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ABSTRACT 

This paper examines the undrained stability of a shallow square tunnel in a soil whose 
strength increases linearly with depth. Rigorous bounds on the loads needed to resist 
collapse are derived using two numerical techniques which are based on finite element 
formulations of the classical limit theorems. Both of the numerical procedures assume a 
linearized perfectly plastic soil model and require the solution of  large sparse linear 
programming problems. For the range of tunnel geometries considered, the numerical 
results bracket the exact collapse loads closely. The solutions are presented in the form 
of stability charts which can be used by practising engineers for the purposes of design. 

INTRODUCTION 

This paper considers the stability of a long square tunnel in a soil whose shear strength 
increases linearly with depth. Loading is assumed to take place under undrained 
conditions in a state of plane strain. The tunnel, shown in Figure 1, is of dimension B and 
rests at a depth H below the ground surface. Collapse, which is triggered by the action 
of gravity and the surcharge es, is resisted by the internal tunnel pressure et and the 
undrained shear strength of the soil. The latter is assumed to vary according to 

cu(z)  = c,,o + o z  (1) 

where cuo is the undrained shear strength at the ground surface and p = dc,,/dz is the 
rate of change of shear strength with depth. The overall stability of the tunnel may be 
described conveniently by two load parameters, (as-el) /c~ and yB/c~, which are 
functions of QB/cuo and H/B. In most cases yB/cuo, QB/cuo and H/B are known and 
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it necessary to be able to ascertain the value of (os - ot)/CuO at incipient collapse. Although 
this problem occurs frequently in civil engineering works, it does not appear to have been 
widely studied. 
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Figure 1: Square tunnel in soil whose strength increases linearly with depth 

For a range of shallow tunnel geometries, this paper describes the application of two 
numerical techniques to yield sharp bounds on the load parameter (os-o~)/cuo.  The  
numerical schemes are based on a finite element formulation of the plastic limit theorems 
and lead to large linear programming problems. The kinematically admissible velocity 
field obtained by solving the upper bound optimization problem can be used to find an 
unsafe estimate of the collapse pressures. The solution to the lower bound optimization 
problem, on the other hand, defines a statically admissible stress field and thus yields a 
safe estimate of the collapse pressures. For the range of runnel geometries considered in 
this paper, the numerical solutions typically bound the exact stability number to within 15 
percent or better. 

A detailed description of the lower bound and upper bound formulations, including 
explicit coding details, may be found in Sloan [ 1,2]. This material will not be repeated here 
but a condensed outline of each technique will be given to illustrate the overall approach. 
Although elegant and powerful, the numerical schemes have not been used widely in soil 
mechanics applications. To appreciate the significance of the results, some understanding 
of the requirements and implications of the classical bound theorems is necessary. 
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NUMERICAL FORMULATION OF THE LOWER BOUND THEOREM 

The lower bound theorem assumes a rigid plastic soil model and states that any statically 
admissible stress field, which satisfies equilibrium, the stress boundary conditions and the 
yield criterion, will provide a rigorous lower bound on the true collapse load. Although 
this theorem has been widely used in geotechnical design, it is often very difficult to apply 
to practical problems involving complex loadings or complicated geometries. 

The use of finite elements and linear programming to compute rigorous lower bounds 
for soil mechanics problems appears to have been first proposed by Lysmer [3]. This 
formulation employed 3-noded triangular elements to model the stress field and 
illustrated the advantages of computing lower bounds numerically. Although Lysmer's 
procedure was potentially very powerful, its utility was initially limited by the slowness of 
the algorithms that were available for solving large linear programming problems. In 
recent years, major advances have been made in this area and the numerical stability of 
the formulation has also been improved remarkably. Since a typical lower bound 
optimization problem may involve several thousand unknowns, and an even larger number 
of constraints, it is essential to fully exploit any of its special features. In particular, the 
extreme sparsity of the overall constraint matrix should be taken into account to reduce 
the computation time and storage requirements. Detailed discussions of various lower 
bound approaches may be found in Anderheggen and Knopfel [4], Pastor [5] and Bottero 
et al. [6]. More recently, Sloan [1,2] has introduced a formulation which uses a newly 
developed active set algorithm and permits very large problems to be solved efficiently 
on a workstation or microcomputer. Advantages of the finite element method of 
computing lower bounds are numerous and include the ability to deal with complex 
loadings, complicated geometries and inhomogeneous soils. 
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Figure 2: Sign convention for velocities and stresses 

