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a b s t r a c t

On the basis of plastic bounding surface model, the damage theory for structured soils and unsaturated
soil mechanics, an elastoplastic model for unsaturated loessic soils under cyclic loading has been elabo-
rated. Firstly, the description of bond degradation in a damage framework is given, linking the damage of
soil’s structure to the accumulated strain. The Barcelona Basic Model (BBM) was considered for the suc-
tion effects. The elastoplastic model is then integrated into a bounding surface plasticity framework in
order to model strain accumulation along cyclic loading, even under small stress levels.

The validation of the proposed model is conducted by comparing its predictions with the experimental
results from multi-level cyclic triaxial tests performed on a natural loess sampled beside the Northern
French railway for high speed train and about 140 km far from Paris. The comparisons show the capabil-
ities of the model to describe the behaviour of unsaturated cemented soils under cyclic loading.

� 2008 Elsevier Ltd. All rights reserved.

1. Introduction

The French high-speed railway line between Paris and Lille
(TGV Nord) crosses a widespread range of loess deposits. During
the very rainy seasons between Winter 2001 and Spring 2002,
instability problems caused by the formation of sinkholes were ob-
served near the railway foundation, with depths up to 7 m. First
laboratory cyclic tests have showed that this instability would re-
late to the cyclic behaviour of the involved loessic soil, an aeolian
deposited sediment. As this loessic soil contains a significant frac-
tion of carbonates (16%), special attention should be paid to the ef-
fect of cementation in the analysis of test results as well as in
constitutive modelling. Note that in unsaturated state, the clay
fraction contained in the soil (about 16%) can also play a cementa-
tion role, even though its cementation level is variable, as a func-
tion of the degree of saturation of the soil. This is a particular
point of unsaturated fine-grained soils when considering the
cementation effects.

Natural cemented soils are often named structured soils be-
cause they show a structural strength, i.e. additional strength in-
duced by the specific arrangement of solid grains and the
cementation between the solid particles. However, these bonds
may present a fragile behaviour and be damaged under mechanical

loading, particularly under cyclic loading. Research on constitutive
models and damage theory for structured soils has been one of the
important topics in the field of soil mechanics in recent years.

Several authors have studied the effects of bond damage of struc-
tured soils from a theoretical point of view. Among others, the works
of Burghignoli et al. [4], Sharma and Fahey [19,20] consider, in terms
of consequences of damage, the possibility of changes in the size and
shape of the elastic domain (yield surface), and at the same time, the
possibility of decrease in the overall soil stiffness. After the complete
damage of bond, it is generally accepted that initially structured soil
will tend to the same critical state as the equivalent unstructured
soil does (see [12,6] for instance). In order to quantify the bond
damage process, Baudet and Stallebrass [3] defined a sensitivity
coefficient to represent structure and its degradation for all types
of loadings. Vaunat and Gens [22] proposed a coupled formulation
between the elastic strains of bond and the total elastic strains of soil
and incorporated it into the modified Cam-Clay Model. On the basis
of elastoplasticity, Carol et al. [5] established a set of damage theory
to delve into the damage evolution of both isotropic and anisotropic
materials systematically.

As one efficient tool to simulate the mechanical behaviour of
soils under cyclic loading, the bounding surface theory has been
extensively applied to various types of soils, especially to clay
and sand (Dafalias and Herrmann [9], Zienkiewicz et al. [25], Pastor
et al. [17], Khalili et al. [14]). Chai et al. [6] employed the bounding
surface theory to describe the mechanical behaviour of saturated
loess under cyclic loading. However, to the authors’ knowledge,
there has been no publication about the constitutive model of
unsaturated structured loess under cyclic loading.
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As far as the unsaturated aspects are concerned, intensive re-
search has been made over recent year. Important contributions
in the field of constitutive modelling of partially saturated soils
have shown that an appropriate framework needs the use of two
independent state variables. Net stress and matric suction are often
used (see, among others, [1,23]). Note that other choices are possi-
ble (see for instance [18]). In terms of cementation effects, Leroueil
and Barbosa [15] reported that suction increases lead to higher
strength and stiffness of both soil matrix and bond. Garitte et al.

