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Abstract. In this paper, fundamental mathematical concepts for modeling the dissipative behavior of geomaterials
are recalled. These concepts are illustrated on two basic models and applied to derive a new form of the evo-
lution law of the modified Cam-clay model. The aim is to discuss the mathematical structure of the constitutive
relationships and its consequences on the structural level. It is recalled that non-differentiable potentials provide
an appropriate means of modeling rate-independent behavior. The Cam-clay model is revisited and a standard
version is presented. It is seen that this standard version is non-dissipative, which at the same time explains why
a non-standard version is needed. The partial normality is exploited and an implicit variational formulation of
the modified Cam-clay model is derived. As a result, the solution of boundary-value problems can be replaced
by seeking stationary points of a functional.
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1. Introduction

Developing a model for the inelastic behavior of geomaterials is usually carried out in a rather
empirical fashion where experimental data are curve-fitted to derive the constitutive relations.
The relevance of the model is then assessed on the basis of its capability to reproduce sev-
eral key characteristics of material behavior. Nowadays, modeling has attained a high degree
of sophistication allowing a fine description of the behavior of materials. As a result complex
constitutive relations have emerged that have to be implemented in finite-element codes. Lately
much attention has been paid to thermodynamic consistency of constitutive models (see [1]
for an application to geotechnical materials). The two principles of thermodynamics are used
to validate or reject models if they fail to pass the thermodynamic test. This aspect is essen-
tial to ensure that constitutive models are physically consistent. However, the mathematical
structure of the constitutive relations is crucial when questions such as existence and unique-
ness of the boundary-value problems (BVP) need to be answered. Furthermore, convergence
of numerical algorithms is closely related to properties of the constitutive operator. Unfortu-
nately this aspect of the problem is rarely addressed, particularly in geomechanics.

Often constitutive relations are provided in a rather explicit form where the stress-like
variables are given as a function of the strain-like variables. For instance, the viscoelastic
strain rates are related to the stresses through a linear operator. This defines a mapping
between the stress space and the strain rate space called constitutive operator. If the constit-
utive operator is invertible then the inverse relationship exists. Another example is the flow
rule in associated plasticity where the plastic strain rates are related to the stresses through
the so-called normality rule and the complementarity conditions. This formulation of the flow
rule does not provide an explicit expression of the constitutive operator. The main difficulty
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stems from the non-smooth (multi-valued) character of this constitutive model. Using Convex
Analysis tools, Moreau [2,3] has shown that, under some conditions, the constitutive operator
can be derived from a scalar-valued function that acts like a potential for the flow rule. The
work of Moreau [2,3] on the mathematical structure of mechanical laws is an important step
in material modeling. The main contribution is probably a unified framework proposed for
mechanical models including the multi-valued ones. The variational structure revealed by the
“potential form” of the constitutive relationship prove to be useful regarding to the numer-
ical and mathematical aspects of boundary-value problems. This property ensures the exis-
tence of stationary principles that becomes minimum principles if the functional is convex.
Another key-step has been accomplished by Nguyen Quoc Son [4,5] who extended Moreau’s
work to more complex multivalued laws (“visco”-plasticity with hardening, damage,· · · ) using
the phenomenological approach with internal variables. However, geomaterials exhibit fric-
tional behavior, they undergo plastic changes of volume and need to be modeled by plastic-
ity theories with ‘non-associated’ (or non-standard) flow rule. It is shown that a non-standard
model for the modified Cam-clay is not avoidable, otherwise it will lead to a non-dissipative
model which contradicts experimental investigations (see [6]). A convenient formulation of
this model based on implicit normality is discussed.

2. The constitutive operator

The phenomenological approach with internal variables provides a unified framework for
developing various models arising in engineering applications. It consists of supplementing the
deformation ε by a set of internal (strain-like) variables κ = (κ i , i= 1, . . . , n) which account
for the internal restructuring taking place during the dissipative process. The number and the
mathematical nature (tensor, vector or scalar) of the internal variables depend on the model
under consideration. The notation used here will be one in which symmetric second-order ten-
sors are represented as six-dimensional vectors and denoted by bold letters. More complex
operator are capital doubled (e.g. D for Hooke’s tensor). For the sake of a compact repre-
sentation, internal variables κ i are grouped together in a unique vector κ ∈R

m made by the
following ordered n-tuples:

κ t = [κ t
1, . . . ,κ

t
i , . . . ,κ

t
n

]

where “t” stands for the usual transposition, R
m is a m-dimensional vector space and κ t

i can
be either a vectorial representation of a tensor, a vector or a scalar. The rate of an internal
variable, also called velocity, is denoted by a superimposed dot. A set of generalized stresses
π = (π i , i=1, . . . , n), responsible for the internal modifications, are defined such that (gener-
alized stresses) × (rate of change of internal variables) gives the rate of dissipation. Grouping
together the generalized stresses in the vector π ∈R

m, one may give the rate of dissipation as
a scalar product in R

m

π · κ̇ =π t
1 · κ̇1 +· · ·+π i · κ̇ i +· · ·+πn · κ̇n,

where a dot “◦ · ◦” represents the usual scalar product. The m-dimensional linear space R
m,

whose elements are the velocities, is called the velocity space and denoted by V . The bilinear
form generated by the rate of dissipation puts the velocity space V in duality with the force
space F comprising the generalized stresses π :

∀(κ̇,π)∈V ×F �→ κ̇ ·π ∈R. (1)
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Figure 1. Dissipative mapping.