The sign conventions for the stresses, with compression taken as positive, are as shown 
in Figure 2. Three types of elements are employed, as depicted in Figure 3, and each of 
these permit the stresses to vary linearly according to 
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i=3 i=3 i = 3  

clx = ~ Ni ~ ; oz = ~ Ni azi ; t= = 2 Ni r=i (2) 
i=1 i=1 i=1 

where Ni  are linear shape functions and try., vzi, r~i are nodal stresses. Note that the 
rectangular and triangular extension elements, which enable a statically admissible stress 
field to be obtained for a semi-infinite domain, are based on the same linear expansion 
as the 3-noded triangle. 
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Figure 3: Elements for lower bound analysis 

A simple illustrative lower bound mesh for a square tunnel is shown in Figure 4. Unlike 
the more familiar types of elements used in the displacement finite element method, each 
node is unique to a single element and several nodes may share the same coordinates. To 
broaden the range of stress fields that are available to a particular mesh, statically 
admissible stress discontinuities are permitted at all edges that are shared by adjacent 
elements, including those edges that are shared by adjacent extension elements. A rigorous 
lower bound on the exact collapse load is ensured by insisting that the stresses obey 
equilibrium and satisfy both the stress boundary conditions and the yield criterion. Each 
of these requirements imposes a separate set of constraints on the nodal stresses. 

Noting the sign convention of Figure 2, the equilibrium conditions for plane strain are 

atrx + ar~z 0 ; atTz + Orxz . . . . . . . .  y (3) 
ax az az ax 

Substituting equations (2) in (3), we see that the nodal stresses for each element are subject 
to two equilibrium constraints of the form 

a l  x -  bl  (4)  

where al is a function of the nodal coordinates, x = {trxl ,Ozl ,r.~l ..... ax3 ,oz3 ,rxz3} T and 

bl = {O,~'}T 
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Figure 4: Illustrative lower bound mesh for square tunnel 

For each rectangular extension element, three additional equalities are necessary to 
extend the linear stress distribution to the fourth node. These equalities are 

(7..-.4 : O'xl -t- O ' , r3-  O'x2 ; O'z4 : O'zl "t- O 'z3 -O 'z2  ; t"xz 4 : t 'xz I -I- t'xT..3- t',-,2 

and may be written as 

a2x-- b2 (5) 
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where a2 is a matrix of constants, x = {trxl,crzx,r~l . . . .  O'X4,O'Z4,7"xZ4} T and b2 = { 0 , 0 , 0 }  T-  

The fourth node of the rectangular extension element is essentially a dummy node but is 
necessary to permit semi-infinite stress discontinuities between adjacent extension 
elements. 

A stress discontinuity is statically admissible if the shear and normal stresses acting on 
the discontinuity plane are continuous (only the tangential stress may jump). Since the 
stresses are assumed to vary linearly, this condition is met by forcing all pairs of nodes on 
opposite sides of the discontinuity to have equal shear and normal stresses. A typical 
discontinuity is defined by two nodal pairs, where the nodes in each pair have identical 
coordinates, and gives rise to four equality constraints. Using the well known stress 
transformation equations, which relate the stresses on an arbitrary plane to the cartesian 
stresses, the equilibrium conditions for each discontinuity may be written as 

a3x = b3 (6) 

where a3 depends on the orientation of the discontinuity, x = {crxl ,crzl ,r=1 .... Crx4 ,crz4, 

, rxz4} T and b3 = {0,0, 0, 0} T . 

