
the relatively heterogeneous specimens (m = 5.0). When a pair of
wing cracks (or anti-wing cracks) was observed to propagate
toward the top and bottom of a specimen, the stress concentra-
tions at the tips of the cracks increased and then were released be-
hind the tips of the cracks. The wing cracks in the specimens with
flaw dip angles of 45� and 60� changed their propagating directions
from perpendicular to the flaw surface to parallel to the maximal
compressive loading stress. The propagation of symmetric, shell-
like cracks, which are a new type of crack in the 3D state (inside
of the specimen) could be observed if the specimens with flaw
dip angles of 30�, 45�, 60� and 75� were cut into two parts
(Fig. 7b–e). These shell-like cracks initiated at the lateral part of
Step 23 Step25 

Fig. 6. Plot of acoustic emission counts in the early crack initiation stage for the
specimen (m = 5.0) with dip angle of 45�.
the initial flaw at the same time as the wing cracks, and they prop-
agated along the direction of the maximal compressive stress. No
shell-like cracks were observed in the specimen with a flaw angle
of 15� (Fig. 7a), and a fracture zone appeared around the inside
contour of the flaw. Because the pre-existing flaw tended to be
parallel to the applied compressive loading, there was not enough
free space for tensile failure to occur at the inner edge of the flaw.

In many studies, shell-like cracks have been regarded as exten-
sions of wing crack. Based on our numerical results, wing cracks
and shell-like cracks were observed to be attached to one another.
Moreover, they propagated though different parts of the specimen
and their growth behaviors were not the same; therefore, we refer
to shell-like cracks as shell-like cracks in the 3D state so as to
distinguish them from wing cracks in the 2D state.

Fig. 7a0–e0 depicts the results for the homogeneous specimen
group (m = 50), wherein it can be observed that the flaw dip angle
also influenced the propagation patterns of wing cracks and shell-
like cracks. Shell-like cracks were observed in all of the specimen
cross sections. The shell-like cracks propagated longer distances
in the specimens with flaw dip angles of 45� and 60� in comparison
to the other three specimens. In the specimens with flaw dip angles
of 15� (Fig. 7a0) and 30� (Fig. 7b0), the shell-like cracks were ob-
served to extend toward the back of the specimens, whereas, in
the specimens with flaw dip angles of 45�, 60� and 75�, the crack
propagation directions deviated from the maximal principal stress
as a function of further loading (Fig. 7c0–e0), which caused the
shell-like cracks to curl, as was observed by Dyskin et al. in their
experimental studies [4,5].

Fig. 8 depicts the crack propagation patterns of the wing cracks
and anti-wing cracks that appeared on the specimen surfaces when
the load was increased to 90% of the peak load. According to Fig. 8,
anti-wing cracks appeared in the more heterogeneous specimens
(m = 5) with flaw dip angles of 45� and 60� (Fig. 8c–d). The anti-
wing cracks were not observed in the crack initiation stage. Unlike
the wing cracks, which were formed at the tips of the pre-existing
flaws with dip angles of 15�, 30�, 45� and 60�, and the anti-wing
cracks, which initiated at the tips of the pre-existing flaw with a
dip angle of 75�, these anti-wing cracks appeared a certain distance
from the pre-existing flaw instead of at the tips of the flaw. This
phenomenon differs from the observations of the wing crack and
anti-wing crack formations, which were observed to approxi-
mately symmetrically propagate along the maximal compressive
stress, in that these anti-wing cracks did not symmetrically grow
opposite to the direction of the propagation of the wing-cracks.
As shown in Fig. 8c, the anti-wing crack on the left side of the spec-
imen propagated both upward opposite to the wing crack and
downward to the left tip of the pre-existing flaw. As for the speci-
men with the flaw dip angle of 60�, the anti-wing crack on the left
side propagated downward and never joined the pre-existing flaw
(Fig. 8d). It is a general consensus that compressive stress concen-
trates in the area where the anti-wing cracks appear. Guo et al.
have observed anti-wing cracks in gabbro, and the growth of
anti-wing cracks therein was observed to turn to the loading direc-
tion when the crack growth length equaled approximately half of
the flaw length. They considered that the anti-wing cracks were
induced by shear and compressive stresses [12].