[11] extended the Barcelona Basic Model (BBM, [1]) starting from
the contribution of Vaunat and Gens [22], thus leading to a model
for structured soils taking into account unsaturated states. An en-
ergy threshold from which bond damage effectively occurs has
been introduced in this extension of BBM. It corresponds to the
amount of elastic energy that the bond material is able to store
without damage.

This paper aims at developing an elastoplastic model with dam-
age for unsaturated structured soils under cyclic loading within the
framework of bounding surface theory. Laboratory experiments
are simulated in order to validate the proposed model.

2. Geotechnical properties of the studied loess

The soil studied is taken from Northern France, 140 km from
Paris along TGV line, at a distance of 25 m from the railway and
a depth of 2.2 m. Intact blocs have been sampled. Laboratory iden-
tification showed that this loess is a typical homogeneous yellow-
ish-grey, porous calcareous loess (calcium carbonate, CaCO3, up to
16%). It has a low plasticity index (PI = 6), low dry density
(qd = 1.39 Mg/m3), low degree of saturation (Sr = 53%), low clay
fraction (% < 2 lm = 16). The grain size distribution curve is de-
picted in Fig. 1.

X-ray diffractometry shows that the sample is mainly composed
of quartz. Analysis on the clay fraction (<2 lm) indicates that it in-
volves kaolinite, illite and interstratified illite-smectite.

The microstructure of the soil was observed at Scanning Elec-
tron Microscope (SEM) and is shown in Fig. 2. In (Fig. 2a), a large
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Fig. 1. Grain size distribution curve of the studied loess.

Fig. 2. SEM observation of samples from a depth of 2.2 m: (a) Intact sample and (b) damaged sample.
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aggregate of about 200 lm in diameter is observed together with
large inter-aggregates pores (up to 30 lm in diameter). Aggregates
are made up of silt grains with diameters between 15 and 30 lm
cemented together by clay platelets or calcium carbonate, in accor-
dance with the grain size distribution. The subangular shape of the
grains and their aspect are typical of loess [2,13,16]. Fig. 2b pre-
sents SEM observations of a damaged sample after one-million-cy-
cle loading in an oedometer cell. Obviously, the original soil
structure is destroyed, large inter-aggregates pores disappear,
and soil particles are redistributed, leading to a more compact
microstructure.

The soil water retention curve was determined using osmotic
technique for suction control [7,10], and it is shown in Fig. 3. It ap-
pears that the air entry value is at a suction value close to zero,
probably due to the high porosity of the loess studied.

3. A constitutive model for unsaturated structured soils under
cyclic loading

It is assumed in this study that the soil investigated does not
present any rate dependent behaviour. Cyclic loadings are thus
dealt with as a succession of quasi-static states. Obviously, this
assumption cannot be valid if the loading frequency is important.

3.1. Elastic constitutive relationship based on the damage theory of
bond

The cemented soil is considered as a mixture composed of the
solid matrix and the bond (Fig. 4), each one being associated to
its own stress and strain state. Total volume Vt of cemented soil
is defined as

V t ¼ Vm þ Vv þ Vb ð1Þ

where the subscripts m, v, and b refer to the solid matrix, void and
bond respectively.

A partition of the total stress between matrix and bond contri-
butions is assumed as follows

p ¼ pm þ pb; q ¼ qm þ qb ð2Þ

where p and q are respectively the net isotropic and deviatoric
stresses in the triaxial stress space.

The bond is regarded as a brittle material. It is thus assumed
that the bonding material can undergo only reversible elastic
strains. Bond degradation may occur according to accumulated
strains. With the definition of bond concentration b = Vb/Vt, the to-
tal elastic volumetric strain increment dee

p can then be derived as

dee
p ¼ ð1� bÞdee

pm þ bdee
pb ð3Þ

where ee
pm; ee

pb are apparent elastic volumetric strains of matrix and
bond, defined over solid matrix phase (volume Vm + Vv) and bond
phase (volume Vb) respectively.