To enforce prescribed boundary conditions, it is necessary to impose additional equality 
constraints on the nodal stresses. If the normal and shear stresses at the ends of a boundary 

segment are specified to be (tr, ll ,rl) and (trn2,t2), then substitution into the stress 
transformation equations leads to four equalities of the general form 

a4x = b4 (7) 

where a4 depends on the orientation of the edge, x -- {axl ,azl ,r~l ,a~ ,•z2 ,r=2} T and 

b4 - -  {tTnl ,r! ,tTn2 , r2}  T . When applied to a semi-infinite edge of an extension element, 
equation (7) ensures that the stress boundary conditions are satisfied everywhere along 
the edge. 

A key feature of the lower bound formulation is the use of a linearized yield criterion. 
This is necessary to avoid nonlinear constraints. Under conditions of plane strain, the 
Tresca yield criterion may be written as 

F = (crx-crz) 2 + 4r 2 -  4c 2 = 0 

where compression is taken as positive and cu may depend linearly on z .  In terms of the 
quantities (crx- Crz) and 2txz, this function plots as a circle of radius 2cu as shown in Figure 

5. 

To define a rigorous lower bound, the stresses at each point in the grid must lie inside 

the Tresca circle so that F < 0 .  Since this type of constraint is nonlinear, it is convenient 
to replace the Tresca circle by an inscribed polygon with p sides of equal length so that 
the yield criterion can be expressed as a series of linear inequalities. 
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Figure 5: Internal linear approximation to Tresca yield function 

With reference to Figure 5, which shows a six-sided approximation, the linearized yield 
criterion is given by 

where 

Fk - Akox + Bkcrz + Ckr=- 2Cu cos(n/p) < 0 

A t  = cos(2nk/p) ; Bk ffi - A k  ; Ck = 2sin(2nk/p) 

a~d k ranges from I to p. As each side of the the polygonal yield surface is linear in the 
unknown stresses, the above equation needs to be enforced at each node of each triangular 
element. This gives rise to a set ofp  inequality constraints of the form 

a5 x s b5 (8) 

where a5 is comprised of the coefficients A k ,  Be and Ck, x = {oa ,ozi ,1",~i} T is the stress 
vector for node i,  and h5 = 2cucos(~/p){1, 1 .... 1} T . 

For the four-noded rectangular extension element of Figure 3, constraints of the form 
of equation (8) apply at nodes 2 and 3 but, at node 1, a slightly different set of inequalities 
need to be enforced. If Fk/denotes the value of the kth side of the yield function at node 
i,  then it may be shown that the yield condition is satisfied everywhere in the extension 
zone by imposing the inequality constraint Fkt < Fk2. This leads to the following set of 
constraints 

a6 x ~ b6 (9) 
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where a6 is comprised of the coefficients A t ,  Bt and Ck, x = {uxl ,crzl ,rxzt ,O'x2,0"z2 ,'t'az2} T 

and b6 = {0 ..... 0} T. 

For the three-noded triangular extension element, it may be shown that we need to 
apply the constraints Fkl < Fk2, Fk3 < Fkz and Fk2 < 0 to ensure that the linearized 
yield criterion is not violated. The first two of these constraints are of the form of equation 
(9) whereas the last constraint is of the same type as equation (8). 

To formulate the lower bound theorem as a linear programming problem, it is necessary 
to define an objective function. For most plane strain geotechnical problems, we seek a 
statically admissible stress field which maximizes an integral of the normal stress crn over 
some part of the boundary. This integral corresponds to the collapse load and is expressed 
in terms of the unknown stresses. Since the stress distribution is linear, the integration can 
be performed analytically for each boundary segment to give 

L 
Q -- ~(~ , ,1  + 0,2) = Gx  (10) 

where Q is the collapse load per unit thickness, L is the length of the boundary segment 

and (an1 ,an2) are the normal stresses at its two ends. The objective function coefficients 
c are constants which depend on the orientation and length of each segment and x is a 
vector of cartesian stresses for the two end nodes. 

