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SUMMARY

The problem of small-deformation, rate-independent elastoplasticity is treated using convex programming
theory and algorithms. A finite-step variational formulation is first derived after which the relevant potential
is discretized in space and subsequently viewed as the Lagrangian associated with a convex mathematical
program. Next, an algorithm, based on the classical primal–dual interior point method, is developed.
Several key modifications to the conventional implementation of this algorithm are made to fully exploit
the nature of the common elastoplastic boundary value problem. The resulting method is compared to
state-of-the-art elastoplastic procedures for which both similarities and differences are found. Finally, a
number of examples are solved, demonstrating the capabilities of the algorithm when applied to standard
perfect plasticity, hardening multisurface plasticity, and problems involving softening. Copyright q 2006
John Wiley & Sons, Ltd.

Received 19 October 2005; Revised 24 March 2006; Accepted 30 March 2006

KEY WORDS: plasticity; optimization; interior-point; finite elements

1. INTRODUCTION

The solution of elastoplastic boundary value problems typically proceeds by computing a displace-
ment increment on the basis of the current state of the system. At a selected number of points,
usually the Gauss points, the stress increments are then found by solving the local constitutive
relations and an improved estimate of the elastoplastic stiffness modulus is computed. The possible
deviation between the initially assumed stiffness and the actual one may yield a residual in the
form of a global out-of-balance force which is subsequently sought minimized by a Newton type
procedure that alternates between global equilibrium iterations and local constitutive updates. The
main difference between the various methods lies in how the local stress update is performed and
how the resulting stiffness is computed. Since the solution of the local constitutive relations is
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equivalent to solving a set of non-linear ordinary differential equations, the common methods in
use can be classified as being either explicit or implicit.

The implicit methods, which have received by far the most attention, usually employ the
backward-Euler scheme, e.g. Reference [1], for the local integration whereas Newton’s method is
used for the global equilibrium iterations. As was first pointed out by Simo and Taylor [2], the use
of the continuum elastoplastic modulus is not consistent with Newton’s method where an exact
linearization is implied. Rather, a slightly different tangent modulus which depends on the method
of local integration, should be used. The use of this modulus leads to a quadratic rate of convergence
as the solution is approached. That is, when all points in yielding have been identified, the resulting
equations are solved using an exact linearization with all the ramifications that this has. Although
the implicit methods were originally developed for metal plasticity, where they perform very well,
procedures have also been derived for relatively complex soil, rock, concrete, and masonry models
[3–12]. The robustness of these procedures is, however, much less documented than in the case
of metal plasticity. An exception is the work of by Perez-Foguet et al. [13, 14] where it is shown
that local substepping is crucial when integrating complex constitutive relations such as the ones
mentioned above.

Alternatively, the local constitutive relations can be integrated explicitly. Here the substepping
schemes developed by Sloan and his co-workers [15–20] have proved particularly efficient, not
least in forming a reliable basis for formulating a general purpose solver that can be used for a
wide variety of models. On the material level the elastoplastic constitutive relations are integrated
explicitly to within a specified tolerance and on the structural level an inexact Newton method,
possibly enhanced by an error-based selection of the load step [16, 20–22], is used.

A fundamentally different approach, which is the one explored in this paper, consists of
casting the problem as a non-linear mathematical program which is subsequently solved using
general optimization methods. This approach was first suggested by Maier and his co-workers
[23–25] almost 40 years ago and, although often perceived as somewhat outdated, it is still
occasionally used, see e.g. References [26–32]. So far, however, the main emphasis has been
on formulating various standard and non-standard problems as mathematical programs rather
than on devising solution procedures capable of solving large scale problems of practical in-
terest. Thus, although the approach is elegant and has some obvious advantages over the more
ad hoc methods, it lacks seriously behind in the crucial aspect of practical solution algorithms.

The main virtue of the mathematical programming approach is that it offers a coherent vari-
ational framework for treating a broad class of problems, one of these being classical rate-
independent elastoplasticity. Thus, once a relevant variational principle has been established, it
can be discretized by any method of choice and the resulting discrete potential then viewed as the
Lagrangian associated with a mathematical program which is easily identified and, ideally, also
easily solved. In this way, all possible displacement, equilibrium, mixed and hybrid finite ele-
ment formulations can be treated in a unified manner, as can multi-surface plasticity, contact
conditions and other external or internal inequality constraints. Moreover, variational formula-
tions constitute a natural basis for error estimation. In perfect plasticity a particularly powerful
feature is the possibility of computing rigorous upper and lower bounds on the exact collapse
load [33–40].

Until about 15 years ago, the solution of general mathematical programs posed a significant
challenge, with the simplex method and its derivatives being the only reliable algorithms available.
Although relatively robust these algorithms suffer from a significant increase in computational effort
as the problem size increases. Indeed, the number of iterations required is usually proportional
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to the number of constraints, i.e. the problem size, and the theoretical worst-case performance is
even more discouraging.

In recent years, however, a number of new and very powerful methods of optimization have been
developed and have now largely replaced earlier methods in theoretical and applied optimization.
Thus, the paper of Karmarkar [41] in 1984 sparked a revolution which led to the development of
the algorithms now known as interior-point methods [42–45]. The basic idea behind these methods
is to solve the optimality conditions associated with a suitably penalized mathematical program,
an approach which is radically different from the combinatorical approach of the simplex method.
Furthermore, as is often the case with Newton based procedures, the number of iterations required
to converge to the solution is largely independent of the problem size. Thus, the methods have been
applied in many of the fields that traditionally make heavy use of optimization, i.e. economics,
finance, planning and scheduling, control theory, etc. In computational mechanics, however, the
application has been very limited and seems largely to have been confined to the problem of plastic
limit analysis, e.g. References [46–50].

In this paper we explore the application of these new methods to boundary value problems
arising in classical small-deformation rate-independent elastoplasticity. The resulting algorithm
shares many traits with the method of Simo and Taylor [2]. For example, a quantity which is similar
to the consistent tangent modulus derived in Reference [2] plays an important role in the algorithm.
There are also some links to the fully implicit return mapping algorithm although a major difference
between this and previous methods is that no explicit reference to a local integration phase is made.
Regarding efficiency, the proposed method is also competitive with the Simo–Taylor method. The
cost of each iteration is roughly the same and the iteration counts appear to be similar to, or
perhaps slightly better than, those reported for the Simo–Taylor method. Furthermore, a quadratic
rate of convergence is attained as the solution is approached. The robustness of the algorithm also
appears to be excellent and can be further enhanced by a simple line search procedure. Finally,
the algorithm extends naturally to multi-surface plasticity without any complications or additional
computational effort.

The paper is organized as follows. In Section 2 a variational formulation of classical small-
deformation rate-independent elastoplasticity is derived. We here make use of the complementary
energy formulation of Simo et al. [51]. In Section 3 the corresponding finite-step mathematical
programming formulation is derived and various finite element discretization issues discussed.
A solution algorithm is then presented in Section 4 and a number of test examples are solved in
Section 5. Finally, conclusions are drawn in Section 6.

2. VARIATIONAL FORMULATION OF FINITE-STEP ELASTOPLASTICITY

The current derivation of the finite-step complementary formulation of elastoplasticity follows that
of Simo et al. [51]. A Helmholtz free energy function is first assumed and by a Legendre transfor-
mation the dual complementary energy function is constructed. Secondly, the plastic dissipation
is stated and the principle of maximum dissipation postulated. As is well-known this principle
implies associated flow and also produces the loading/unloading conditions.