The biggest difference between these two types of rock with dif-
ferent homogeneities was that no anti-wing cracks were observed
for all five of the homogeneous specimens (m = 50.0). In addition,
the cracks developed more smoothly and straight in this group.
Many microfractures were observed along the propagating path
in the more heterogeneous rocks (m = 5).

It was noted that the curling phenomenon of the wing cracks
and shell cracks was observed in all of the specimens, regardless
of flaw angle orientation or rock heterogeneity. For the specimens
with flaw dip angles of 15�, 30� and 45�, the wing cracks changed
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their propagation directions around the initial cracks without fur-
ther elongation to parallel to the direction of the loading
(Fig. 7(a–c and a0–c0). From the surface of the specimen, it could
be observed that the wing crack propagation turned into the direc-
tion of the lateral boundary of the specimen. If we looked inside the
specimens, the shell-like cracks therein would be observed to have
curled either toward the front boundary or toward the back bound-
ary of the specimen (Fig. 7). The wing cracks never propagated to
the top or bottom boundaries under uniaxial compression. This
phenomenon was also observed by Wong et al. [11] and Dyskin
et al. [14] in their laboratory experiments. In the 2D state, wing
cracks can reach the top and bottom boundaries without inside
curling [5]. Curling under uniaxial compression distinguishes 2D
from 3D fracture patterns.

To more clearly observe internal crack propagation, half of
the specimen with the flaw dip angle of 45� was cut away to see
the cross section of A0–A, as depicted in Fig. 3. Fig. 9a–c depicts
the propagation process of the cracks inside of the specimen. When
the wing cracks began to grow, the shell-like cracks began to prop-
agate along the inside contour of the surface flaw close to the wing
cracks (Fig. 9a). With further loading, the wing cracks and shell-like
cracks continued to propagate, and the anti-wing cracks appeared
at the surface of the specimen (Fig. 9b). As shown in Fig. 9c, a
semi-ellipse on the cross section of A0–A was then formed due to
the coalescence of the propagation of the anti-wing cracks and
the shell-like cracks. On the other side of this specimen, the same
fracture pattern can be found from the cross section near the other
tip of the flaw (Fig. 9d). A new type of crack was observed to prop-
agate perpendicular to the surface of the shell-like crack before the
bursting failure of specimen (Figs. 9d and 10). When the wing
cracks stopped propagating, this type of secondary crack began to
initiate and then extended toward the back boundary of the speci-
men, resulting in an abrupt collapse of the specimen. These second-
ary cracks can be observed in the distribution of AE in Fig. 11c and b.

The AE technique was helpful to capture failure in the investi-
gated rocks. Liu et al. [13] and Guo et al. [12] have conducted
experimental investigations of 3D propagation processes in a type
of surface fault using the AE technique. Fig. 11 depicts the AE
distribution inside of the rock specimen that contained a flaw
dip angle of 45� when the stress was increased to 82% of the peak
strength. Fig. 11a–c depict a front side view, side view and top
view of the specimen. The wing cracks and the shell-like cracks
on each side of the prepared flaw coalesced together, and it is very
difficult to make a distinction between these two types of cracks. It
was obvious that the lengths of the wing cracks were longer than
those of the shell-like cracks. Anti-wing cracks were observed on
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the left bottom and right top corners of the specimen. If the spec-
imen were viewed from the top, all of the observed AE points form
a complete semi-ellipse that is similar to a cylindrical shell
(Fig. 11c).
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Fig. 12 depicts the AE distribution for the relatively homoge-
neous specimen with the flaw dip angle of 45�. As mentioned
above, for anti-wing cracks, AEs were not observed in the more
homogeneous rock specimen. The crack surface in the homoge-
neous specimen was relatively smooth, and the observed AE events
gathered along the crack propagation path. In Fig. 11c, AEs corre-
sponding to the secondary crack of the shell-like cracks can be
observed at step 50 before the failure of the specimen. It can be
predicted that if a specimen that contains a full elliptic inner flaw
is uniaxially compressed, then the prepared flaw will be sur-
rounded by an entire shell-like crack on both the upper and lower
surfaces.

4.3. Failure stage of the specimens

With increasing uniaxial loading, the specimens exhibited
bursting failure at the peak stress, wherein the wing cracks,
shell-like cracks and secondary cracks extended to the back of



Fig. 14. Complete axial stress–strain curves for the specimens.

Fig. 15. Plots of the peak strength of the heterogeneous specimens versus the flaw
dip angle.