Once the elemental constraint matrices and objective function coefficients have been 
found using equations (4)-(10), the various terms may be assembled (by the usual finite 
element procedure) to furnish the lower bound linear programming problem. The task of 
finding a statically admissible stress field, which maximizes the collapse load over a 
specified area, may be written as 

Minimize - c T x  (11) 

Subject to AIX = B1 

A2X = B2 

A3X = B3 

A4X = B4 

AsX ~ B5 

A6X < B6 

where X is the global vector of unknown nodal stresses. This type of linear optimization 
problem is unusual since all of the variables are unbounded and, for most cases, the overall 
constraint matrix has many more rows than columns. A detailed discussion of the various 
alternatives for solving equation (11) may be found in Sloan [1] and will not be repeated 
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here. It suffices to note that an active set algorithm, developed by Sloan [2], is particularly 
efficient since it fully exploits the extreme sparsity of the constraints and permits very large 
analyses to be conducted on a workstation or microcomputer. 

NUMERICAL FORMULATION OF THE UPPER BOUND THEOREM 

One of the earliest investigations of a numerical formulation for the upper bound 
theorem, which employed finite elements in conjunction with linear programming, may 
be found in Anderheggen and Knopfel [4]. This work focused on the collapse of plates 
and gives an extensive discussion of alternative procedures. Using a similar approach, 
Bottero et al. [6] included the effects of velocity discontinuities and applied the method 
to a variety of soil mechanics problems. More recently, Sloan [7] has proposed a 
formulation based on duality theory which employs a steepest edge active set algorithm 
to solve the resulting linear programming problem efficiently. The upper bound method, 
like the lower bound method, typically leads to very large optimization problems involving 
several thousand variables and constraints, and it is essential to fully exploit the extreme 
sparsity of the constraint matrix. 
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Figure 6: Element for upper bound limit analysis 

The three-noded triangle used in the upper bound formulation is shown in Figure 6. 
Each node has two velocity components and each element has p plastic multiplier rates 
(where p is the number of sides in the linearized yield criterion). The velocities are 
assumed to vary linearly across each element according to 

i=3 iffi3 
U -~ ~ Ni Ui ; V ffi ~ Ni vi (12)  

iffil iffil 

where Ni are shape functions and (ui ,vi) are the nodal velocities in the x -  and 
z - directions respectively. A simple upper bound mesh for a square tunnel, which includes 
four velocity discontinuities, is shown in Figure 7. 
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the unknown velocities and plastic multiplier rates, it is again necessary to derive a linear 
approximation to the Tresca yield surface. Unlike the static method, which uses an internal 

Y =  2r= l 
l Tresca yield function 

k ~ : .  / X~ + Y2 = 4C2u 

ff 

- . \  f /  
k = ~  k=5 

linearized Tresca yield function (p = 6) 

Figure 8: External linear approximation to Tresca yield function 

polygon, the upper bound method uses an external polygon as shown in Figure 8. This 
polygon has p sides of equal length and is defined according to 

Fk = Akax + Bkaz + Ckr=- 2Cu = 0 (14) 

where Ak, Bk, and Ck are the same as for the lower bound linearization and k ranges from 
1 to p. Differentiating equation (12), and using equations (13) and (14), the flow rule 
constraints are obtained as 

iffi3 k=p ONi 
2.. -;Tui + ~. )~k Ak = o 

i = 1  v.,. k = l  

i=3 k=p ~" ONiv. = 
m , + y .  gk Bk 0 

i=I 07. k=1 

y o N ,  k=, 

O.g lPi "b i~__ l aZ 
Ui + 

k = l  

where each of the plastic multiplier rates ~[ k z O. When applied to each element, the 
general form of these constraints is 

a11x1+ a~xz = bl (15) 
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where all  and a12 are matrices of constants, bl---- {0,0,0} T , Xl m {U 1 ,V 1 ,U2,V2 ' 

U3 ,V3} T, and xz = {J-1 ..... ~[p}r with x2 >- 0. 