It is said that π and κ̇ are conjugated with respect to the dissipation. While the evolution
of the strain can be controlled externally, the internal variables evolve according to some
additional laws called evolution laws which complement the state laws (e.g. elastic law for an
elastic perfectly plastic model). These laws, which describe the evolution of the internal mod-
ifications, establish relationships between the rate of change of each κ i and each generalized
stress π i . From a mathematical viewpoint, the global evolution law defines a certain mapping
between V and F , denoted by A, which maps each κ̇ ∈V to the set, possibly empty, A(κ̇)⊂F
(see Figure 1).

The relationship between κ̇ and π can be expressed in the following explicit form

A : V →F : κ̇ �→π ∈A(κ̇). (2)

The operator A (·) transforms κ̇ defined in the domain D(A)⊂V into π defined in the range
of the operator R(A)⊂F . In the most general case, the dissipative mapping A will be non-
linear. Further, the operator A is said to be single-valued or multi-valued at κ̇ according to
whether A (κ̇) is a singleton or a set containing more than one element (see Figure 1). The
multi-valuedness is a desirable feature for a dissipative law like the flow rule in plasticity. In
what follows, only invertible operators are considered. If the map A is invertible, the inverse
law has the form:

A−1 :F →V :π �→ κ̇ ∈A−1(π). (3)

A class of dissipative materials, interesting from both a mathematical and a computational
point of view, are those for which the dissipative operator can be obtained as a gradient or a
subgradient1 of a function for all its elements of its domain. For a single-valued operator, the
condition ensuring that such a function does, in fact, exist, is the conservativity of the oper-
ator, i.e., the vanishing of the related integral along every closed curve in the domain of the
operator. If the constitutive operator is differentiable, this condition is ensured by the sym-
metry of its first Fréchet derivative D

[DA(κ̇)dκ̇ ]δκ̇ = [DA(κ̇)δκ̇ ]dκ̇ (4)

for any vectors dκ̇ and δκ̇ in V . In that case, the constitutive operator can be obtained as the
gradient of a scalar-valued function φ(κ̇) for all its elements of its domain:

π =Dφ(κ̇). (5)

1The subgradient is a generalization of the gradient to non-differentiable functions.
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In order for the potential φ(κ̇) to be convex the operator A must be positive definite. The
“potentiality” condition (4) and the convexity condition must be checked separately before we
can claim that an operator derives from a convex potential. There is no complete answer as
to whether a multi-valued operator corresponds to the subgradient operator of a scalar-val-
ued function which is not necessarily convex. Some partial results exist which make use of the
prox-regularity concept [7, pp. 609–618]. However, if the operator satisfies the maximal cyclic
monotonicity condition, it is proven that this operator can be derived as the subgradient of
a convex scalar-valued function. The operator A is cyclically monotonic if for any family of
pairs (κ̇ i ,π i )∈V ×F, i=0,1, . . . , n such that κ̇ i ∈A−1(π i ), the following inequality holds

n∑

i=0

(π i+1 −π i ) · κ̇ i ≤0, with n+1≡0. (6)

Therefore the relationship between κ̇ and π takes the following potential structure

κ̇ ∈ ∂φ(π), (7)

where φ(π) is a convex scalar-valued function satisfying

φ(π ′)−φ(π)≥ κ̇ · (π ′ −π). (8)

The relation (7) represents a differential inclusion and the function φ(π) is called a
pseudo-potential where the term “pseudo” is used to emphasize that this function is
non-differentiable. The multi-valued character of the relationship κ̇(π) lies in the non-differ-
entiability of φ(π) which requires the use of the mathematical operator “∈”. The condition
(6) seems to be quite complicated to use in practice and it is preferred to consider two pairs
(κ̇0,π0) and (κ̇1,π1) to obtains the inequality

(π0 −π1) · (κ̇0 − κ̇1)≥0, (9)

which means that the mapping is monotonically increasing. If we can find two pairs that vio-
late inequality (9), then the mapping is not monotonically increasing. Obviously, if the map-
ping is not monotonically increasing, it is not cyclically monotonic. Practically, the condition
(9) is used as an necessary test. To rule out the existence of a convex pseudo-potential, it is
enough to show that there exist two pairs violating the inequality (9). If we assume the exis-
tence of a convex subset K⊂F

K⊂F ={π ∈F |f (π)≤0} , (10)

such that κ̇ �=0 if f (π)=0, the condition (9) is equivalent to the normality rule. Accordingly,
if the evolution law does not satisfy the normality then there is no convex pseudo-potential.
In the next section more details will be given about rate-independent models.

The primary advantage of having a potential structure for the constitutive relations is that
both analytical and physical insights may be gained. At least for geometrically linear solid
mechanics boundary-value problems, it will result in the possibility of applying the calculus of
variations. This technique consists of replacing the problem with a system of differential or in-
tegro-differential equations (BVP) by the equivalent problem of seeking the stationary points
of a proper functional. The extremal formulations make the qualitative study of the problem
easier, i.e., the study of the existence, uniqueness and regularity of the solution through the
so-called direct methods of variational calculus.
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A broad range of dissipative materials present in engineering have more complex dissipa-
tive laws which can not take the convenient form of a potential law. One of most illustrative
example is the Coulomb frictional-contact law. Other examples are typically those provided
by dissipative laws of geomaterials and cyclic (visco)-plasticity models. In this context, the fol-
lowing question arises naturally: how can one preserve all the benefits of a formulation based
on the definition of a scalar-valued function, i.e., a potential structure of the dissipative law?
An answer to this question is to relax the explicit relation introduced by the potential form
by admitting an implicit one.

3. Potential and pseudo-potential

In this section, fundamental aspects of the material modeling discussed in the introduction
are illustrated by considering two classical models. The first one is the linear viscous model
which under usual symmetry conditions leads to a pair of dual differentiable potentials. The
second example is the rigid-perfectly-plastic model where the associated flow rule (with com-
plementarity relations) defines a multi-valued operator that can be derived from a non-differ-
entiable potential. Further details on potential in constitutive modeling are given by Mróz [8,
pp. 1–37].