Fig. 16. The acoustic emission counts in each step for the specimen with the flaw
dip angle of 45�.
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the specimen. Meanwhile, many new tensile fractures appeared
near the wing cracks (or anti-wing cracks). These tensile fractures
ran to the lateral boundary of the specimen. The specimens that
contained flaws with a dip angle of 45� were divided into two parts
in a shear failure mode (Fig. 13a and b). As for the specimen that
contained a flaw with a dip angle of 75�, macroshear fractures were
also observed on the back of this specimen due to the propagation
of the shell-like cracks inside (Fig. 13c–d).

Complete axial stress–strain curves were obtained via the
numerical model, as shown in Fig. 14. Almost all of the specimens
in these two groups underwent the same elastic deformations
before the propagation of cracks. The specimens exhibited brittle
failure at the peak strength. As indicated in Fig. 15a, following an
increase in the flaw dip angle, the peak strengths for the specimens
in the heterogeneous group gradually decreased. For the relatively
homogeneous specimens, the peak strength decreased when the
flaw dip angle increased from 15� to 45� but increased when the
dip angle increased from 45� to 75� (Fig. 15b).

Abrupt specimen failure complicated the capture of any failure
signals before collapse. Fig. 16 depicts the AE counts in each step
for the specimen with the flaw dip angle of 45�. Therein, three
increases in the AE rate in the loading process can be observed,
indicating the initiation, propagation and coalescence of cracks in
the specimen. The bursting fracture at the peak point made it
difficult to predict the final failure in advance.
5. Discussions

Based on the above numerical results, the complicated surface
flaw initiation and propagation behaviors are discussed in detail
below:

5.1. Heterogeneity has a significant influence on the fracture of 3D
surface flaws

Three aspects about the influence of the rock heterogeneity will
be discussed: the crack propagation path, anti-wing cracks, and the
peak strength.

First, the propagation path in rocks depends not only on the
stress state but also on the heterogeneity of the rock. Cracks will
propagate toward the weak zone where stress concentrates, such
that the direction of crack propagation will be more likely to
change in heterogeneous rocks that are even subjected to uniaxial
compression; however, in relatively homogeneous rocks, the
mechanical parameters throughout the entire specimen are uni-
form, so the direction of crack propagation will only be determined
by the stress state. As shown in Fig. 7, the crack propagation path in
the specimens with the higher homogeneity index (m = 50) was



Fig. 17. Fracture pattern in the numerical specimen (m = 5.0) containing a pre-existing flaw under anti-plane loading.

Fig. 18. Fracture pattern in the numerical specimen (m = 50.0) containing a pre-
existing flaw under anti-plane loading.
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smoother and straighter. Moreover, both the wing cracks and the
shell-like cracks propagated a longer distance in this homogeneous
group. Second, the peak strength for the relatively homogeneous
specimens was much higher than that for the heterogeneous
group. Even though only two groups were considered in the pres-
ent paper, the difference in the peak strength between these two
types of rocks was remarkable (Fig. 14). Third, anti-wing cracks
did not appear in the relatively higher homogeneous specimens.
In the first group, anti-wing cracks initiated in the specimens with
flaw dip angles of 45� and 60� before the final failures of the spec-
imens, and a pair of anti-wing cracks even appeared at the begin-
ning of the propagation stage. No anti-wing cracks were observed
in all of the specimens that had a higher homogeneity index
 

Fig. 19. The stress concentration aroun
(m = 50.0) (Fig. 7) before final failure. These data indicate that the
materials used in experiments concerning the 3D crack investiga-
tion of heterogeneous rocks cannot be replaced by some homoge-
neous materials, such as resin or glass. In experimental studies,
petal-like cracks were often observed near the contours of the pre-
pared flaws. This type of crack seems to be a shell-like crack that
results from heterogeneity in the specimens and a discrepancy in
flaw preparation. In addition, the friction between the loading
platen and the end of the specimen in experimental investigations
will also influence subsequent crack initiation and propagation
[2,3].
5.2. The dip angle between the maximal principal stress and the
surface of a pre-existing flaw affects the crack propagation pattern as
well as the mechanical behavior of the specimen

The flaw dip angle affects the appearance of the wing cracks. No
wing cracks were observed in the specimen with a flaw dip angle of
75�. When the dip angle was greater than 30�, anti-wing crack
appeared in the heterogeneous rocks. A large dip angle contributes
to the propagation of shell-like cracks. In addition, the appearance
of anti-wing cracks influenced the peak strengths of the specimens.
The peak strength gradually decreased with increasing dip angle to
the maximal principal stress in the relatively heterogeneous rock
specimens, whereas, in the homogeneous group, the peak strength
decreased when the dip angle varied from 15� to 45� but increased
when the angle increased from 45� to 75� (Figs. 14 and 15).