2.1. Free energy

We assume the existence of a Helmholtz free energy function of the type

A(e, ep, a) =�e(ee) + �p(a), ee = e− ep (1)
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where e, ee, and ep are the total, elastic, and plastic strains, respectively, and a is a set of internal
plastic variables. Next, consider the Legendre transformation

�p(a) = − �p(j) − jTa (2)

where j are the internal variables conjugate to a. We then have the relations

j= − ∇�p(a), a= − ∇�p(j) (3)

2.2. Plastic dissipation

The local plastic dissipation is given by [51]
D̊(r, j; ėp, ȧ) = rTėp + jTȧ (4)

where r are the stresses and a superposed circle (rather than a dot) is used to emphasize path-
dependence. The principle of maximum plastic dissipation states that, for given ėp and ȧ, r and
j will be such that the dissipation is at a maximum. This is subject to the constraint that (r, j)
lie within some admissible domain given by the yield condition. Thus, the principle of maximum
plastic dissipation can be stated as

maximize
r,j

rTėp + jTȧ

subject to f (r, j)�0
(5)

If the yield function is convex, this is a standard convex program.
Following the interior-point methodology [42–44], problem (5) is solved by first adding a

positively restricted variable, a so-called slack variable, to the inequality constraint, thus converting
it to an equality. Secondly, a penalty term is added to the objective function which effectively
avoids making explicit reference to the fact that the slack variable is positively restricted. The
modified problem then reads

maximize
r,j

rTėp + jTȧ+ � log s

subject to f (r, j) + s = 0
(6)

where s is a slack variable and � log s, with � being an arbitrarily small positive constant, is the
so-called logarithmic barrier function. It should be noted here that numerous other barrier and
penalty functions have been proposed (the standard reference being Reference [52]). In elasto-
plasticity the viscoplastic regularization of Perzyna [53, 54] has been widely applied, see, e.g.
Reference [55] and references therein. However, the logarithmic barrier function is the most satis-
fying from both theoretical and algorithmic points of view, see, e.g. Reference [56], and is a key
ingredient in most modern large-scale optimization algorithms.

The Lagrangian associated with (6) is given by

LD = D̊(r, j; ėp, ȧ) + R̊(r, j; �̊, s) (7)

where

R̊= � log s − �̊[ f (r, j) + s] (8)
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and �̊ is a Lagrange multiplier. The first-order necessary and sufficient Karush–Kuhn–Tucker (KKT)
optimality conditions associated with (6) follow from the Lagrangian (7) as

∇�LD = ėp − �̊∇� f (r, j) = 0

∇�LD = ȧ− �̊∇� f (r, j) = 0

∇�̊LD = − f (r, j) − s = 0

∇sLD = �s−1 − �̊ = 0 ⇒ s�̊ = �

(9)

The first optimality condition is here the associated flow rule, where it is clear that the Lagrange
multiplier �̊ is the plastic multiplier. The second condition establishes the evolution of the internal
variables. By the Legendre transformation (2)–(3) we have

a= − ∇�p(j) ⇒ ȧ=−∇2�p(j)j̇ (10)

so that the evolution of j is given by

j̇= − �̊[∇2�p(j)]−1∇� f (r, j) (11)

Since �p is a function of j only, there is a natural limitation to the type of hardening laws that
can be considered within this framework.

The third optimality condition restates the yield condition and finally, the last condition is the
plastic consistency condition. It should be noted here that since s>0 by virtue of the logarithmic
barrier function, we also have �̊>0 since �>0. These conditions, together with the two last
optimality conditions, define the loading/unloading conditions, which are usually written as

�̊� 0, f (r, j)� 0, �̊ f (r, j) = 0 (12)

Note, however, that since �>0 we can only satisfy strict inequality for first two equations of
(12) whereas the last condition is fulfilled to within some arbitrarily small positive constant
proportional to �.

Finally, it should be mentioned that the extension to multi-surface plasticity is straightforward.
In this case the penalized form of the principle of maximum dissipation is

maximize
r,j

rTėp + jTȧ+ �
NS∑
j=1

log s j

subject to f j (r, j) + s j = 0, j = 1, . . . ,NS

(13)

where NS is the number of yield surfaces. The associated Lagrangian is

LD = rTėp + jTȧ−
NS∑
j=1

[�̊ j ( f j (r, j) + s j ) + � log s j ] (14)
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and the optimality conditions follow as

∇�LD = ėp −
NS∑
j=1

�̊ j∇� f j (r, j) = 0

∇�LD = ȧ−
NS∑
j=1

�̊ j∇� f j (r, j) = 0

∇�̊ jLD = − f j (r, j) − s j = 0, j = 1, . . . ,NS

∇s jLD = �s−1
j − �̊ j = 0 ⇒ s j� j = �, j = 1, . . . ,NS

(15)

The first of these is Koiter’s rule which, as seen, is a direct consequence of the principle of
maximum plastic dissipation (due to von Mises). This and the rest of the conditions are analogous
to those in the single-surface case.

2.3. Complementary energy

A complementary stored energy function, where r and j replace e and a as the independent
variables, is achieved through the following Legendre transformation:

�e(ee) = − �e(r) + rTee (16)

where �e(r) is the complementary stored energy function. We then have the relations

r=∇�e(ee), ee =∇�e(r) (17)

and the total free energy is given by

A(r, j) = − �e(r) − �p(j) + rTee − jTa (18)

where ee and a are given in terms of r and j by (17) and (3), respectively.

2.4. Power of deformation

The power of deformation over an infinitesimal increment is given by [57]
P̊= rTė=Ȧ + D̊ (19)

That is, the power of deformation is equal to the sum of the rate of change in free energy A and
the dissipation D̊ over an infinitesimal increment.

2.5. Finite-step formulation

The power of deformation (19) is extended to steps of a finite magnitude as

P̊n
n+1 � An+1 − An + D̊n

n+1 (20)

where the notation X̊ n
n+1 is to be understood as the change in a path dependent quantity X over

the interval from n to n + 1.
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The free energies at two points n and n + 1 are given by

An = −�e(rn) − �p(jn) + rT
n (en − epn) − jT

nan (21)

An+1 = −�e(rn+1) − �p(jn+1) + rT
n+1(en+1 − epn+1) − jT

n+1an+1 (22)

The plastic dissipation over a finite increment from n to n + 1 is evaluated in a backward Euler
manner to give

D̊n
n+1 � rT

n+1(e
p
n+1 − epn) + jT

n+1(an+1 − an) (23)

Finally, the penalty term (8) is evaluated as

R̊n
n+1 � � log sn+1 − �̊nn+1[ f (rn+1, jn+1) + sn+1] (24)

Using this discretization we define a penalized power of deformation function aŝ̊Pn
n+1 =An+1 − An + D̊n

n+1 + R̊n
n+1 (25)

After collecting terms in the above expressions the total penalized power of deformation over a
finite step can be written aŝ̊Pn

n+1 = −(�e
n+1 − �e

n) − (�p
n+1 − �p

n) + (rn+1 − rn)T∇�e
n + (jn+1 − jn)T∇�p

n

+ rT
n+1∇(un+1 − un) + � log sn+1 − �̊nn+1( f (rn+1, jn+1) + sn+1) (26)

where the small-displacement assumption

e= ∇u (27)

has been introduced.
At this point it is convenient to further introduce the following quantities:

r̂=[r, j]T, ∇̂T = [∇T, 0], �ep(r̂) = �e(r) + �p(j) (28)

so that (26) can be written aŝ̊Pn
n+1 = −(�ep

n+1 − �ep
n ) + (r̂n+1 − r̂n)T∇�ep

n + r̂T
n+1∇̂(un+1 − un)

+ � log sn+1 − �n+1[ f (r̂n+1) + sn+1] (29)

where �n+1 = �̊nn+1.