3.1. Potential

Among classical dissipative models, the linear viscous material provides probably the most
elementary dissipative law. There is only one internal variable which corresponds to the vis-
cous deformation εv, conjugated to the Cauchy stress tensor σ . The evolution law takes the
following simple form

E �→S : ε̇v �→σ =L ε̇v, (11)

where L is a linear mapping represented by a 6 × 6 matrix whose elements are constant.
The spaces E and its dual S merely correspond the six-dimensional space of symmetric
second-order tensors. We suppose that L is symmetric and invertible. Trivially, the scalar-
valued function ψ(ε̇v)

ψ :E �→R : ε̇v �→ 1
2
(ε̇v)tL ε̇v (12)

is a quadratic form on the velocity space E and L ε̇v is its gradient at ε̇v. The potential ψ is
convex only if the operator L is positive definite

(ε̇v)tL ε̇v ≥0. (13)

Thus, the relation (11) may be equivalently written as

σ =gradψ(ε̇v). (14)

A nice consequence of the normality rule (14) is the possibility to make use of the
Legendre transform to invert the law (11). If σ is related to ε̇v by means of a potential ψ(ε̇v),
Legendre showed that ε̇v is, in turn, related to σ through a potential ψ∗ such that

ε̇v =gradψ∗(σ ). (15)

The potential ψ∗(σ ) is equal to

ψ∗(σ )= ε̇v ·gradψ(ε̇v)−ψ(ε̇v), (16)
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and its expression in terms of σ is

ψ∗(σ )= (L−1σ ) ·gradψ(L−1σ )−ψ(L−1σ ). (17)

If the operator L is linear then ψ∗ is given by

ψ∗ :S �→R : σ �→ 1
2
σ tL−1σ . (18)

The functions ψ(ε̇v) and ψ∗(σ ) are conjugate (or dual) and related by the following equality

ψ(ε̇v)+ψ∗(σ )=σ · ε̇v. (19)

For any pair (ε̇v ′,σ ′)∈E ×S not related by the constitutive relation, we have

ψ(ε̇v ′)+ψ∗(σ ′) �=σ ′ · ε̇v ′. (20)

It is worth mentioning that the Legendre transform does not require that the potential ψ(ε̇v)
is convex. However, if the constitutive operator satisfies (13), the potential ψ(ε̇v) is convex
and ψ∗(σ ), which is also convex, can be obtained using the following maximization proce-
dure

ψ∗(σ )= sup
ε̇v

[σ · ε̇v −ψ(ε̇v)] . (21)

When ψ is concave, the same formula is used where “sup” is replaced by a “inf”. We can
remark that, with these definitions, there is no need for the potential to be differentiable. As
a consequence of (21), we have

ψ(ε̇v ′)+ψ∗(σ ′)≥σ ′ · ε̇v ′, ∀(ε̇v ′,σ ′)∈E ×S. (22)

The mathematical properties of the potentials reflect the nature of the behavior. The one-to-one
relation is related to the differentiability of the potential. The convexity of the potentials is a
consequence of the monotonic nature of the behavior. Finally, quadratic form implies a linear
relation between static and kinematic quantities. All information about the behavior is con-
tained in the function ψ(ε̇v). Probably the most attractive property is the existence of varia-
tional principles. Weak formulations of a boundary-value problem involving such materials lead
to differentiable minimum principles. It is found that the term variational may be understood
in different ways. This term can mean: weak formulation (i.e., principle of virtual work), sta-
tionary principle or extremum principle. Although a weak formulation can be associated with
most of the physical problems, a few of them admit a stationary principle and even fewer admit
an extremum principle. Convex or concave potentials lead to extremum principles which are
particularly attractive from both a mathematical and a computational point of view. In fact,
mathematicians have used them to prove existence and eventually uniqueness of the solution to
the corresponding boundary-value problem. Further, the possibility of searching for the solution
of a physical problem as a minimum point of a convex functional on a convex set is especially
relevant from a computational point view.

Consider a perfectly viscous body occupying a bounded domain �⊂ R
3 with boundary

�, subjected to imposed body force b̄, imposed surface traction t̄ on the part �t of �, and
imposed velocity ¯̇u on the remaining part of the boundary �u=�−�t . We assume that the
body is fixed on �u, i.e., ˙̄u = 0. Velocities and strain rates are assumed to be small, so that
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geometry changes can be neglected and the analysis is performed on the reference configura-
tion. The weak form of equilibrium equations yields to the following functional

∫

�

σ · δε̇v d�−
∫

�

b̄ · δu̇d�−
∫

�t

t̄ · δu̇d�=0, (23)

where δu̇∈Vad is defined by

Vad ={δu̇∈V | δε̇v =∇S δu̇ in,� , δu̇=0 on�u
} ;

here ∇S is the symmetric part of the gradient operator. As a result of the potential struc-
ture of the constitutive relation, a solution of the virtual work equation (23) corresponds to
a stationary point

J(u̇)→ stationary over Vad , (24)

where

J(u̇)=
∫

�

ψ(ε̇v(u̇))d�−
∫

�

b̄ · u̇d�−
∫

�t

t̄ · u̇d�, (25)

which is analogous to the energy functional for elastic bodies. The functional J(u̇) is convex
if ψ(ε̇v) is convex/concave and the stationary principle becomes a minimum/maximum prin-
ciple:

J(u̇)−→min over V. (26)

In solid mechanics, the weak form (23) always exists but is equivalent to (24) only if the sym-
metry conditions are satisfied. The second advantage of having a potential is that properties
of the solutions appear more explicitly.
Indeed, if J is convex/concave the BVP (functional) has a unique solution but if J is non-
convex it has more than one solution (Figure 2). The extremal formulations are particularly
suitable for finding numerical solutions of the problem through direct solution procedures
based on combining finite-element and optimization procedures.