To permit kinematically admissible velocity discontinuities in the formulation, two 
additional constraints need to be imposed on the velocity field. The first of these arises 
from a specified sign condition which ensures that the power dissipated by relative sliding 
along a discontinuity is nonnegative. The second type of constraint is required to enforce 
the flowrule. If ut denotes the jump in the tangential velocity, the sign condition is defined 

so that I utl = s ut , where s = + 1 and is specified. Using the definition for ut, with the 

condition that s ut > 0,  leads to an inequality of the general form 

a2xl < b2 (16) 

where a2 is a function of s and the orientation of the discontinuity, xl = {ul ,v l ,  

u2, v2} x and b2 = 0.  This constraint is applied to each pair of nodes on a discontinuity 
so that the tangential velocity is always of the same sign along its length. The flow rule 

condition is un -- 0 ,  where un is the jump in normal velocity. Substituting the expression 

for un gives an equality constraint of the form 

a3xl = b3 (17) 

in which a3 is a function of the orientation of the discontinuity, xl = {ux ,  vl , u 2 ,  v2} T , 

and b3 = 0.  

The final type of constraint to be imposed on the velocity field arises from the boundary 
conditions. Boundary conditions are specified at selected nodes and, for the general case, 
may be written as 

a4xl = b4 (18) 

where a¢ is a matrix of constants which depend on the orientation of the relevant 

boundary, b4 is a vector of prescribed values, and xl  = {u i ,  vi} r for node i .  

To complete the upper bound formulation, it is necessary to define the objective 
function. Since we wish to compute a kinematically admissible velocity field which 
minimizes the internal power dissipation, we need to express this quantity in terms of the 
unknown velocities and plastic multiplier rates. The power dissipated per unit thickness 
in the out-of-plane direction, by sliding along a discontinuity, is given by 

Pa = j Culu t ldL 

L 

where cu may vary linearly with z and L is the length of the discontinuity segment. By 

substituting the expression for ut with the specified sign condition l ut[ = s u t ,  this 
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equation may be integrated to give Pd in terms of the nodal velocities according to 

Pa = s L  un + + ut2~--~- + - cTxl (19) 

in which (cub cu2)and (utl, ut2) are the nodal shear strengths and tangential velocity 

jumps, respectively, at each end of the discontinuity and xl = {u l ,  vÀ ..... u4 ,v4} T . The 
power dissipated by plastic deformation throughout each triangular element is defined as 

A 

where a unit out-of-plane thickness is assumed and A is the triangle area. Substituting 
(13) and (14) permits Pt to be expressed in terms of the plastic multiplier rates according 
to 

k=p 2 
Pt = "~ (Cut + Cu2 + C,,3)A ~ ). k = e~'x2 (20) 

k=l 

in which e2 is a function of A and Cul ,cu2 ,Cu3 (the nodal values of cu), andx2 = {,~1, 

. . . .  

Once the elemental constraint matrices and objective function coefficients have been 
found using equations (15)-(20), the various terms may be assembled in the usual way to 
furnish the upper bound linear programming problem. The task of finding a kinematically 
admissible velocity field, which minimizes the internal power dissipation for a specified 
set of boundary conditions, may be written as 

Minimize cTxI  + cTx2 (21) 

Subject to AllX1 + ALT.X2 = BI 

A2X1 < B2 

A3X1 -- B3 

A4X1 -- B4 

X 2 2 0  

where for a mesh with n nodes and e triangles, with m ffi pe, Xl ffi {Ul, vl ..... Un , Vn} T 

and X2 = {~[I ..... ~[m }r. A detailed analysis of various strategies for solving this type of 
linear programming problem may be found in Sloan [7]. One very efficient approach is 
not to solve (21) directly but, rather, to solve its dual. The dual linear programming 
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problem is ideally suited to solution by the same active set algorithm that is used for the 
lower bound linear programming problem. 