2.6. Variational principle

A Hellinger–Reissner type functional is now defined as

�̊n
n+1 =

∫
�

̂̊Pn
n+1 d� −

∫
�
bT(un+1 − un) d� −

∫
��

tT(un+1 − un) d� (30)

where b are the body forces acting in the domain � and t are the tractions acting on the
boundary ��.
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2.6.1. Euler–Lagrange equations. The functional (30) verifies both the weak and strong forms of
the governing equations. In the following we summarize only the strong form. Taking functional
derivatives, see, e.g. Reference [55], the following Euler–Lagrange equations appear

��̊n
n+1

�un+1
=

⎧⎨⎩∇Tr+ b= 0 in �

PTr− t= 0 on ��

��̊n
n+1

�rn+1
= −∇�e(rn+1) + ∇�e(rn) + ∇(un+1 − un) − �n+1∇� f (rn+1, jn+1) = 0

��̊n
n+1

�jn+1
= −∇�p(jn+1) + ∇�p(jn) − �n+1∇� f (rn+1, jn+1) = 0

��̊n
n+1

��n+1
= − f (rn+1, jn+1) − sn+1 = 0

��̊n
n+1

�sn+1
= �s−1

n+1 − �n+1 = 0 ⇒ sn+1�n+1 = �

(31)

where the stress boundary conditions are retrieved by integration by parts and the displacement
boundary conditions are assumed to hold a priori.

3. MATHEMATICAL PROGRAMMING FORMULATION

In the following the mathematical programming formulation of the continuous variational
problem is derived. For convenience this will be limited to the case where �ep(r̂) is a quadratic
function given by

�ep(r̂) = 1
2 r̂

TMr̂, M =
⎡⎣E−1

H−1

⎤⎦ (32)

where E is the elastic stiffness modulus and H is a matrix of hardening moduli. The corresponding
finite-step power of deformation is given by

̂̊Pn
n+1 = − 1

2 (r̂n+1 − r̂n)TM(r̂n+1 − r̂n) + r̂T
n+1∇̂(un+1 − un) + R̊n

n+1 (33)

where the penalty term R̊n
n+1 is

R̊n
n+1 = � log sn+1 − �n+1[ f (r̂n+1) + sn+1] (34)

A mixture of isotropic and kinematic hardening can be modelled by introducing

j= [ji , jk]T (35)
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in conjunction with a yield function given by

F(r̂) = f (r− jk) − h(ji ) (36)

which should be convex with respect to all variables, i.e. r as well as jk and ji .

3.1. Spatial discretization

We introduce the following finite element approximations for the generalized stresses and
displacements

r̂(x) ≈ N�̂(x)r̂
h
, u(x) ≈ Nu(x)uh (37)

where r̂h , and uh are the nodal generalized stresses and displacements, respectively. In order to
avoid an excessive number of sub- and superscripts we make the following change of notation:

r̂ := r̂h, u := uh (38)

so that r̂ and u now refer to nodal, rather than continuous, quantities. Inserting the above
approximations into (30) gives the following fully discrete functional:

�̊n
n+1 = −1

2
(r̂n+1 − r̂n)TM(r̂n+1 − r̂n) + r̂T

n+1B̂(un+1 − un)

−pT(un+1 − un) −
∫

�
�n+1[ f (r̂n+1) + sn+1] − � log sn+1 d� (39)

where

M=
∫

�
NT

�̂MN�̂ d�, B̂=
∫

�
NT

�̂∇̂Nu d�, p=
∫

�
NT
ub d� +

∫
��

NT
u t d� (40)

In the following we will only consider discretizations where (i) the displacements are continuous
and differentiable inside the elements and continuous between elements and (ii) the generalized
stresses are continuous and differentiable inside the elements and discontinuous between elements.
Obviously, standard displacement finite elements fall within this scope.

3.2. Numerical integration

Following standard practice the integrals in (40) are evaluated using a quadrature rule. Extending
this procedure to the last integral in (39) implies that the yield condition is enforced at a finite
number of points, i.e.

R̊n
n+1 =

∫
�

�n+1[ f (r̂n+1) + sn+1] + � log sn+1 d�

≈
Nq∑
I=1

W I [�In+1[ f (N�̂(x
I )r̂n+1) + s In+1] + � log s In+1] (41)

where superscript I refers to the Nq quadrature points and W I are the usual weighting
factors. The location of the points at which the yield conditions are enforced can be chosen
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(a) (b)
R

Figure 1. Standard displacement and mixed stress–displacement elements: (a) displacement element;
and (b) mixed stress-displacement element.

from a number of obvious candidates which, on the other hand, are linked to the numerical
integration scheme used for computing the system matrices (40). As an example, consider a linear
stress/quadratic displacement triangle. Suppose that the stresses are interpolated from the midside
nodes and the displacements from the corner and midside nodes, see Figure 1(a). A choice of points
at which the yield conditions should be enforced must then be made. If all vectors and matrices
are integrated using standard three-point quadrature, where the integration points are located at
the midside nodes, and the yield conditions are enforced at these nodes, the standard displacement
formulation appears.

There are, however, a number of obvious alternatives to this choice of interpolation, integration
and yield enforcement points. Firstly, as will become clear later on, it is desirable that M be a
block-diagonal matrix. This implies that M should always be evaluated by a scheme where the
quadrature points coincide with the stress interpolation points whereas B̂ can be evaluated at any
point. In this way it is possible to derive an element where the stresses, instead of being interpolated
from the midside nodes, are interpolated from the corner nodes and M evaluated at these points
with equal weights, Figure 1(b). For such an element it is natural to impose the yield condition
at corner nodes since, for a convex yield function, this implies satisfaction of f (r̂)�0 throughout
the element. The discrete strain–displacement operator B̂, on the other hand, is evaluated using
the standard three-point scheme with the integration points located at the midside nodes. For the
case of perfect plasticity, the incremental stress–strain relations resulting from these choices are
given by

�L
�rn+1

= 0 ⇒
3∑

m=1
Wm [NT

�(xm)∇Nu(xm)](un+1 − un)︸ ︷︷ ︸
(en+1−en)m

=
3∑

c=1
Wc [NT

�(xc)E−1N�(xc)](rn+1 − rn)︸ ︷︷ ︸
(een+1−een)c

+
3∑

c=1
Wc �cn+1∇� f (rcn+1)︸ ︷︷ ︸

(epn+1−epn)c
(42)

where superscript m refers to the midside nodes and c to the corner nodes. Thus, the stress–
strain relations are enforced in an approximate or ‘mixed’ way. The total strain increment refers
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to the midside nodes whereas the elastic and plastic strain increments refer to the corner nodes.
A rigid-plastic version of this element has been used extensively by Borges, Zouain et al. for plastic
limit and shakedown analysis [58–62] where it appears to furnish excellent results. Zienkiewicz
and Taylor [63] further note its satisfactory performance for linear elasticity and thus, it can be
expected to perform well also for elastoplasticity. Concerning the ultimate limit state we note that
since it is more restrictive to enforce the yield conditions at the corner nodes than at the midside
nodes, it is immediately clear that the element will always produce collapse loads that are less
than or equal to those obtained by the standard displacement formulation.

3.3. Mathematical program

With the above approximation of the penalty term, the discrete functional (39) can be seen as the
Lagrangian associated with the following mathematical program:

min
un+1

max
r̂n+1

: − 1
2 (r̂n+1 − r̂n)TM(r̂n+1 − r̂n) + r̂n+1B̂(un+1 − un)

−pT(un+1 − un) + �
N∑

J=1
log s J

subject to: f J (r̂
J
n+1) + s Jn+1 = 0, J = 1, . . . , N�

(43)

To reduce this problem the generalized stresses are first considered known. This gives the following
optimality condition for the minimization part of the problem

B̂Tr̂∗n+1 − p= 0 (44)

which are simply the discrete equations of equilibrium. Next, the displacements are considered
known. In doing so we observe that the above condition gives

(un+1 − un)T(B̂Tr̂∗n+1 − p) = 0 (45)

for arbitrary (un+1 − un). Thus, the min–max problem (43) reduces to

maximize − 1
2 (r̂n+1 − r̂n)TM(r̂n+1 − r̂n) +

N∑
J=1

� log s J

subject to B̂Tr̂n+1 =p

f J (r̂
J
n+1) + s Jn+1 = 0, J = 1, . . . , N�

(46)

If M is positive semidefinite and f J (r̂
J
n+1) are convex, this is a standard convex optimization

problem whose solution is discussed in detail in Section 5.
The geometric interpretation of (46) is very clear: from a known point lying in the plane given

by hn : B̂Tr̂n−pn = 0, the new point is to be found by minimizing the distance (in the metricM) to
a parallel plane given by hn+1 : B̂Tr̂n+1−pn+1 = 0 so that the new point satisfies all f J (r̂n+1)�0.
This geometric interpretation is illustrated in Figure 2 for the case of perfect plasticity.
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Figure 2. Geometric interpretation linear elasticity/perfect plasticity in stress space.