Figure 2. Non-convex functional. Figure 3. Indicator function for the uniaxial plastic
model.



154 M. Hjiaj et al.

3.2. Pseudo-potential

The concept of potential, although attractive, is not relevant to describe all dissipative laws.
The most simple counter-example is given by the classical Mises metal plasticity. The internal
variable is the plastic strain tensor εp ∈ E and the corresponding associated variable is the
Cauchy stress tensor σ ∈ S. For convenience, the plastic strain is decomposed into the vol-
umetric plastic strain e

p
m (belonging to the one-dimensional vector space Em) and the plastic

strain deviator ep (belonging to the five-dimensional vector space Ed ). The corresponding dual
variables are the mean stress sm (belonging to the space Sm, dual of Em) and the stress devi-
ator s (belonging to the space Sd , dual of Ed ). Clearly, we have the following decomposition

E =Em⊕Ed and S =Sm⊕Sd
and the dual pairing is defined by the bilinear form:

ε̇p ·σ = ėpm sm+ ėp · s. (27)

The space Sd is equipped with the von Mises norm

‖s‖eq =
(

3
2
‖s‖2

) 1
2

, (28)

which is used to define a closed convex set of admissible stresses, denoted K

K={(sm, s)∈S | ‖s‖eq −σ0 ≤0
}
, (29)

where σ0 is the yield stress. For an associated flow rule, the direction of the plastic strain rate
is given by the gradient to the yield function and its magnitude by the plastic multiplier:

ε̇p= λ̇ ∂f
∂σ
. (30)

The latter is required to satisfy the complementarity relations

f (σ )≤0, λ̇≥0, λ̇ f (σ )=0. (31)

The previous relations refer to the rate formulation of the plastic flow and is probably the
most popular form of the flow rule. To gain more insight into the nature of the plastic behav-
ior, the complete flow rule can be written analytically, using a ‘if . . . then . . . else’ statement,
as follows

If σ ∈ int K then

ε̇p=0 ! elastic loading/unloading

else{
σ ∈bd K and ∃ λ̇>0 such that ε̇p= λ̇ ∂f

∂σ

}
! plastic loading

endif

where “int K” and “bd K” denotes the interior and the boundary of K, repectively. The first
part of the statement highlights an important feature of the flow rule, namely its multi-valued
nature. Indeed, the zero plastic strain rate can be related to an infinite number of stress states
which correspond to the whole elastic domain. As a consequence the constitutive operator A
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is multi-valued and therefore it cannot be obtained as a gradient of a differentiable potential.
We will see that a potential form of the flow rule can still be derived but by considering a
non-differentiable potential, the non-differentiability being required by the multi-valued char-
acter of the flow rule. An alternative form of the flow rule (30) and the complementarity rela-
tions (31) is the one given by the maximum dissipation inequality, known as Hill’s principle:

σ ∈K : ε̇p · (σ −σ ′)≥0, ∀σ ′ ∈K. (32)

The variational inequality is appreciated by mathematicians because it is a suitable tool for
proving the existence of solutions. By transforming adequately the inequality (32), one can
obtain the set-valued mapping relating the stress σ and the plastic strain rate ε̇p, i.e., the rela-
tionship ε̇p(σ ). The idea, due to Moreau [2,3], is to make use of the indicator function [7, p.
6] of the set K to which the stresses σ and σ ′ are required to belong. This particular function,
frequently used in Convex Analysis, is defined by

	K(σ )=
{

0 if σ ∈K,
+∞ otherwise.

(33)

This function has a zero ground level within the elastic domain and infinite walls along
the yield surface. Figure 3 gives a schematic interpretation of the indicator function for the
one-dimensional case.

The function 	K(σ ) is not differentiable in the classical sense. However, the indicator
function is convex if the set to which it refers is convex. Having at hand this tool, a key step
is to rewrite the variational inequality (32) in the following manner

ε̇p · (σ −σ ′)+	K(σ ′)≥	K(σ ), (34)

where the member function “∈” in (32) has been replaced by the value of the indicator func-
tion at the corresponding stress. Both inequalities (32) and (34) are equivalent. In fact, we
remark that, if inequality (32) is satisfied, it follows that inequality (34) is also satisfied. Con-
versely, if inequality (34) holds, by taking σ ′ in K, we see that 	K(σ ′) has a finite value
(zero) and 	K(σ ) must be equal to zero which means that σ is in K and therefore inequality
(32) is fulfilled. The inequality (34) corresponds to the convexity inequality applied to a non-
differentiable function [7, p. 301]. It means that ε̇p belongs to the subdifferential of 	K(σ ) at
σ or equivalently, ε̇p and σ are related by the differential inclusion:

ε̇p ∈ ∂	K(σ ). (35)

The subdifferential of 	K(σ ) at σ corresponds to the set of all subgradients of 	K(σ ) at σ .
It defines a multi-valued operator that maps each point in the domain S of the function to
the closed convex set of its subgradient:

∂	K(σ ) :S �→E :σ �→ ∂	K(σ ). (36)

In particular, for a differentiable function, the subdifferential is reduced to a singleton which
corresponds to the classical gradient. The function 	K(σ ) is called complementary dissipation
pseudo-potential and denoted by ψ∗(σ ). The relation (35) is equivalent to the flow rule and
the complementarity conditions. The above considerations show that by simply allowing the
potential to be non-differentiable, we can produce a “potential structure” of the relationship
between ε̇p and σ . Accordingly, we can say that differentiable potentials are suited only for
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single-valued laws and non-differentiable potentials provide an effective means of represent-
ing multi-valued constitutive laws. With the setting (35), the relationship may be inverted by
applying the Fenchel transform