RESULTS 

In the most common type of loading, collapse of the tunnel of Figure 1 is triggered by 
the action of gravity with the internal tunnel pressure providing resistance to failure. For 
plane strain conditions where the soil flows into the cavity, the external power dissipation 
per unit thickness may be expressed as 

= (a,-z,)Ivdx+r][vd. dz 
z=O A 

(22) 

where A is the area of the soil mass which deforms at constant volume. This equation may 
also be written in terms of the dimensionless parameters (as-ut)/cuo and yB/cuo 

,.o:( :,)[ .jo...,..] +,' (23) 

according to 

These two quantities provide a convenient means for summarizing the stability of the 
tunnel and are commonly known as "stability numbers". They are both functions of H/B 
and oB/c,,o. In most design situations, it is necessary to be able to determine the maximum 

value of (Us- at)/q,o for given values of H / B ,  oB/cuo and yB/cuo. 

A typical lower bound mesh, for H/B = 5 and yB/cuo = 5, is shown in Figure 9. The 
grid has 1623 nodes, 508 triangles, 1 triangular extension element, 24 rectangular 
extension elements and 784 stress discontinuities, The arrangement of the extension 
elements ensures that the stress field can be extended throughout the semi-infinite domain 
of the problem without violating equilibrium, the stress boundary conditions or the yield 
criterion. This property guarantees that the solution is a true lower bound on the exact 
collapse load. To perform the actual lower bound computation, we first prescribe values 
for H/B , oB/cuo, Us and 7B/cuo and then solve (11) to find a statically admissible stress 
field which maximizes a uniform tensile stress over the face of the tunnel. For a 12-sided 
approximation to the Tresca yield surface, with oB/cuo = 0.5, the mesh of Figure 9 gives 

a lower bound of (Us - ot)/CuO = - 13.88. 

A typical upper bound mesh, also for the case of H/B = 5 and 7B/cuo = 5 , is shown 
in Figure 10. The grid has 2 vertical discontinuities and 2 horizontal discontinuities and 
the boundary conditions are as shown. In total, there are 666 nodes and 1120 triangles. 
To compute an upper bound for (as- ut)/cuo, we first select values for H / B ,  oB/cuo and 
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Figure 9: Lower bound mesh for square tunnel with H/B = 5 and yB/cuo = 5 

yB/cuo, and then set the integral of the downward velocity along the ground surface equal 
to unity. Because the plastic deformations associated with the Tresca yield condition occur 
at constant volume, the integral of the velocities normal to the tunnel face must be equal 
and opposite to the integral of the normal velocities at the ground surface. Before solving 
(21), we equate the power expended by the external loads to the power dissipated 
internally and then subtract the second integral in equation (22) from both sides. This 
creates additional terms in the objective function, but permits (crs-crt)/c,,o to be 
minimized directly. For the mesh of Figure 10, with a 12-sided approximation to the yield 
surface and the same properties as before, the finite element method furnishes an upper 
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bound on (as- crt)/cuo of -12.48. When combined with the lower bound result obtained 
previously, the exact collapse load has thus been bracketed to within about 10 percent. 
The kinematically admissible velocity field for this upper bound calculation is shown in 
Figure 11. 

X X x x : x X × X X X X x  
X X X X X X X x x : x x x  
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Figure 10: Upper bound mesh for square tunnel with H/B = 5 and yB/cuo = 5 

To provide an additional check on the upper bound results, the rigid block mechanisms 
shown in Figures 12 and 13 were also used to estimate the tunnel collapse pressures. These 
models permit plastic deformation to occur only at the interfaces between adjacent blocks, 
which act as velocity discontinuities. The simple trapdoor mechanism of Figure 12 assumes 
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the three variable angles. The geometry of the blocks is then optimised, by searching for 
the critical combination of (a,/~, 6),  to furnish the minimum value for (as - ~rt)/c,0 • For 

a tunnel with H / B  = 5 , 7 B / c u o  = 5 and QB/cuo = 0.5, the 3-variable mechanism gives 

an upper bound for (as - crt)/cuo of -12.50. This bound is slightly better than the value of 
-12.48 obtained from the finite element mesh of Figure 10. 
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Figure 12: Trapdoor mechanism Figure 13: 3-variable mechanism 