3.4. Optimality conditions

The Lagrangian associated with (46) is given by

L= −1

2
(r̂n+1 − r̂n)TM(r̂n+1 − r̂n) + mn+1(B̂Tr̂n+1 − p)

−
N�∑
J=1

[�J
n+1[ f J (r̂Jn+1, j

J
n+1) + s Jn+1] − � log s J ] (47)

where mn+1 and �J
n+1 are Lagrange multipliers. The KKT conditions follow as

�L
�r̂n+1

= rss = − M(r̂n+1 − r̂n) − ∇�̂fn+1kn+1 + B̂(un+1 − un) = 0

�L
�ûn+1

= req = B̂Tr̂n+1 − p= 0

�L
�kn+1

= ryc = −fn+1 − sn+1 = 0

�L
�sn+1

= rcs = �S−1
n+1e − kn+1 = 0 ⇒ Sn+1kn+1 = �e

(48)

where the following matrix and vectors have been introduced:

kn+1 = [�1n+1, . . . , �
N�
n+1]T, fn+1 = [ f1(r̂1n+1), . . . , fN�(r̂

N�
n+1)]T (49)

sn+1 = [s1n+1, . . . , s
N�
n+1]T, Sn+1 = diag(sn+1) (50)

and e is a vector of ones. Finally, the Lagrange multipliers mn+1 have been identified as the
displacement increment un+1 − un . The task ahead is to solve these optimality conditions.
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3.5. Duality

As an alternative to solving the minimization part of the min–max problem (46) first, we can begin
by solving the maximization problem. The following minimization problem then appears:

minimize
(u,k)n+1

(r̂n+1)
T∇r̂fn+1kn+1︸ ︷︷ ︸∫

� D̊ n
n+1 d�

+ 1
2 (r̂n+1 + r̂n)TM(r̂n+1 − r̂n)︸ ︷︷ ︸∫

� An+1−An d�

− pT(un+1 − un)︸ ︷︷ ︸
(W̊ext)nn+1

subject to B̂(un+1 − un) =M(r̂n+1 − r̂n) + ∇r̂fn+1kn+1

f(r̂n+1) � 0, kn+1 � 0

(51)

It is here clear that the objective function is the difference between the total power of deformation
and the rate of external work. Furthermore, it is easy to verify that the optimality conditions (48)
are also the KKT conditions for the above problem. Using these optimality conditions it can be
shown that the objective function in (46) is equal to the one in (51), i.e. when all optimality
conditions are fulfilled we have

�̊n
n+1 = r̂T

n+1∇r̂fn+1kn+1 + 1
2 (r̂n+1 + r̂n)TM(r̂n+1 − r̂n) − pT(un+1 − un)

= − 1
2 (r̂n+1 − r̂n)TM(r̂n+1 − r̂n) (52)

The programs (46) and (51) can therefore be seen as being dual to each other. In practice this
feature can be exploited so that, in addition to the residual of the optimality conditions, the gap
between the primal and dual objective functions of (46) and (51) can also be used as a measure
of the progress of the solution algorithm.

4. SOLUTION ALGORITHM

Although the idea of applying standard mathematical programming algorithms to the solution
of incremental elastoplastic problems is not new, the approach has never been computationally
competitive with the more traditional methods described in Section 1. However, as also mentioned
in Section 1, in recent years the field of applied optimization has undergone a profound change
with the so-called interior point method replacing earlier algorithms in many, if not most, prac-
tical applications. This development was initiated in 1984 by the paper of Karmarkar [41] on a
linear programming algorithm with a proven polynomial complexity (a significant result since the
complexity of the simplex algorithm, the most widely used algorithm until then, is exponential). It
was soon realized [64], however, that the method of Karmarkar could be derived from the barrier
methods developed by Fiacco and McCormick [52] in the 1960s. Another important milestone is
the so-called primal–dual interior-point method of Lustig [65] which has become the prototype of
many modern convex programming algorithms. The primal–dual interior-point method, which will
form the basis of the algorithm developed in the following, aims to solve the optimality conditions
resulting from a problem where the objective function has been augmented by a logarithmic barrier
term as in (48). This is done using Newton’s method with a reduced step length in order to ensure
that all positively restricted variables remain positive throughout the iterations, i.e. that all points
sn+1 and kn+1 remain in the interior of the feasible solution space. Furthermore, as the solution is
approached the barrier parameter is reduced according to a certain rule usually relating the current
value of the parameter to the ‘duality gap’ �n+1 = sT

n+1kn+1.
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Besides the problems with ensuring that sn+1 and kn+1 remain strictly feasible throughout
the iterations, the main difficulty involved with applying Newton’s method to sets of optimality
conditions resulting from general mathematical programs is that usually very little knowledge about
the optimal solution is available. Thus, choosing an initial point within the convergence radius of
Newton’s method is generally impossible. A very important point in the practical implementation
of the primal–dual interior-point method is therefore a rule for how the barrier parameter should
be decreased in the course of the iterations. That is, if it is reduced too much the iterations will
diverge and if it is not reduced enough the iteration count may be unreasonably high. In most cases,
with a good barrier parameter reduction rule, the number of iterations required is around 20–50
independent of the size of the problem. In typical elastoplastic computations, however, the situation
is quite different. Here, a good estimate of the optimal solution is usually available, namely the
last converged solution. Of course, if large changes occur over a given load step this initial point
may not be particularly good, but the load step can then be reduced. It seems therefore, that the
safeguard provided by the interior-point methods in terms of the logarithmic barrier function is
not appropriate for general elastoplastic analysis where, using conventional methods, the number
of iterations in each load step rarely exceeds 10. In the following, the standard primal–dual
interior-point method is first briefly reviewed and a simple modification then proposed. As will be
demonstrated by example, this modification leads to iteration counts similar to, or perhaps slightly
better than, those typically encountered using conventional methods.

4.1. Standard primal–dual interior-point method

With the standard primal–dual interior-point method, Newton’s method is applied to the
optimality conditions (48) so that, in each iteration, the following set of equations is solved:⎡⎢⎢⎢⎢⎢⎣

−(M + H) B̂ −∇f ·
B̂T · · ·
∇fT · · I

· · S K

⎤⎥⎥⎥⎥⎥⎦
j

n+1

⎡⎢⎢⎢⎢⎣
�r̂

�u

�k

�s

⎤⎥⎥⎥⎥⎦ = −

⎡⎢⎢⎢⎢⎣
rss

req

ryc

rcs

⎤⎥⎥⎥⎥⎦
j

n+1

(53)

where superscript j refers to the iteration number, I is a unit matrix, K= diag(k), and

H=
N�∑
J=1

�J∇2
�̂�̂f(r̂) (54)

System (53) is not symmetric, but can easily be symmetrized, for example by multiplication of the
third row by −1 and the last row by −S−1. The computation of the increments of the variables, or
in optimization terminology, the search direction, is followed by the computation of the maximum
allowable step length subject to the condition that the new points k j+1

n+1 and s j+1
n+1 remain strictly

positive. If these variables are considered separately, two different maximum step lengths can be
computed as

	� = max
��I<0

((� j
n+1)I /��I ) and 	s = max

�sI<0
(s jn+1)I /�sI ) (55)

Alternatively, a common maximum step length given by

	= min(	�, 	s) (56)
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can be used. The new point is then determined as

x j+1
n+1 = x j

n+1 + 
	�x, x =u, r̂, k, s (57)

where 
 is a scalar which is usually chosen as being close to unity, e.g. 
 � 0.95–0.9995.
Finally, at the end of each iteration, a new barrier parameter is computed. There are

numerous heuristic rules for this, but typically it is determined on the basis of the duality gap
� j
n+1 = (s jn+1)

Tk jn+1. Thus, a very simple, but often effective strategy consists of computing the
new barrier parameter as

� j+1
n+1 = �� j

n+1/N� (58)

where � � 0.2–0.7. More elaborate rules are given in the interior-point literature, see, e.g.
References [42–44, 66] and references therein. The algorithm described above has previously
been applied to plastic limit analysis and design in References [48, 67].