ψ(ε̇p)= sup
σ

[
σ · ε̇p−	K(σ )

]= sup
σ∈K

[
σ · ε̇p] , (37)

where ψ(ε̇p) is the dissipation pseudo-potential, which is convex by construction. The inverse
flow rule is then

σ ∈ ∂ψ(ε̇p), (38)

which is equivalent to

σ · (ε̇p− ε̇p ′)+ψ(ε̇p ′)≥ψ(ε̇p). (39)

The formulations (35) and (38) of the flow rule and its inverse are particularly useful for asso-
ciating dual extremum principles to boundary-value problems involving rigid plastic materials
with associated flow rules. The dissipated power is exactly equal to ψ(ε̇p); hence, in the pres-
ent case, ψ(ε̇p) may be called the dissipation function of the material. The previous devel-
opments are illustrated by considering the deviatoric plastic model. The expression of ψ∗(σ )
does not pose any particular difficulty as it always coincides with the indicator function of
the elastic domain but we need to derive the expression of the dissipation pseudo-potential.
Using the decomposition (27), the scalar product can be decomposed as

sup
σ∈K

[
σ · ε̇p]= sup

σ∈K

[
s · ėp+ sm ėpm

]
. (40)

It is clear that the supremum will be achieved for a vector σ colinear to ε̇p:

s · ėp+ sm ėpm≤‖s‖‖ėp‖+ sm ėpm. (41)

To be able to use the yield criterion, we replace the Euclidean norm of s by the von Mises
norm (28)

s · ėp+ sm ėpm≤‖s‖eq ‖ėp‖∗
eq + sm ėpm, (42)

where ‖•‖∗
eq corresponds to the dual norm of ‖•‖eq and is defined on the space Ed

‖ėp‖∗
eq =

(
2
3
‖ėp‖2

) 1
2

. (43)

Taking into account that ‖s‖eq is bounded by σ0, we have

s · ėp+ sm ėpm≤σ0 ‖ėp‖∗
eq + sm ėpm. (44)

Two distinct possibilities emerge: if ėpm = 0, the supremum (40) is σ0 ‖ėp‖∗
eq . If on the other

hand, ėpm �= 0 then, since the value of sm is unbounded, so is the supremum (40). Thus, the
expression of the dissipation pseudo-potential is given by

ψ(ε̇p)=
{
σ0 ‖ėp‖∗

eq if ėpm=0

+∞ if ėpm �=0
.

(45)

Introducing the indicator function 	{0}(ė
p
m) defined by

	{0}(ė
p
m)=

{
0 if ėpm=0
+∞ if ėpm �=0

, (46)
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Figure 4. One-dimensional dissipation pseudo-potential. Figure 5. Graph of the rigid-plastic law.

we may write the expression of the dissipation pseudo-potential as

ψ(ε̇p)=σ0 ‖ėp‖∗
eq +	{0}(ė

p
m). (47)

As a consequence of the Fenchel transform property, the pseudo-potential of dissipation is
convex. Moreover, it is a positive function, homogeneous of degree one which takes a zero
value at the origin where the function is non-differentiable. In most papers, the dissipation
function is defined without taking into account the internal constraints on the plastic strain
rate (or internal variable rate in more general models). We decide to take into account these
internal constraints by adding to the mechanical dissipation an indicator function, so that the
dissipation has the value +∞ for non-physical states. We call this function the “extended dis-
sipation pseudo-potential”. As a result, the dissipation is defined for any plastic strain rate
vector ε̇p ∈E including those which are actually physically impossible. In one-dimension, the
expression of the dissipation pseudo-potential (see Figure 4) becomes

ψ(ε̇p)=σ0 |ε̇p|. (48)

The pseudo-potential of dissipation is differentiable everywhere except at the origin (see on
the graph). The subdifferential of ψ(ε̇p) is given by

∂ψ(ε̇p)=





−σ0, σ <0
(−σ0, σ0), σ =0
σ0, σ >0

. (49)

It corresponds to the multi-valued rigid plastic model, geometrically represented in Figure 5.
As can be seen from Figure 4, the subdifferential at the origin corresponds the elastic domain.

K= ∂ψ(0).

Again, the set-valued relation is related to the non-differentiability of the potential and the
convexity of the potentials is a consequence of the monotonic nature of the behavior. Finally,
the fact that the pseudo-potential is homogeneous of degree one implies a rate-independent
behavior. All relevant information about the behavior is contained in the function ψ(ε̇p). Fur-
thermore, the convexity of the pseudo-potential of dissipation is a consequence of the maxi-
mum of dissipation principle. The functions ψ(ε̇p) and ψ∗(σ ) satisfy the following relation:
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ψ(ε̇p ′)+ψ∗(σ ′)≥ ε̇p ′ ·σ ′, ∀ (ε̇p ′,σ ′)∈E ×S. (50)

Equality is reached when a couple (ε̇p,σ ) is linked by the evolution law. Finally, the evolution
law can be expressed equivalently by

ε̇p ∈ ∂	K(σ )⇔σ ∈ ∂ψ(ε̇p)⇔ψ(ε̇p)+ψ∗(σ )= ε̇p ·σ . (51)

Although the pseudo-potential was introduced here for the simple model of rigid-perfect plas-
ticity, the previous approach can be easily extended to take into account hardening effects
by providing additional (to the plastic strain) internal variables. The elastic domain is then
expressed in the generalized stress space and the rate form of the evolution law takes the
form of a generalized normality rule. This leads to the class of Generalized Standard Materi-
als (GSM) of Bernard Halphen and Nguyen Quoc Son [4,5] who encompass a large class of
materials (plasticity, viscoplasticity and damage models). An abundant literature can be found
about evolution laws of plastic materials. In particular, contributions have been devoted to the
analysis of the connections existing among Hill’s principle of maximum dissipation, the exis-
tence of a pseudo-potential of dissipation and the normality rule to a convex elastic locus (see
[9, pp. 71–83]).