Similarly, the total elastic deviatoric strain can be given as

dee
q ¼ ð1� bÞdee

qm þ bdee
qb ð4Þ

In order to quantify the bond degradation and its effects on the
overall behaviour, following the proposal of Vaunat and Gens [22]
and Carol et al. [5], the following relations are assumed

dee
pb=dee

p ¼ v0eL0�L; dee
qb=dee

q ¼ v1eL0�L ð5Þ

where v0 and v1 are positive scalars smaller than 1, L0 is a scalar
accounting for the energy threshold of damage occurrence, and L
is the damage evolution variable, which is a function of the accumu-
lated total strains:

LðeÞ ¼ kanp þ kbnq; np ¼
Z
jdepj; nq ¼

Z
jdeqj ð6Þ

where ka, kb are material constants to be determined.
From above Eqs. (3)–(6), the total elastic strain increments in-

duced by the total stress can be expressed as

dee
p ¼

dp
Km
ð1� bÞ

.
1� bv0 þ ð1� bÞv0

Kb0
Km

h i
; L 6 L0

dee
q ¼

dq
3Gm
ð1� bÞ

.
1� bv1 þ ð1� bÞv1

Gb0
Gm

h i
8><
>:

dee
p ¼ ðC00B01 � A01C11Þ=ðA00B01 � B00A01Þ; L > L0

dee
q ¼ ðC00 � A00dee

pÞ=A01

( ð7Þ

and,

A00 ¼ b� ð1� bÞKb0

Km

� �
v0eL0�Lð1� sgnðdepÞee

pkaÞ � 1

A01 ¼ � b� ð1� bÞKb0

Km

� �
v0eL0�LsgnðdeqÞee

pkb

B00 ¼ � b� ð1� bÞGb0

Gm

� �
v1eL0�LsgnðdepÞee

qka

B01 ¼ b� ð1� bÞGb0

Gm

� �
v1eL0�Lð1� sgnðdeqÞee

qkbÞ � 1
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Fig. 3. Water retention curve of the studied loess.

Fig. 4. Schematic arrangement of soil structure (after [11]).
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C00 ¼
dp0

Km
ðb� 1Þ þ b� ð1� bÞKb0

Km

� �
v0eL0�L � ee

pðsgnðdevÞkadep
p

þ sgnðdeqÞkbdep
qÞ

C11 ¼
dq

3Gm
ðb� 1Þ þ b� ð1� bÞGb0

Gm

� �
v1eL0�L � ee

qðsgnðdevÞkadep
p

þ sgnðdeqÞkbdep
qÞ

where Kb0, Gb0, Km, Gm are the bulk and shear moduli of bond and
solid matrix respectively.

Moreover, as for saturated cemented soils, the deformation due
to suction is assumed to be distributed between the solid matrix
and bond according to the ratio of bond concentration b. Accord-
ingly, the elastic strain increment induced by suction is derived as

dee
ps ¼

1� b
Kms

þ b
Kb0

� �
ds ð8Þ

where Kms is the bulk modulus of solid matrix under suction. It
should be noted that the bulk modulus with respect to suction of
the bonding material is assumed to be equal to that related to mean
pressure. A physical interpretation of this assumption lies in the fact
that the material constituting the cement is characterised by a
porosity considerably finer than the macro-porosity of the loess.
From this point of view, it is expected that the cement will remain
fully saturated under usual suctions to which the studied loess is
submitted in situ. As a consequence, because of the validity of Ter-
zaghi’s effective stress in the domain of positive suctions but satu-
rated soils, bulk moduli with respect to mean pressure and suction
are the same.

Finally, with Eqs. (7) and (8), the total elastic strain increments
of unsaturated cemented soils can be obtained as

dee
p ¼ dee

pm þ dee
pb þ dee

ps

dee
q ¼ dee

qm þ dee
qb

(
ð9Þ

Thus the strain increments in bond are obtained using Eqs. (4) and
(5) and the stress increments in bond can be derived as

dpb ¼ Kb0dee
pb

dqb ¼ 3Gb0dee
qb

(
ð10Þ

Furthermore, the corresponding stress increments in solid matrix
can be given by Eq. (2).

3.2. Unsaturated mechanical behaviour of studied soil

In order to investigate the mechanical behaviour of loess in
unsaturated states, the loading-collapse (LC) yield curve proposed
by Alonso et al. [1], and the water retention curve (WRC) proposed
by van Genuchten [21] are used in this study.