4.2. Modified interior-point method

The modification of the above algorithm when applied to incremental elastoplasticity concerns
only the update rule. We first note that with a heuristic rule for updating � and a damping factor
less than unity, the quadratic rate of convergence that characterizes Newton’s method under ideal
circumstances in the limit of a vanishing residual cannot possibly be achieved. In fact, practical
experience shows that, even with a good strategy for reducing �, the convergence rate is linear at
best and often deteriorates as the problem size grows. In order to achieve convergence rates similar
to those offered by conventional methods we have therefore chosen to make two modifications.
First of all, the barrier parameter is chosen as � = 0 throughout. Secondly, we have found that the
best performance is generally achieved if a full Newton step (
 = 	= 1) is always taken and the
positively restricted variables then corrected after each iteration, should they become negative. Thus,
after each update of the variables, negative entries in k j+1

n+1 and s
j+1
n+1 are set equal to a small positive

number. Also, in order to ensure a numerically stable equation system, it is beneficial to limit the
minimum values of k j+1

n+1 and s
j+1
n+1. Thus, at the end of each iteration, k

j+1
n+1 and s

j+1
n+1 are corrected as

(� j+1
n+1)I := max((� j+1

n+1)I , ��), (s j+1
n+1)I := max((s j+1

n+1)I , �s) (59)

where �� � 10−9–10−12 and �s � 103�� are appropriate. Although very simple, this strategy is
surprisingly efficient.

4.3. Implementation issues

It is possible to reduce system (48) significantly prior to numerical solution. The two last sets of
equations give

�k=[−S−1(K�s + rcs)] jn+1, �s=[−∇f − ryc] jn+1 (60)

These can be used to eliminate �k from the first set of equations to give[−Mep B̂

B̂T 0

] j

n+1

[
�r̂

�u

]
=−

[
g

req

] j

n+1

(61)
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where

Mep =M + H + ∇fS−1K∇fT

g= rss + ∇fS−1(rcs − Kryc)
(62)

and finally the displacement and stress iterates can be determined separately as

�u= [B̂TCepB]−1r (63)

�r̂=Cep(B̂�u + g) (64)

where

r=−req − B̂TCepg, Cep = (Mep)−1 (65)

Suppose now that the yield conditions are applied at the same integration points as those used for the
integration ofM and that only one yield condition is applied at each stress node. Suppose further that
the stresses are interpolated on the basis of values at these points. The matrix Mep is then a block-
diagonal matrix with each block representing a stress point. Thus, at each stress point I we have

Mep
I =MI + HI + aI s

−1
I �IaT

I (66)

where

aI =∇ f I (r̂I ), HI = �I∇2 f I (r̂) (67)

Using the Sherman–Morrison formula the inverse of (66) is given by

(Mep
I )−1 =Cep

I =CI − CIaI (�
−1
I sI + aT

ICIaI )−1aT
ICI (68)

or

Cep
I =CI − CIaI DIaT

ICI (69)

where

CI =[MI + HI ]−1, DI = �I (sI + aT
ICIaI�I )−1 (70)

Similarly, for each stress point a residual vector can be computed as

rI =−req,I − B̂T
IC

ep
I gI (71)

By some rather lengthy but otherwise straightforward manipulations this reduces to

rI = B̂T
I (qI − r̂I ) + pI (72)

where

qI =−Cep
I rss,I + CIaI DI f I (r̂I ) (73)

The important point is here that, in contrast to (62), neither the elastoplastic modulus (69) nor the
residual vector (73) involve the term s−1

I . Thus, it is in fact possible to use a value of sI identically
equal to zero and the same of course goes for �I in which case the linear elastic stiffness modulus
appears. This is utilized in the following section. Before that, however, the calculation of �r̂, �k,
and �s is considered. Recall that the sequence in which the iterates are computed is

�u
(63)

→ �r̂
(64)

→ �s
(60)2

→ �k
(60)1

(74)
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Obviously, any inaccuracy contained in �u can potentially be amplified in each of the following
steps. The situation is further worsened by the fact that the final step, namely the computation of
the plastic multiplier increments, is extremely sensitive. Thus, in the case of yielding s−1

I tends to
infinity whereas ��I = − s−1

I (�I�sI + rcs,I ) should ultimately approach zero. Such computations
are bound to suffer from inaccuracies which ultimately destroy the overall convergence and in
many cases even lead to divergence. Alternatively, with �u determined, �r̂, �k, and �s can be
computed by solving a reduced system of equations. Again, this can be done separately for each
stress point. From (53) it is immediately seen that these equations can be written as

⎡⎢⎢⎣
MI + HI aI ·

aT
I · 1

· sI �I

⎤⎥⎥⎦
j

n+1

⎡⎢⎣
�r̂I

��I

�sI

⎤⎥⎦ =
⎡⎢⎣

�eI + rss,I

− f (r̂I ) − sI

−sI�I

⎤⎥⎦
j

n+1

(75)

where �eI = (B̂�u)I is the iterative strain increment at the I th stress node. Finally, all variables
are updated as

x j+1
n+1 = x j

n+1 + �x, x =u, r̂, k, s (76)

and the iterative procedure, starting with the solution of (63) and then skipping to (75), is repeated
until convergence.

4.4. Active set strategy

The procedure described above is generally quite robust and a point in very close proximity to the
optimal solution is determined in typically 3–10 iterations, depending on the extent of plasticity
and the change in structural behaviour from one increment to another. However, setting the slack
variables and plastic multipliers equal to some small number, when the final solution dictates
that they should be equal to zero, leads to a less than optimal rate of convergence, although in
practice it is in fact often almost quadratic. Nevertheless, it is desirable to improve the convergence
characteristics if possible. As with all inequality constrained problems the primary difficulty lies
in identifying the active set during the iterations. The knowledge of which points are yielding of
course does not guarantee that Newton’s method converges when applied to the resulting equations.
On the other hand, if convergence does occur the rate of this will be quadratic as the solution
is approached. In order to achieve this in the present context, the values of �s and �� should be
adjusted automatically so that they attain values of zero once we are confident that the active set has
been identified. Thus, once a slack variable sI has been identified as being equal to zero, solution
of system (75) implies that �sI will be equal to zero in all of the subsequent iterations so that no
further correction of this variable is needed. Conversely, if �I = 0 has been identified, �I remains
equal to zero in all subsequent iterations. With these considerations in mind the identification of
the active set proceeds as follows. First of all, unless the residual is below some tolerance AT OL ,
nothing is done. This provides a safeguard for making a wrong identification of the active set.
If the criterion is met, the active (and hence the inactive) set is identified after each update and
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correction of the variables as

For all yield constraints, k = 1, . . . :
if �k = �� and sk > �s → �k := 0 (elastic)

if �k > �� and sk = �s → sk := 0 (yielding)

(77)

4.5. Multisurface generalization

The generalization of the algorithm to multisurface plasticity is very straightforward and essentially
involves substituting scalar and vector quantities for vector and matrix quantities, respectively.
Consider the situation where NSI yield conditions are applied at each stress node I . We introduce
the following quantities:

fI = [ f 1I (r̂I ), . . . , f NSII (r̂I )]T
AI = [a1I , . . . , aNSII ]
sI = [s1I , . . . , sNSII ], SI = diag(sI )

kI = [�1I , . . . , �NSII ], KI = diag (kI )

(78)

and the multisurface equivalents to (69) and (73) are then

Cep
I =CI − CAIDIAT

ICI (79)

qI = −Cep
I rss,I + CAIDI fI (80)

where

CI =
[
MI +

NSI∑
k=1

�kI∇2 f kI (r̂I )

]−1

, DI =KI (SI + AT
ICIAIKI )

−1 (81)

Likewise, system (75) generalizes to⎡⎢⎣�r̂I
�kI
�sI

⎤⎥⎦ =
⎡⎢⎣M + H A ·

AT · I

· S K

⎤⎥⎦
−1

I

⎡⎢⎣B�u + rss
−f − s

−Sk

⎤⎥⎦
I

(82)

and the variables are updated as in (76). Obviously, the above relations contain the single surface
ones as the special case where NSI = 1 for all I .