A complete set of stability bounds on (as - at)/cuo, for various values of H / B ,  QB/c,,o 

and yB/cuo, is shown in Table 1. This Table includes upper and lower bounds for the case 

of gB/c ,o  = 0 ,  which corresponds to a tunnel in a soil with uniform undrained shear 
strength Cu = cuo. The results for all of the analyses are presented in the form of 
dimensionless stability charts in Figures 14 to 18. Except for examples where the the load 

parameter (as - trt)/cuo approaches zero, the upper and lower bounds differ typically by 
less than 15 percent and are thus certainly precise enough for the purposes of design. The 
meshes for the various finite element computations were found by a trial-and-error 
procedure and a 12-sided linearization of the Tresca yield surface was used in all of the 
analyses. Numerical experiments suggest that increasing the accuracy of the ~eld surface 
approximation, by doubling the number of sides to 24, affects the computed bounds by 
less than a few percent. 

Since the statically admissible stress fields are based on analysis with a convex yield 
surface, it follows that the boundary of the safe load region, when plotted in terms of the 
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(c,,-cr,) 
cuo 

H OB ~,8 o 
B CuO CuO 

0 1.88 2.00 
0.25 2.12 2.25i 

1 0.5 2.36 2.50 

0.75 2.60 2.75 

1 2.85 3.00 

0 2.89 3.15 

0.25 4.08 4.43 

2 0.5 5.21 5.64 

0.75 6.25 6.79 

1 7.24 7.91 

0 3.46 3.82 

0.25 5.60 6.12 

3 0.5 7.62 8.38 

0.75 9.66 10.62 

1 11.68 12.83 

0 3.90 4.31 

0.25 %00 7.73 
4 0.5 10.05 11.09 

0.75 13.10 14.43 

1 16.15 17.75 

0 4.23 4.73 

0.25 8.45 9.36 

5 0.5 12.56 13.93 

0.75 16.67 18.47 

1 20.77 23.01 

CuO 

0.81 

0.60 

0.14 

-0.41 

-1.06 

0.95 

1.25 

1.50 

1.75 

2.00 

0.83 

2.20 

3.49 

4.68 

5.84 

0.48 

2.80 

5.07 

7.32 

9.56 

0.01 

3.47 

6.85 

10.19 

13.52 

-0.59 

4.09 

8.77 

13.23 

17.78 

7B 2 
cuo 

-0.44 -0.27 

0.25 

0.50 

0.75 

1.00 

-1.78 -1.51 

-0.11 

1.24 

2.53 

3.73 

-3.24 -2.87 

-0.53 

1.75 

4.00 

6.25 

!-4.83 .-4.38 

-0.85 

2.52 

5.86 

9.19 

-6.51 -5.96 

-1.20 

3.41 

7.98 

12.53 

Y__~.B = 3 
Cuo 

-1.83 -1.59 

-0.93 

-0.50 

-0.25 

0.00 

-4.22 -3.90 

-2.43 

-1.06 

0.29 

1.57 

-6.73 -6.27 

-3.87 

-1.58 

0.69 

2.94 

-9.38 -8.79 

-5.19 

-1.82 

1.53 

4.87 

-12.10 -11.36 

-6.51 

-1.87 

2.71 

7.2" 