LC yield surface is given in (p, s) plane as

p0

pc
¼ p�0

pc

� �kð0Þ�jm
kðsÞ�jm

ð11Þ

where p0;p
�
0 are preconsolidation stresses for a given suction s and

for saturated conditions respectively, and pc is a reference net mean
stress. The soil compression coefficient in unsaturated state is given
as

kðsÞ ¼ kð0Þ½ð1� rsÞ expð�bssÞ þ rs� ð12Þ

where k(0) is the soil compression coefficient in saturated states, rs

is a constant related to the maximum stiffness of the soil, and bs is a
parameter which controls the rate of increase of soil stiffness with
suction.

The yield surface in triaxial stress space (p, q, s) can be estab-
lished, as depicted in Fig. 5 where ps is a variable introduced in

the BBM model to describe the soil cohesion changes due to suc-
tion changes ps is given as

ps ¼ kss ð13Þ

Note that both pbc and ps contribute to the apparent cohesion in-
crease. Following the degradation of bond, pbc decreases gradually
and the tensile stress of the soil approaches ps finally.

The water retention curve (WRC) is written as

SrðsÞ ¼
1

1þ ðbSr � sÞ
n

� �m

ð14Þ

bSr, n and m are soil parameters and can be obtained by fitting the
experimental curve (see Fig. 3).

The particular case of constant water content situations is of
interest. Under this assumption, the specific water volume vw is
also a constant. According to the definition of vw [24]

vw ¼ 1þ ew ¼ 1þ Sr � e ð15Þ

when dvw = 0, the relationship between the increments of void ratio
and degree of saturation can be deduced as follows

dSr

Sr
¼ �de

e
ð16Þ

Combined with the water retention curve (Eq. (14)), the coupling
relation between soil deformation and suction variation is deduced
in the case of constant water content tests.

3.3. Plastic constitutive relationships based on bounding surface theory

The model under development is aimed at simulating the cyclic
behaviour of unsaturated loessic soils. As a consequence, it appears
important to include in the modelling framework some feature
that enables the occurrence of irreversible strains along the cyclic
loading stage even if the load cycles remain in the domain of small
deformation. The choice of the bounding surface theory has been
made in this paper. It is combined with the previously described
frameworks for damage and unsaturated soils description.

A complete set of equations of an elastoplastic model for unsat-
urated structured soils under cyclic loading is now formulated.

3.4. Choice of stress variables

To account for the effect of bond damage on the plastic defor-
mation of soils, a pair of stress variables r

*
¼ ð�p; �qÞT in the triaxial

space is determined as below:

�p ¼ pþ expðL0 � LÞpbc; �q ¼ qþ expðL0 � LÞqbc ð17Þ

Simultaneously, the hardening parameter �p0 is given as

Fig. 5. Three-dimensional view of yield surfaces in (p,q,s) stress space.
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�p0 ¼ ð1þ vÞp0;v ¼ v0 expðL0 � LÞ ð18Þ

3.5. Yield surface equation

Here the formulation proposed by Pastor et al. [17] is used.
According to the fitting of experimental curves of the dilatancy
coefficient and the stress ratio, the plastic potential surface equa-
tion is devised as followed:

Gð~r;p�0; L; sÞ ¼ �q�Mgð�pþ psÞð1þ 1=agÞ 1�
�pþ ps

�p0 þ ps

� �ag
� �

ð19Þ

Furthermore, the corresponding yield surface can be given as

Fð~r; p�0; L; sÞ ¼ �q�Mf ð�pþ psÞð1þ 1=af Þ 1�
�pþ ps

�p0 þ ps

� �af
� �

ð20Þ

where Mg is the slope of the critical state line, and ag is a constant
related with the dilatancy coefficient. Mf, af are constant without
definite physical meanings, but with Mf/Mg associated with the rel-
ative density of soils. As in Dafalias and Herrmann [9], the bounding
surface is assumed to coincide with the yield surface.

3.6. Non-associated flow rule

The non-associated flow rule is assumed, and given by

de
*p ¼ ðdep

p;dep
qÞ

T ¼ n
*

gL=U �
n
*T

f d r
*

HL=U
ð21Þ

with n
*

gL=U and n
*

f , normal vectors to respectively the plastic poten-
tial surface during loading or unloading and bounding surface, and
HL/U, the plastic modulus during loading or unloading.