The final multisurface algorithm is summarized in Box 1. As indicated, the iterations are bro-
ken off when the norm of the total residual becomes less than some tolerance ITOL, typically,
ITOL= 10−9.

It is noted that constraints which have initially been wrongly identified as active may at a later
stage be excluded from the active set. For example if a given constraint k has been identified as
active, we set sk = 0. In the next iteration the tangent modulus and residual vector will reflect this,
but it will not make much difference as compared to the case where sk = �s . In the local solution
step, on the other hand, it does make a difference as we will have �sk = 0. However, at some stage
�k may well become negative and after correction we would then have �k = �� and sk = �s and the
constraint would no longer be classified as active. However, in order to avoid too many of these
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classification changes it is prudent to not begin identifying the active set before the solution is well
on its way to converging. In Box 1 the measure for this is given by the parameter ATOL. Also, at the
beginning of each new load step all information about the active set in the previous step is discarded.

Box 1. Solution algorithm.

Initialize: r̂0, u0, k0, s0
Load steps, n = 0, . . . , nmax:

u0n+1 = un, r̂
0
n+1 = r̂n,

s0n+1 := max(sn, �se), k0n+1 := max(kn, ��e),

Iterations, j = 0, . . . , jmax:
rss = − M(r̂n+1 − r̂n) − An+1kn+1 + B̂(un+1 − un)

req = B̂
T
r̂n+1 − p

ryc = − fn+1 − sn+1

rrc =Sn+1kn+1

Tangent matrixI = 1, . . . , N�:

CI =
[
MI +

NSI∑
k=1

�kI∇2 f kI (r̂I )

]−1

DI =KI (SI + AT
ICIAIKI )

−1

∗ ∗ ∗ ∗ Cep
I =CI − CIAIDIAT

ICI

Global solve:
q= − Ceprss + CADf, r= B̂T(q − r̂) + p

K= B̂TCepB̂

�u=K−1r

Local solve, I = 1, . . . , N�:⎡⎣�r̂I
�kI
�sI

⎤⎦ =
⎡⎣M + H A ·

AT · I
· S K

⎤⎦−1

I

⎡⎣B�u + rss
−f − s
−Sk

⎤⎦
I

Update and correct:
x j+1
n+1 = x j

n+1 + �x, x =u, r̂, k, s

s j+1
n+1 := max(s j+1

n+1, �se) , k j+1
n+1 := max(k j+1

n+1, ��e) ,

Identify active set (optional):
If ||[rss, req, ryc, rcs]|| < AT OL

if �k = �� and sk>�s → �k := 0 (elastic)

if �k > �� and sk = �s → sk := 0 (yielding)

End iterations if ||[rss, req, ryc, rcs]|| < I T OL

End load step
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4.6. Line search procedure

Occasionally, when the load step is above some critical magnitude or when the curvature of the
yield function is very high (or a combination of the two), the algorithm fails to converge. Besides
reducing the step size such difficulties can in many cases be overcome by a line search so that a
damped, rather than a full, Newton step is taken. In the current implementation, we compare the
current residual to the residual resulting from a full Newton step before the variables are updated,
and if the norm of the latter is greater than the norm of the former a line search procedure is
evoked. This line search can be performed in a number of ways and a large body of literature exists
on the subject, see, e.g. Reference [68] and references therein. We have implemented a simple
bisection procedure where, in order to locate the minimum of the residual norm as function of the
step size with sufficient accuracy, some 5–10 residual evaluations are typically required.

4.7. Relation to Simo–Taylor method

It is apparent that the quantities defining the solution algorithm have much in common with those
of the celebrated method of Simo and Taylor [2]. Thus, the elastoplastic tangent modulus (68)–(69)
is identical to that derived by Simo and Taylor if either sI = 0 or �I = 0. In view of the fact that
the same physical problem is solved using the same method, namely Newton’s method, this is
of course not too surprising. Furthermore, the algorithm also contains an analogy to the return-
mapping iterations employed in the Simo–Taylor method. As is well-known, the return-mapping
procedure is equivalent to solving the following closest point projection (i.e. distance minimization)
problem at each Gauss point

minimize
r̂ j+1
n+1

1
2 (r̂

j+1
n+1 − r̂trial)TM(r̂ j+1

n+1 − r̂trial)

subject to f (r̂ j+1
n+1 )�0

(83)

where the trial stress state r̂trial follows from an elastic prediction given by

r̂trial = r̂n + M−1�e (84)

where �e is the total strain increment

�e= B̂(u j+1
n+1 − un) (85)

The principle behind the method is now to solve the closest point projection problem (83) in each
iteration and thus obtain the new iterative stress state r̂ j+1

n+1 and plastic multiplier � j+1
n+1, i.e. the

Lagrange multiplier associated with the constraint in (83).
If Newton’s method is applied to the KKT conditions associated with (83) and the iterations

are initiated from the point (·) jn+1 it is easily verified that the first iteration corresponds to the
solution of (75). In contrast to the Simo–Taylor method, however, the present algorithm only takes
this one iteration at the local level after which a global iteration is performed and so on until
convergence. Since the local constitutive conditions are not fulfilled at intermediate stages of the
iterative procedure the resulting residuals appear in the global residual, namely via qI in (72)–(73).

Thus, whereas there are some similarities between the two methods, there are also fundamental
differences. The question of course then arises as to which method is ‘best’. Since the cost of
solving the global system equations is usually much higher than the cost of performing the local
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return mapping iterations, at least for large-scale problems, the computational effort required in
each iteration appears to be quite similar for the two methods. Furthermore, on the basis of
extensive numerical experimentation we can conclude that the number of iterations used in each
load step for typical problems are quite similar. Regarding the issue of robustness, experience also
shows that the current method performs very well and special procedures such as line searches
are rarely needed, at least for moderately curved yield conditions such as that of von Mises. In
contrast, such procedures are often reported to be necessary for the Simo–Taylor method, even
with a moderate number of elements and for simple constitutive relations [55, 69].

Which method is more ‘natural’ in the sense of tackling the problem at hand in the most direct
way is another question which of course is highly debatable. In any case, the method presented here
breaks with the tradition of satisfying the local constitutive equations at the end of each iteration.
From a mechanical point of view this could be seen as being somewhat dubious whereas from an
optimization point of view it is completely in accordance with the well established rule-of-thumb
that it is desirable to have all residuals converge at more or less the same rate.

Also the basic idea of viewing the problem as one containing two distinct levels, the global
(structural) and local (material), is initially abandoned although, if a specific spatial discretization
implies a decoupling of the stress points, two such levels can indeed be identified and exploited
to formulate an efficient algorithm.

5. EXAMPLES

In the following a number of examples problems are solved to demonstrate the performance of
the proposed algorithm. In all examples the algorithm parameters were chosen as: �� = 10−12,
�s = 10−9, ITOL= 10−9, ATOL= 10−4.