The experimental data obtained by Wong et al. showed that
the stress decreased gradually when the dip angle of the flaws
  

d the tip of the pre-existing flaw.
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Fig. 20. Plots of the stress state of the surface flaw in the model subjected to uniaxial compression.
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increased from 30�, 45�, 60� to 75� in gabbro [12]. Figs. 14a and 15a
agreed with their results.

The homogeneous specimens followed this decrease–increase
rule because their strengths were exclusively determined by the
initiation and propagation of the wing cracks and shell-like cracks;
however, when the dip angle of the pre-existing flaw was greater
than 45�, the strengths of the relatively heterogeneous specimens
mainly depended on the anti-wing cracks, which played a domi-
nant role in specimen failure. The fracture mode was completely
changed by the occurrence of anti-wing cracks, leading to a gradual
reduction in strength when the dip angle increased from 45� to 75�.
The same increasing–decreasing phenomenon has widely been
observed in rocks that contain through joints with different orien-
tations [43]. The fracturing of rock specimens that contain through
joints can be regarded as 2D problems, in which the anti-wing
could not be observed [34].

5.3. Is shell-like crack or petal-shape crack a type of Mode III crack?

Adams and Sines [16] performed investigations of the mecha-
nism of 3D crack growth in uniaxial compression, and they have
indicated that petal-shape crack is a type of Mode III crack in their
studies. To understand this fracture mechanism, a pure anti-plane
loading test was numerically simulated (Fig. 17). A flaw was pre-
pared to penetrate the numerical specimen with the homogeneity
index of m = 5.0 at one end. The other end of the specimen was
fixed. A pair of stresses, in the contrary direction and perpendicular
to the surfaces of the numerical specimen, was applied on the upper
right end and the lower right end of the sample to implement anti-
plane shear fracture.

Fig. 17 depicts the fracture process of the numerical specimen
under Mode III loading. The crack was observed to initiate at the
tip of the flaw, wherein elemental damage was found; however,
the newly formed crack did not propagate along the direction of
the pre-existing flaw, as predicted by Mode III fracturing. The crack
extended to the bottom of the specimen at a dip angle of 45�. The
conditions of the numerical test strictly complied with Mode III
fracturing; however, no Mode III cracks occurred. Another numer-
ical test was undertaken in the more homogeneous rocks. A spec-
imen with a homogeneity index of 50 (representing a homogenous
rock) was subjected the same boundary conditions. As shown in
Fig. 18, the crack propagated perpendicular to the surface of the
prepared flaw.

It seems that anti-plane shear loading will not cause Mode III
crack. Due to the fact that the rocks have higher compressive
strengths (shear strength) but much lower tensile strengths, Mode
III type fractures will never occur under anti-plane loading. The
distribution of the maximal principal, minimal principal and maxi-
mal principal shear stresses near the tip of the flaw on the front
surface is shown in Fig. 19. A strong compressive stress can be
observed to be concentrated on the upper right side of the tip, a
strong tensile stress can be observed to be concentrated on the low-
er right side, and a strong shear stress can be observed to be concen-
trated on the front of the tip. The crack potentially propagates
either along the surface of the prepared flaw in shear failure mode
or propagates toward the lower right direction in the tensile failure
mode. Rocks are typically brittle materials, having much higher
shear strengths than tensile strengths. Tensile fracture may more
likely occur under anti-plane loading. In the numerical simulation
of surface flaws, shell-like cracks propagated along the direction
perpendicular to the pre-existing flaw. This is the reason why the
actual lateral growth of the initial crack in its own plane was not
observed in the experiments of Adams and Sines [16] and Cannon
et al. [17] on PMMA blocks with semi-circular cracks.