3.7. Hardening law

As for the hardening law, with respect to one specified value of
suction, the hardening parameter p0 is dependent on the volumet-
ric strain as well as the deviatoric strain simultaneously

dp0 ¼
op0

oep
m
� dep

pm þ
op0

oeq
m
� deq

qm ð22Þ

and the hardening law employed can be expressed as

op0

oep
pm
¼ 1þ em

km � km
� p0

op0

oep
qm
¼ op0

onp
qm

onp
qm

oep
qm
¼ b0b1 expð�bnp

qmÞ
onp

qm

oep
qm

op0

oep
pm

8>>><
>>>:

ð23Þ

where b0, b1 are the hardening coefficients, and np
qm is the absolute

accumulation of plastic deviatoric strain, as

np
qm ¼

Z
jdep

qmj ð24Þ

Combined with the LC yield curve (Eq. (11)), the evolution of hard-
ening parameter p�0 in saturated state is derived

dp�0
p�0
¼ 1þ em

kð0Þ � jm
dep

pm þ b0b1 expð�bnp
qmÞ

onp
qm

oep
qm

dep
qm

" #
ð25Þ

According to the consistency condition, dFð~r;p�0; L; sÞ ¼ 0, and with
the non-associated flow rule and hardening law above, the plastic
modulus on the bounding surface HBS

L can be obtained.

3.8. Mapping rule during loading

According to bounding surface theory, the plastic modulus, HL/

U, at the current stress point �P is a function of the plastic modu-
lus, HBS

L=U, at the corresponding image stress point �PI on the bound-
ing surface. This allows for plastic strains generation within the
domain delimited by the bounding surface, during both loading
and unloading stages. Here a radial mapping rule between the
current stress point and image stress point on the bounding sur-
face is employed, that is, amount of plastic modulus of current
stress point is a function of the distance between the current
point and its image.

With the consideration of the bond damage and unsaturated
soil mechanics, the mapping rule is defined in the newly translated
coordinate system ð�ps; �qsÞ. As seen in Fig. 6, the mapping origin dur-
ing loading �POL is defined as the left intersection point of bounding
surface with the abscissa axis �ps, and the image point is determined
by the intersection between the bounding surface and the line con-
necting the mapping origin to the current stress point.

The specific definition of the radial mapping rule on the plastic
modulus at the current stress point during loading is written in the
following way

HL ¼ HBS
L

d0

d

� �rL

ð26Þ

with

rL ¼ r0½1þ expðL0 � LÞ� ð27Þ

where r0 is the mapping exponent of the equivalent unstructured
soil during loading, and d0 and d are the distances between the map-
ping origin and respectively, the image point �PIð�pI; �qIÞ, and the cur-
rent point �Pð�p; �qÞ in the ð�O; �p; �qÞ stress space (see Fig. 6).

3.9. Plastic modulus during unloading

During unloading, the plastic modulus of current stress point is
assumed to be correlated with the stress ratio, gU of the start point
during unloading, and is described as

HU ¼
HU0

gU
Mg

� ��rU
; gU

Mg
< 1

HU0;
gU
Mg

P 1

8<
: ð28Þ

where HU0, rU are the initial plastic modulus and exponent during
unloading.

Therefore, the plastic modulus above (Eqs. (26) or (28)) com-
bined with the flow rule (Eq. (21)), gives the plastic strain incre-
ments vector de

*
p during loading and unloading.Fig. 6. Mapping rule in bounding surface model.
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3.10. Loading criteria

According to the plasticity theory, the loading criteria should be
given as follows:

n
*T

f
d r
*

HL
> 0; Loading

n
*T

f
d r
*

HL
¼ 0; Neutral loading

n
*T

f
d r
*

HU
< 0; Unloading

8>>>>><
>>>>>:

ð29Þ

3.11. Determination of model parameters

Most of the parameters of the proposed model can be obtained
directly from laboratory experiments, or indirectly by fitting anal-
ysis of correlative test results. For instance, tests that involve iso-
tropic drained compression (loading and unloading) at different
constant suction values provide data to find pc, p�0; k0, jm, r, bs, tests
that involve a drying-wetting cycle at a given net mean stress pro-
vide data to find js, drained shear tests at different suction values
provide data to find Mg, ks, and tests of soil particle analysis may
provide data to determine v0, v1, b. As a first estimate, it is as-
sumed that b is close to v0 and that v1 = v0. The parameters re-
lated to the bounding surface like af, ag, b0, b1 can be obtained by
trial, as suggested by Zienkiwicz et al. [25] and Pastor et al. [17].