5.1. Example 1: von Mises plasticity

The first example concerns the perforated plate shown in Figure 3. A total of ten displacement
increments of magnitude �u = 2× 10−3 are applied along the top boundary, giving rise to a load–
displacement curve as shown in Figure 4. In addition to applying the proposed algorithm, the
problem is also solved using the second-order cone optimizer MOSEK (www.mosek.com) which
has recently been applied to large-scale limit and shakedown analysis with some success [70–72].
A comparison of the two methods in terms of the number of iterations in each load step and
the total CPU time is given in Table I. As seen the number of iterations needed by MOSEK is
fairly constant and appears to be independent of the load level. In contrast, the proposed algorithm
requires slightly more iterations for load steps that bring about significant changes in the spread of
plasticity. Overall the present algorithm requires roughly one-third of the iterations used by MOSEK.
A smaller total CPU time is therefore to be expected. However, in comparing the CPU time per
iteration, the present method outperforms MOSEK by an additional factor of three. It should be
mentioned here that since the present method was implemented in MATLAB, only the time spent
solving linear equations was recorded. However, for problems such as the one considered in this
example the bulk of the total CPU time will be used on this task and the comparison is therefore
meaningful. Since it is not to be expected that the solver used by MOSEK is less efficient than the
UMFPACK solver used in MATLAB the discrepancy between the solution times must be due to the
structure of the equations actually solved. Indeed, if the original KKT system (53) is solved without
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Figure 3. Perforated plate.
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Figure 4. Load–displacement curves for perforated plate.

Table I. Iteration counts and CPU times for perforated plate example.

Step no. 3 4 5 6 7 8 9 10 Tot. iter. CPU (s) CPU/Iter. (s)

MOSEK 18 18 18 17 17 17 18 18 141 66 0.47
Present 4 5 7 6 6 5 4 4 41 6∗ 0.15∗

∗Solution of linear equations only.

reduction we achieve similar CPU times as those offered by MOSEK. These results illustrate the
fact that although it may be convenient to apply general purpose black box optimizers to this and
similar problems, the potential savings that can be made by paying due attention to the structure
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Table II. Residual norm and primal and dual objectives (52) for load step 5.

MOSEK Present

Iter. no. Res. norm Primal Dual Res. norm Primal Dual

1 7.64e−03 0.000038 66593.75 1.71e+02 1.094380 1.095379
2 2.08e−03 0.007244 345.1532 1.41e+01 1.093736 1.079687
3 7.00e−02 0.086998 13.50159 3.66e−01 1.078826 1.077050
4 7.30e−02 0.125820 10.37086 7.17e−02 1.077909 1.077034
5 7.40e−02 0.144572 8.448395 2.36e−03 1.077041 1.077035
6 6.30e−02 0.157813 8.038101 1.21e−05 1.077035 1.077035
7 8.10e−01 0.401708 6.662264 6.31e−11 1.077035 1.077035
...

...
...

... — — —
13 1.20e−02 1.076804 1.077013
14 2.90e−03 1.076987 1.077019
15 3.20e−04 1.077030 1.077031
16 4.20e−05 1.077034 1.077035
17 2.90e−06 1.077035 1.077035
18 2.40e−07 1.077035 1.077035

of the resulting KKT system is significant. Regarding the convergence of the residuals within a
given load step, the two methods are compared for the critical load step no. 5 in Table II. It is
evident here that MOSEK and the proposed algorithm are characterized by linear and quadratic
convergence rates, respectively.

5.2. Example 2: Drucker–Prager plasticity

The next example concerns the problem of a centrally loaded strip footing on a weightless,
cohesive-frictional soil. The material is linear elastic/perfectly plastic with yielding governed by
a smoothed Drucker–Prager criterion:

f (r) = I1 +
√
J2 + �2 − k (86)

where the parameters  and k are chosen as

 = tan�

3
√
1 + 4

3 tan
2 �

, k = c√
1 + 4

3 tan
2 �

, � = 0.05c√
1 + 4

3 tan
2 �

(87)

so that (86) matches the rounded Mohr–Coulomb criterion of Abbo and Sloan [73], with
cohesion c and friction angle �, in plane strain.

In the following analyses we use a Young’s modulus of E = 3000, a Poisson’s ratio of � = 0.3,
and a cohesion of c= 1. Two meshes as shown in Figure 5 are used. For B/L = 0 and � = 0 the
ultimate load is given by the well-known Prandtl solution

Vu/B = c
(
tan2

(
�
4 + �

2

)
e� tan� − 1

)
cot� (88)

First the problem is solved with the coarse mesh using friction angles of �= 20◦, 30◦, and �= 40◦.
For these analyses the two quadratic displacement/linear stress triangles discussed in Section 3.2
are used and 25 uniform displacement increments of �u = 0.02 are applied underneath the footing.
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Figure 5. Strip footing problem: coarse and fine meshes.

Displacement element
Mixed element
Analytical

Figure 6. Strip footing problem: results for coarse mesh.

The results of the analyses are shown in Figure 6. As seen, there is a marked difference between
the results produced by the two elements with the mixed element being far superior to the standard
displacement element. Since the difference between the two elements is essentially quite small
these results are perhaps somewhat surprising. Nevertheless, the same trend has been observed for
a large number of other problems and is consistent with the results obtained by Pontes et al. [60]
who, for a similar problem, used relatively coarse meshes to compute collapse loads to within a
few percent of the exact ones.

Next, the problem where �= 30◦ is considered in some detail for the case of the fine mesh. The
load–displacement curve for this case, using the mixed element and 100 displacement increments
of �u = 0.0015, is shown in Figure 7. In Table III some solution statistics are given.
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Figure 7. Strip footing problem: load–displacement curves for fine mesh.

Table III. Solution statistics for strip footing problem using fine mesh and
mixed quadratic displacement/linear stress triangle.

No. steps Iter, no l.s. Iter (l.s.) Iter/step V (u = 0.15)

10 ∗ 114 (17) 11.4 29.7418
20 ∗ 167 (12) 8.4 29.7426
40 273 275 (5) 6.9 29.7430
60 377 378 (5) 6.3 29.7432
80 474 473 (3) 5.9 29.7433

100 546 545 (4) 5.5 29.7433
200 952 951 (2) 4.8 29.7434
400 1656 1656 (0) 4.1 29.7434

∗Convergence not achieved after 200 iterations in the same load step.

As expected the number of iterations per load step decreases as the number of steps increases.
For 10 and 20 load steps it is further necessary, occasionally, to employ a line search procedure
in order to achieve convergence. On the other hand, when the number of steps increases above 40
the basic Newton method suffices and the effect of line search becomes marginal.

Regarding the accuracy of the analysis we note that the effect of the number of steps only has
a small influence on the final footing force at a displacement of u = 0.15. Thus, regardless of the
number of steps, the final footing force is only slightly more than 1% below the analytical solution
of Vu = 30.14.

Next, we examine the effects of relaxing the convergence tolerance ITOL. The results, in terms
of the total number of iterations required for different tolerances and number of steps, is shown
in Table IV. Whereas it is not too surprising that relaxing the convergence tolerance leads to a
smaller number of total iterations, it is somewhat surprising that the footing load–displacement
curve is relatively unaffected, even for very large tolerances and a small number of steps. The
results for the extreme case of 10 steps and a tolerance of ITOL= 1.0 are shown in Figure 8 and,
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Table IV. Effect of convergence criterion for strip footing problem using
fine mesh and mixed quadratic displacement/linear stress element.

ITOL= 1.0 ITOL= 0.1 ITOL= 10−3 ITOL= 10−9

Steps Iter (l.s.) Iter (l.s.) Iter (l.s.) Iter (l.s.)

10 51 (10) 65 (11) 89 (18) 114 (17)
25 59 (2) 85 (5) 139 (11) 195 (10)
50 79 (0) 135 (0) 211 (8) 331 (5)

100 114 (0) 196 (2) 336 (4) 545 (4)
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10 steps, ITOL = 1.0 (51 iterations)

10 steps, ITOL = 10-9 (114 iterations)

100 steps, ITOL = 10-9 (545 iterations)

Figure 8. Strip footing problem: load–displacement curves for fine mesh.

as can be seen, the solution is virtually indistinguishable from the solution produced using 100
steps and ITOL= 10−9. In terms of the ultimate load, for example, the difference is less than one
hundredth of a percent. A partial explanation for this is that even if the tolerance is very high, there
is a tendency for the optimality conditions to be violated only at a very limited number of points.
These violations concern primarily the yield criterion, with the other residuals usually being much
smaller. Since the total complementary energy (which is the quantity optimized) is comprised of
contributions from all stress points in the domain, a significant violation of the yield criterion at
a few nodes does not necessarily induce major global errors.