4. The Cam-clay model

It is well known that geomaterials have a very complicated behavior compared to metals,
even if only monotonic loading is considered. It is therefore a challenge in geomechanics to
develop relatively simple mathematical models that are able to predict, at least qualitatively, a
great number of fundamental aspects of soil behavior. The success of the modified Cam-clay
model lies in its ability to capture many of the characteristics of clay behavior by using only
a limited number of material parameters. This model belongs to the class of critical-state
models which originated from the work of Roscoe and his co-workers at the University of
Cambridge [6]. Recent work on the modified Cam-clay model using thermodynamics has been
carried out by Collins [10]. Commonly observed features such as hardening/softening, con-
tractancy/dilatancy and the tendency to eventually reach a state in which the stress state and
the volume change become stationary are all captured by the modified Cam-clay model. Even
at present, the modified Cam-clay model remains widely used for computational applications
as further evidence of its success. In this section, we first recall the relations governing the
dissipation of the model. The elasticity relations are not discussed (Figure 6).

5. Classical formulation

The modified Cam-clay yield surface (see Figure 6) is defined by

f (s, sm,pc)=‖s‖2
eq +M2s2

m−2M2sm pc, (52)

where pc is the “critical state pressure" and M a material constant defined by

M= 6 sinφ
3− sinφ

with φ the internal friction angle. The solid-mechanics convention of strains and stresses is
used. In the plane (sm,‖s‖eq), the yield surface is represented by a family of ellipses (Figure 6)
passing through the origin, taking a maximum value for sm =pc and intercepting the mean
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Figure 6. The Cam-clay Model. Figure 7. Modified Cam-clay in the generalized stress
space.

stress axis at sm=2pc. This point corresponds to the elastic limit under a hydrostatic loading
and is called the “preconsolidation pressure". The plastic flow obeys the normality rule

ėp= λ̇ ∂f
∂ s

=3 λ̇ s, (53)

ė
p
m= λ̇ ∂f

∂ sm
=2 λ̇M2(sm−pc) (54)

and the evolution of the elastic domain is governed by the relation

ṗc=υ pc ėpm (55)

with

υ= 1+ e
η−ς ,

where e is the void ratio of the soil mass, η is the virgin compression index and ς the swell/re-
compression index. Equation (55) shows that the contractancy leads to a decrease of pc and
therefore the ellipse expands so that the elastic domain is enlarged. On the contrary, dilat-
ancy leads to an increase of pc (softening phase) which corresponds to a reduction of the
elastic domain. When the plastic volumetric strain is zero, pc becomes constant and the elas-
tic domain stationary. During hardening/softening, the top of the ellipse moves along the
straight line ‖s‖eq = −Mpc called the “critical state line". The critical state line divides the
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stress space into a contractant and a dilatant region. For a stress state situated on the part
of the yield function where sm>pc, the behavior will be plastically dilatant. On the contrary,
for any stress state situated on the part of the yield function where sm<pc, the behavior will
be plastically contractant. The point situated on the yield curve at the intersection with the
critical-state line strains at constant plastic volume.

6. Internal-variable formulation

As mentioned before, our aim is to discuss the dissipative behavior of the model. In addition
to the plastic strain ε̇p, a scalar internal variable α is introduced. This variable accounts for
hardening/softening. The conjugated variables are σ and pc, respectively, and the dissipation
is given by

π · κ̇ =σ · ε̇p−pc α̇= ėp · s + ėpm sm−pc α̇, (56)

where π and κ̇ are given by

π =
[

σ

pc

]
and κ̇ =

[
ε̇p

−α̇
]
. (57)

The elastic domain K is now defined in the generalized stress space

K=
{
π ∈S | ‖s‖2

eq +M2s2
m−2M2sm pc≤0

}
. (58)

This corresponds to a cone as shown in Figure 7. Relation (55), which is referred to as the
rate form of the state equation, becomes

ṗc=υ pc α̇. (59)

Comparing (55) and (59), we deduce the so-called hardening rule

ė
p
m− α̇=0. (60)

The evolution law for α does not satisfy the normal rule since we have

λ̇
∂f

∂pc
=−2 λ̇M2sm �=−α̇. (61)

Therefore, the model is not standard generalized, since we do not have generalized normality
(normality for each component of κ̇). Therefore, we need to introduce another scalar func-
tion, called plastic potential, from which the evolution laws can be deduced by applying the
normality rule. The expression of the plastic potential is

g(s, sm,pc)=‖s‖2
eq +M2(pc− sm) (62)

and the evolution laws are given by

ėp= λ̇ ∂g
∂s

=3 λ̇ s, ė
p
m= λ̇ ∂g

∂sm
=2 λ̇M2(sm−pc), −α̇= λ̇ ∂g

∂pc
=2 λ̇M2(pc− sm).