4. Model validation

To investigate the capability of this elastoplastic model to de-
scribe the behaviour of structured unsaturated soils under cyclic
loading, cyclic triaxial tests are simulated and the numerical re-
sults compared to experimental results obtained in the laboratory.
Since the natural water content in the loess profile is expected to
change due to seasonal effects, the effect of initial water content
on loess behaviour is investigated on the 2.2 m sample. Three dif-
ferent water contents are investigated more precisely: 18% (natural
water content), 23% and 29%. The initial water contents were ob-
tained in the laboratory by adding water using a wet filter paper.
All samples were first consolidated with a confining stress of
25 kPa. Then the single or multi-level cyclic loadings with a fre-
quency of 0.05 Hz were applied using a cyclic triaxial cell described
by Cui et al. [8].

Three samples with the above water contents (assumed to be
constant during the whole tests) are first cyclically sheared to a
deviator value of 15 kPa. Subsequently, several cycles of loading
and unloading at different levels of deviator stress are performed.
At each level, the peak deviatoric stress increases by 15 kPa and
each level of loading runs 100 cycles until the sample reaches fail-
ure. The comparison of results between experiments and model
predictions is depicted in Fig. 7 in terms of axial stress vs. number
of cycles. The model parameters used are listed in Table 1. Fig. 7
also presents the effects of the account for bonding and its damage
in the simulation. As expected, the model is able to reproduce vol-
umetric strain accumulation with the load cycles. Furthermore, the
consideration of bond damage in the model gives much better sim-

Table 1
Parameters used in simulation of the cyclic triaxial shear tests

e0 k0 jm um Mg Mf ag af b0 b1

0.93 0.17 0.012 0.25 1.35 0.6 0.45 0.45 4.30 0.23
rL rU v0 = v1 b ka = kb ub rs bs ks js

1.4 1.85 0.35 0.35 2.0 0.25 0.75 0.01 0.02 0.01
Kb (kPa) pbc (kPa) qbc (kPa) s0 (kPa) pc (kPa) p0

* (kPa) HU (MPa) n m bSr

5000 10.0 0.0 1000 25 1000 50,000 5.75 0.06 154.76
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Fig. 7. Multi-level cyclic triaxial tests for samples with 3 different water contents:
(a) w = 23%, (b) w = 18%, (c) w = 29%.
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ulation results, especially for case (a) (w = 18%) and case (b)
(w = 23%).

5. Conclusion

In this paper, a model for describing the mechanical and
hydraulic behaviour of cemented unsaturated loess is presented.
This soil is a typical homogeneous yellowish-grey, porous calcare-
ous loess, mainly composed of quartz and feldspar with some clay.
SEM observations show the presence of large aggregates with asso-
ciated inter-aggregate pores. The presence of clay platelets and cal-
cium carbonate may act as bonds to cement the solid grains. This
soil is characterized by low plasticity, low natural degree of satura-
tion, low clay fraction, and relatively high calcium carbonate
content.

On the basis of the bounding surface model, damage theory and
unsaturated soil mechanics, an elastoplastic model which includes
structure damage for unsaturated loess under cyclic loading has
been elaborated. The chosen law for bond degradation links struc-
ture damage to the accumulation of strain. The BBM model was
considered for the suction effect.

Multi-level cyclic triaxial tests were simulated to verify the pre-
dictions of the model. Different water contents were considered.
The outcome is encouraging as the model seems to be able to pre-
dict the behaviour of unsaturated cemented soils under cyclic
loading.

The current constitutive model for unsaturated cemented soils
is still complicated, with many parameters needed to be deter-
mined by various experiments. In the future, focus should be put
on the simplification of the cement damage part of this model. Fur-
thermore, the bounding surface theory should be modified to re-
flect the hysteretic behaviour of soils under cyclic loading.
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