Finally, the progress of the algorithm for a selected number of load steps in the case where
10 steps are used and ITOL= 10−9 is shown in Figure 9. Clearly, the steps in which the largest
changes occur require the most iterations whereas the iteration counts decrease as the ultimate
limit state is approached. Also, a quadratic rate of convergence is achieved soon after the active
set has been identified.

5.3. Example 3: Multi-surface plasticity

The next example concerns a model where the overall yield surface is defined by three surfaces—a
cone, a hardening cap, and tension cut-off as shown in Figure 10. This type of model has been
widely applied to geomaterials and a large number of models, containing a smaller or a larger
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Figure 9. Strip footing problem: convergence results for fine mesh, 10 steps, and ITOL= 10−9.

Figure 10. Three-surface yield criterion.

number of material parameters, can be found in the literature, e.g. References [74–78]. In the
following a somewhat simplified model is used, with the three yield surfaces given by:

Cone: f1(r) = I1 + √
J2 − k

Hardening cap: f2(r, �) =
√
I 21 + J2 − (c0 + h�)

Tension cut-off: f3(r) = I1 − ct

(89)

where , k, c0, h and ct are material parameters. The hardening potential is taken to be

�p(�) = 1
2H

−1�2 (90)

so that the evolution of � is given by

�̇ = �̊hH (91)

The model is applied to the problem of a rigid footing on the top of a slope as shown in Figure 11
where a state of plane deformation is assumed. The model parameters used are shown in Table V.
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Figure 11. Strip footing on top of a slope (all measurements in m).

Table V. Model parameters for slope example. In all cases
the soil unit weight is � = 18 kN/m3, Young’s modulus

is E = 100 000 kPa, and Poisson’s ratio is � = 0.3.

k/c (kPa/kPa) 73.8/80.0
/� (dimensionless/◦) 0.112/20.0
c0 (kPa) 450.0
ct (kPa) 5.0
H (kPa) 100.0
h (dimensionless) 2000; 3000;. . . 8000

The parameters  and k are related to the plane strain Mohr–Coulomb c and � by (87). A total of
50 equally sized displacement increments were used.

The load–displacement curves for different values of h are shown in Figure 12. Clearly, the
effective stiffness of the footing after the initial stages, where the cap does not limit the possible
states of stress, decreases as h decreases.

In the course of the load stepping there are numerous stress points where two surfaces are active,
in particular the cone and the cap. The evolution of the number of active yield constraints is shown
in Figure 13where it is seen that activity of the cap for most part is accompanied by activity of
the cone. Eventually, since the cap is capable of unlimited hardening, the ultimate failure is by
way of activity of the cone and, to a much lesser extent, the tension cut-off. The distribution of
the plastic multipliers associated with the cone at a point close to collapse is shown in Figure 14.

Regarding the performance of the algorithm there did not seem to be any noteworthy difference
between this and the previous examples, the number of iterations per load step varied between
4 and 8 and a quadratic rate of convergence was observed in all load steps.

5.4. Example 4: Softening plasticity

The last example tests the applicability of the proposed solution algorithm to a non-convex problem.
The top boundary of the rectangular sheet shown in Figure 15(a) is subjected to a uniform vertical
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Figure 12. Load–displacement curves for strip footing on top of a slope.
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Figure 13. Activity of yield constraints for h = 6000.

Figure 14. Cone plastic multiplier field close to point of collapse.
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(a) (b) (c)

Figure 15. Example 4. Problem setup (a), discontinuous bifurcation (b), and finite element mesh (c).

displacement while the bottom boundary is fully restrained. Yielding is governed by an isotropically
softening von Mises criterion given by

f (r, �) =
√

�2x + �2y − �x�y + 3�2xy − kehlch� (92)

where k>0 and h>0 are material parameters and lch is a characteristic length. Following standard
practice, e.g. Reference [79] and references therein, the characteristic length is related to the
volume of the elements. For the constant strain triangles used in this example we set lch = √

A
with A being the element area. The hardening (softening) potential is given by

�p(�) = − 1
2 lchH

−1�2 (93)

where H>0. The evolution of � then follows from (11) as

�̇ = − �̊Heff (<0) (94)

where an effective modulus Heff = Hhkehlch� has been introduced. Since �2 f/��2<0 and
�2�p/��2<0 the finite-step mathematical program is non-convex in both the objective function
and the inequality constraints. Such problems often contain multiple local optima which of course
reflects the non-uniqueness of the corresponding continuous problem.

The material parameters are chosen as k = 1.0 (Nm−2), h = 0.2 (N−1 m), and H =
1000 (Nm−1). Young’s modulus is E = 1000 (Nm)−2 and Poisson’s ratio is � = 0.3. This gives an
effective softening modulus of Heff = 200ehlch� (Nm−2). For a problem without imperfections or
other features capable of inducing inhomogeneous stress states the acoustic tensor can be used to
assess the inclination of localization bands characterizing the discontinuous bifurcations that may
occur as a result of softening [80]. Thus, with reference to Figure 15(b), the determinant of the
acoustic tensor predicts possible localization band inclinations of

1
3 [1 + 4(Heff/E)1/2] � cos 2
 � 1

3 [1 − 4(Heff/E)1/2] (95)

For �= 0 this range is 10.8◦ � 
 � 52.6◦ whereas for � = −∞ the only possibility of localization
is given by a band inclined at 
 = 35.3◦. The mesh shown in Figure 15(c) where the diagonals
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(a) (b)

Figure 16. Load–displacement curves: (a) N = 2, . . . , 32; and (b) N = 32.

Figure 17. Evolution of equivalent plastic strain rate (N = 32).

are inclined at angles of �= 36.9◦ with vertical should thus be capable of capturing the expected
localization relatively well.

The problem is analysed for N = 2, 4, 8, 16, and 32 (32, 128, 512, 2048, and 8192 elements).
The load–displacement curves are shown in Figure 16(a) with a zoom of the conditions around
the peak shown in Figure 16(b). The load steps were adjusted in such a way that finer steps

Copyright q 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:592–626
DOI: 10.1002/nme



AN INTERIOR-POINT ALGORITHM FOR ELASTOPLASTICITY 623

were used around the peak. The results appear to be quite insensitive to the mesh density which,
however, primarily is a result of a favourable mesh arrangement and should not be taken as being
representative of arbitrary meshes. From an algorithmic point of view the interesting feature is that
there does not seem to be any significant problems with handling the considerable stress and strain
redistributions that take place around the peak, cf. Figures 16(b) and 17, although this of course to
some degree depends on the magnitude of the load step. Neither does the non-convex character of
the problem imply any observable difference in performance as compared to that experienced for
convex problems. For all analyses a total of 90 load steps were used with the average number of
iterations per load step ranging from 3.2 for N = 2 to 4.1 for N = 32. In all cases an asymptotically
quadratic rate of convergence was observed in all load steps.

6. CONCLUSIONS

An interior-point based algorithm for classical small-deformation rate-independent elastoplasticity
has been presented. Compared to conventional implementations, several modifications have been
made to exploit key features of common elastoplastic boundary value problems. The resulting
algorithm is both efficient and robust and leads to a quadratic rate of convergence as the solution is
approached. Furthermore, multisurface plasticity is dealt with in a straightforward manner and does
not require any additional or specialized procedures. Finally, the mathematical programming frame-
work presented appears to be convenient for implementing other finite element formulations than
those based on standard displacement elements. This has been exemplified by the implementation
of a mixed stress–displacement element which yields very accurate results, particularly regarding
the ultimate load, and which, to our knowledge, has not previously been used for elastoplasticity.
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