Before continuing, let us derive an equivalent expression for the yield function which will have
the property of being homogeneous of degree one. The square in (52) is completed to get

‖s‖2
eq +M2(sm−pc)2 ≤M2p2

c . (63)
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Taking into account that pc is always negative, we obtain an alternative expression of the
elastic domain given by

√
‖s‖2

eq +M2(sm−pc)2 ≤−Mpc (64)

and the expression of the yield function is now

f (σ , pc)=
√

‖s‖2
eq +M2(sm−pc)2 +Mpc, (65)

which is homogenous of degree one:

f (β σ , β pc)=β f(σ , pc). (66)

By introducing the following notations

σ =
[

s
sm

]
and X =

[
0
pc

]
,

we obtain the yield function (65) as follows:

f (σ , pc)=‖σ −X‖cc+Mpc,

where

‖σ −X‖cc=
(‖s‖2

eq +M2(sm−pc)2
) 1

2 . (67)

With this new expression of the yield function, the flow rule becomes

ėp= 3 λ̇
2

s
‖σ −X‖cc , (68)

ė
p
m= λ̇M2 (sm−pc)

‖σ −X‖cc , (69)

which leads to the following expression for the plastic multiplier λ̇

λ̇=‖ε̇p‖∗
cc=

(

‖ėp‖2
eq + (ė

p
m)

2

M2

) 1
2

, (70)

where the norm ‖•‖∗
cc defined on the velocity space is dual to the norm (67) in the sense that

(σ −X) · ε̇p≤‖σ −X‖cc ‖ε̇p‖∗
cc. (71)

7. Standard version of the modified Cam-clay model

Suppose that we would like to have a generalized standard model. The hardening rule (60)
must be different in order to satisfy the generalized normality. Indeed, by applying the nor-
mality rule for the internal variable α, we find the following relationship for the hardening
rule

−α̇= λ̇ ∂f
∂pc

=−ėpm+M ‖ε̇p‖∗
cc. (72)

So, to have a standard model the relation, Equation (72) should be used instead of (60). It
is worth mentioning that now −α is a non-decreasing variable and therefore softening cannot
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occur. With this expression of −α, the evolution rule for all internal variables can be written
in the following compact relation:

κ̇ ∈ ∂ψ∗(π), (73)

where ψ∗(π) is the complementary dissipation pseudo-potential which corresponds to the
indicator function of the elastic domain K expressed in the generalized stress space

	K(π)=
{

0 if π ∈K,
+∞ otherwise

. (74)

A standard model for clay seems not to be appropriate, since it does not reproduce the soft-
ening behavior observed experimentally. Furthermore, the dissipation is always equal to zero.
Indeed, the dissipation is obtained as follows

ψ(κ̇)= sup
π∈K

[π · κ̇ ]= sup
π∈K

[
s · ėp+ sm ėpm−pcα̇

]
. (75)

It is clear that the supremum will be achieved for a vector π colinear to κ̇:

s · ėp+ sm ėpm−pcα̇≤‖s‖‖ėp‖+ sm ėpm−pcα̇. (76)

Adding and subtracting pc ė
p
m, we have

s · ėp+ sm ėpm−pcα̇≤‖s‖‖ėp‖+ (sm−pc) ėpm+pc( ėpm− α̇). (77)

Now, we make use of the Cauchy–Schwarz inequality (71), to obtain

s · ėp+ sm ėpm−pcα̇≤‖σ −X‖cc ‖ε̇p‖∗
cc+pc( ėpm− α̇). (78)

Taking into account that ‖σ −X‖cc is bounded by −Mpc, we have

s · ėp+ sm ėpm−pcα̇≤−pc
(
M ‖ε̇p‖∗

cc+ α̇− ėpm
)
. (79)

Two distinct possibilities emerge. If we have

M ‖ε̇p‖∗
cc+ α̇− ėpm≤0, (80)

then because −pc is positive, the dissipation is equal to zero. On the other hand, if we have

M ‖ε̇p‖∗
cc+ α̇− ėpm≥0, (81)

then, since the value of −pc is unbounded, so is the supremum (75). Thus, we have

ψ(κ̇)=
{

0 if M ‖ε̇p‖∗
cc+ α̇− ėpm≤0

+∞ if M ‖ε̇p‖∗
cc+ α̇− ėpm≥0

, (82)

in short

ψ(κ̇)=	K∗(κ̇), (83)

where K∗ is the cone dual to the cone K (see Figure 7) and defined by

K∗ ={κ̇ ∈V |M ‖ε̇p‖∗
cc+ α̇− ėpm≤0}. (84)

These results do not come as a surprise. Indeed, it is well known that, if the yield surface does
not strictly contain the origin and the generalized normality rule applies, then the dissipation
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is zero and the dissipation pseudo-potential is the cone dual to the cone of admissible stresses
K (see Figure 7). A typical example where the dissipation is also zero is given by the cohe-
sionless Mohr–Coulomb model with an associated flow rule. Accordingly, to have a non-zero
dissipation, we need a non-standard law as the one provided by the modified Cam-clay model
itself. The functions ψ(κ̇) and ψ∗(π) satisfy the following relation:

ψ(κ̇ ′)+ψ∗(π ′)≥π ′ · κ̇ ′, ∀ (π ′, κ̇ ′)∈V ×F . (85)

A pair (π , κ̇) related by the generalized normality satisfies

κ̇ ∈ ∂ψ∗(π)⇔π ∈ ∂ψ(κ̇)⇔ψ(κ̇)+ψ∗(π)=π · κ̇ . (86)

Using the yield function as given by (65), which is homogeneous of degree one, we can see
that the dissipation is zero by simply applying the generalized normality and using the Euler
identity

D =π · κ̇ =π · λ̇ ∂f
∂π

= λ̇ f (π)=0,

since f (π)=0. If the origin is inside the convex domain K in the generalized stresses space,
it is possible to express the region K as a level set {π : γK(π)≤1} where γK is a nonnegative,
positively homogeneous convex function called the gauge. The mathematical definition of the
gauge is

γK(π)= inf{µ>0 : π ∈µK}
and the dissipation is now given by

D = λ̇,
where the plastic multiplier λ̇ is obtained using γK(π).