N

N' 

Fig. 21. Potential Mode II fracture in the crack model with a specified thickness subjected to compression.
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Because anti-plane loading will not necessarily lead to Mode III
crack in rocks, many researchers have performed compression-
shear tests or torsion tests to obtain Mode III crack when they
failed to obtain Mode III crack in anti-plane shear tests [44–46].
In the compression-shear test, the tensile stress at the tip of the
pre-existing flaw was constrained due to the applied strong com-
pressive stress. The shear fracture of Mode III crack might be easier
to induce than Mode I crack; however, this is another important
issue that warrants more discussion.
5.4. The fracture mechanism of 3D crack is difficult to understand due
to the complex stress state around it during the specimen failure
process

Fig. 20a depicts a model that contains a prepared 3D elliptic
through flaw that has been subjected to uniaxial compression. If
we establish a local coordinate system above the pre-existing flaw,
the vertical compressive stress that acts on the crack can be
divided into three components: the shear stress sx and sy and the
normal stress rN. These three components have different effects
on the initiation and propagation of cracks at different points
around the edge of the pre-existing flaw. The shear stress sx will
cause Mode II crack at point A located at the tip of the major axis
of the elliptic flaw (Fig. 20b), whereas, sx will perform anti-plane
loading at point B, which is located at the tip of the minor axis
(Fig. 20c). Similarly, the shear stress sy will cause anti-plan loading
at point A (Fig. 20d), whereas, sy will perform Mode II cracking at
point B (Fig. 20e). From the numerical results, we can only find
Mode II crack in the specimens with a flaw dip angle of 15� before
they suffer bursting failure. These data imply that anti-plane load-
ing (Mode III-type loading) leads to the initiation and propagation
of shell-like cracks.

Because of the complex stress state around the edge of a 3D flaw,
shell-like cracks may actually be a kind of mixed-mode crack. In
traditional fracture mechanics, there is an assumption that a flaw
(or crack) has no thickness; however, the thicknesses of flaws and
joints in rocks may range from several centimeters to many meters,
and, moreover, faults in the Earth’s crust have thicknesses on the
order of several kilometers. The thicknesses of 3D flaws should
not be ignored in fracture mechanics. Shear stresses exist along
all of the walls of a flaw due to the normal stress applied over the
flaw if it has any thickness (Fig. 21). This type of shear stress will
result in Mode II crack that is parallel to the wall of the flaw, and
it also contributes to the initiation and propagation of shell-like
cracks, which extend perpendicular to the pre-existing flaw. In gen-
eral, shell-like crack may be induced by mixed-mode loading.
6. Conclusions

Using RFPA3D, this paper has investigated the influences of rock
heterogeneity and pre-existing flaw dip angle on 3D crack initia-
tion and propagation. The initiation and propagation of surface
flaws are affected by many factors, such as flaw orientation, flaw
thickness, flaw depth, and loading style. The present numerical
simulation only focused on the orientation of the prepared flaw
and heterogeneity in the rock specimen. Although the role of these
parameters needs further experimental and theoretical analysis,
and the propagation processes of 3D cracks under complex loading
styles should be further investigated, the numerical results of this
study demonstrate many phenomena that have already been
shown in laboratory experiments; however, many of these fracture
phenomena results direct the necessity of additional experiments.
This study highlights some interesting phenomena for improving
the understanding of the mechanism of 3D rock fracturing. Some
of the key results are summarized below:

(1) The initiation and propagation processes wing cracks, anti-
wing cracks and shell-like cracks that were subjected to
uniaxial compression were numerically simulated by
RFPA3D.

(2) Crack propagation in homogeneous materials differs from
that in heterogeneous, rock-like materials. Anti-wing crack
cannot be observed in homogeneous materials. The failure
pattern for relatively homogeneous specimens does not
resemble that of heterogeneous rock specimens. PMMA
and glass-like materials should not be used to study the frac-
ture of rock-like materials in laboratory experiments.

(3) Wing crack on the surface and shell-like crack inside of the
specimens cannot propagate to the top or bottom of speci-
mens due to the curling of these two types of cracks toward
the lateral boundary when they extend to a certain distance.

(4) The dip angle between the maximal principal stress and the
surface of the surface flaw affects the occurrence of wing
cracks (wing cracks) and the peak strength of the specimen.

(5) The numerically simulated results indicate that Mode III
loading (anti-plane loading) does not lead to Mode III frac-
ture in rocks due to their high ratios of compressive strength
to tensile strength. This finding can help explain why the
lateral growth of an existing flaw in its own plane has not
been observed in laboratory experiments.
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