yB 4 
Cuo 

-3.25 -2.97 

-2.20 

-1.60 

-1.25 

-1.00 

-6.73 -6.32 

-4.75 

-3.37 

-2.02 

-0.67 

-10.20 -9.70 

-7.20 

-4.90 

-2.63 

-0.38 

-13.81 -13.23 

-9.54 

-6.15 

-2.80 

0.54 

-17.60 -16.80 

-11.85 

-7.17 

-2.57 

2.00 

~,B 5 
Cuo 

--4.74 -4.38 

-3.85 -3.56 

-3.19 -2.84 

-2.63 -2.28 

-2.17 -2.00 

-9.36 -8.77 

-7.57 -7.10 

-6.16 -5.69 

--4.81 -4.33 

-3.54 -2.97 

-13.60 -13.16 

-11.16 -10.54 

-8.90 -8.23 

-6.71 -5.96 

• -4.59 -3.70 

-18.40 -17.71 

-14.69 -13.89 

-11.44 -10.49 

-8.35 -7.14 

-5.20 -3.79 

1-23.20 -22.28 

-18.18 -17.20 

-13.88 -12.50 

-9.73 -7.90 

-5.60 -3.33 

Table 1: Stability bounds for (os-  ot)/c~o 

Notes: 1. Bold entries indicate upper  bounds from 3-var iable  mechanism 
2. Blank entries for lower bounds can be found by l inear interpolat ion 

along rows using values at yB/cuo = 0 and yB/c,,o = 5 

load parameters  (as- ot)/cuo and yB/cuo, is also convex. This feature of the lower bound 
curves permits a parametr ic  study to be done without computing lower bounds  for all 

combinat ions  of H / B ,  oB/cuo, and yB/cuo. Except for cases where oB/cuo = O, Table 
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CuO 

2 .,. upper bound 

~ . ~ _ ~  ~ lower bound 
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oB/c,o = 1 

QB/cuo = 0.75 
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QB/c,,o = 0.25 

oB/c .o  = 0 

Figure 14: Stability bounds for square tunnel with H / B  = 1 
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x upper bound 
~ ~  ____. lower bound 
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o B / c ~  = 1 

oB/c,o -- 0.75 

oB/c,,o = 0.5 

QB/c,,o = 0.25 

QB/c~ = 0 

Figure 15: Stability bounds for square tunnel with H / B  = 2 
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10 ~ N ~ , upper bound 
N. , N lower bound 
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oB/cuo = 1 
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Figure 16: Stability bounds for square tunnel with H / B  ffi 3 



343 

16 

8 
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-8 

-16 

-20 

- upper bound 

-- lower bound 
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WC, 

eB/c,,,, = 1 

eB/cd = 0.75 

@B/cd = 0.5 

.gB/cd = 0.25 

eB/c,,+, = 0 

Figure 17: Stability bounds for square tunnel with H/B = 4 
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Fimre 18: Stabilitv bounds for sauare tunnel with H/B = 5 
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1 only gives lower bounds on (as-ot)/cuo for yB/c~ = 0 and yB/c~ = 5. Rigorous 
lower bounds for the remaining entries in each row of the Table can be found by using 
linear interpolation with these values. The accuracy of this approach, for all cases with 

oB/cuo -- 0, may be verified readily by comparing interpolated values against the 
complete set of lower bounds shown. 

For very shallow tunnels, we would expect the trapdoor mechanism and the kinematic 
finite element method to give the same upper bounds on (Os - ot)/c,,o. The results in Table 

1 indicate that this is indeed true for many of the cases where H/B = 1. When H/B < 1, 
the trapdoor mode of failure is undoubtedly very close to the true mode of failure, and 
the upper bound of equation (24) is a good approximation to the exact solution. The bold 
entries in Table 1 indicates that the best upper bound was obtained from the 3-variable 
mechanism of Figure 13. Generally speaking, this model gives quite good upper bounds 
for tunnels with H/B ratios in the range 2 to 4, and may improve on the kinematic finite 
element results by up to 10 percent. Typically, however, the results from these two 
procedures are within a few percent of one another, with the 3-variable mechanism 
becoming increasingly inaccurate for increasing values of H/B. 

CONCLUSIONS 

The undrained stability of a square tunnel in a soil whose strength is permitted to vary 
linearly with depth has been studied. The application of two numerical schemes, which 
employ finite elements in conjunction with the classical limit theorems, has enabled tight 
bounds on the exact collapse pressures to be derived. The solutions presented are fully 
rigorous, since they satisfy all the conditions of the static and kinematic theorems. 
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