8. Implicit normality rule

The modified Cam-clay model is non-standard, but we will see below that it is still possible
to obtain a variational formulation of the evolution law. In the original model, the non-nor-
mality is partial and concerns only the internal variable α. Applying the following change of
variables

−ϑ̇=− (α̇−M ‖ε̇‖p) , (87)

we can recover the normality rule

ε̇p ∈ ∂σψ∗(σ , pc) and − ϑ̇ ∈ ∂pcψ∗(σ , pc) (88)

or in more compact form

ξ̇ ∈ ∂ψ∗(π), (89)

where the vector ξ̇ is given by

ξ̇ =
[

ε̇p

−ϑ̇
]
. (90)

The inverse law is

π ∈ ∂ψ(ξ̇), (91)
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where ψ(ξ̇) is the indicator function of K∗ which now depends on ε̇p and −ϑ̇
K∗ ={ξ̇ ∈V |M ‖ε̇p‖∗

cc+ ϑ̇− ėpm≤0}. (92)

Here ψ(ξ̇) and ψ∗(π) satisfy the Fenchel inequality

ψ(ξ̇
′
)+ψ∗(π ′)≥π ′ · ξ̇ ′

, ∀
(
π ′, ξ̇ ′)∈V ×F . (93)

Although this relation provides further insight into such a plastic model, additional develop-
ments can still be made to establish a relationship between κ̇ and π based on a normality
rule. To recover a relation between the dual variables κ̇ and π , we add π ′ · κ̇ ′ to both sides
of (93),

ψ(ξ̇
′
)+ψ∗(π ′)+π ′ · (κ̇ ′ − ξ̇

′
)≥π ′ · κ̇ ′, ∀(π ′, ξ̇ ′

)∈V ×F . (94)

The left-hand side of (94) is a function of both κ̇ ′ and π ′, which cannot be represented as the
sum of two functions, one of κ̇ ′ and another of π ′. We call this function a bi-potential and
its general expression is given by

bp(ξ̇
′
,π ′) :=ψ(ξ̇ ′

)+ψ∗(π ′)+π ′ · (κ̇ ′ − ξ̇
′
). (95)

The right-hand side of (95) is developed using the change of variables (87). The cone K∗ is
not the dual of K anymore. Its expression is given by

K∗ ={κ̇ ∈V | α̇− ėpm≤0}. (96)

Developing the scalar product in (95), we obtain the bi-potential for the modified Cam-clay
model:

bp(κ̇,π)=	K(π)+	K∗(κ)−Mpc‖ε̇p‖∗
cc. (97)

The bi-potential is positive function and satisfies the fundamental inequality

bp(κ̇ ′,π ′)≥ κ̇ ′ ·π ′. (98)

A strict equality is obtained in (98) for any pair (κ̇,π) related by the evolution law:

bp(κ̇,π)= κ̇ ·π . (99)

The relations (98) and (99) can be combined to give

∀π ′ ∈F : bp(κ̇,π ′)− bp(κ̇,π)≥ κ̇ · (π ′ −π), (100)

∀κ̇ ′ ∈V : bp(κ̇ ′,π)− bp(κ̇,π)≥π · (κ̇ ′ − κ̇), (101)

which means that
– the bi-potential is bi-convex that is bp(κ̇,π) is a convex function of κ̇ ∈V for each π ∈F

and a convex function of π ∈F for each κ̇ ∈V ;
– the evolution law and its inverse derive from the bi-potential bp(κ̇,π)

κ̇ ∈ ∂π bp(κ̇,π) and π ∈ ∂κ̇bp(κ̇,π). (102)

The advantage of the present formulation results in a compact form of the evolution law for-
mulated with one variational inequality. This formulation of the evolution law can be advan-
tageously exploited to derive a robust algorithm. The relations (102) are essential for the
derivation of stationary principles involving a functional that depends now on both the veloc-
ities and the stresses.
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9. Conclusions

An important task for an engineer is to assess the stability of a geotechnical structure. Now-
adays this task is carried out using finite-element codes in conjunction with complex constitu-
tive models. For most practical cases (small displacements and small deformations), the nature
of the constitutive operator has a significant influence on the convergence of numerical algo-
rithms. It has been recognized that a variational formulation has several advantages, among
them, the possibility to associate extremum (or at least stationary) principles to weak for-
mulations of the initial/boundary-value problems. It also permits to express the behavior in
a succinct manner. Indeed the stress-strain relationship derives from a scalar-valued function
which acts as a potential. For plastic models such a property exists if the maximum dissi-
pation principle holds. However, geomaterial models do not exhibit such a strong variational
structure. By allowing an implicit form of the evolution rule, one may recover a weaker varia-
tional formulation and the pseudo-potential concept (introduced by Moreau) can be extended
to cover non-standard behaviors. The pseudo-potential is replaced by the bi-potential, which
depends on both the generalized stresses and the velocities. The bi-potential is not convex
but bi-convex, which means convex with respect to the generalized stresses and the plastic
strain rates when considered separately. The partial sub-derivatives of the bi-potential yield
the evolution law and its inverse. It has been shown that the evolution law of the modified
Cam-clay model can be derived from a bi-potential which serves as a “potential” for both the
generalized stresses and the velocities. As a consequence, coupled extremum principles exist.
These principles are not as strong as the usual extremum (or stationary) principles since they
involve static and kinematic variables, but at least they provide new insights into this difficult
problem. Further research has to be carried out to design new algorithms using, for instance,
mixed formulations.
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8. Z. Mróz, Mathematical Models of Inelastic Behavior. Solid Mechanics Division, University of Waterloo,

Canada (1973) 160 pp.
9. W. Han and B.D. Reddy, Plasticity. Mathematical Theory and Numerical Analysis. Berlin: Springer (1999)

371 pp.
10. I.F. Collins, A systematic procedure for constructing critical state models in three dimensions. Int. J. Solids

Struct. 40 (2003) 4379–4397.


