
INTERNATIONAL JOURNAL FOR NUMERICAL AND ANALYTICAL METHODS IN GEOMECHANICS, VOL. 7, 135-141 (1983) 

LETTERS TO THE EDITOR 

NUMERICAL PREDICTION OF COLLAPSE LOADS USING 
FINITE ELEMENT METHODS 

by S. W. Sloan and M. F. Randolph, Int. j .  numer. anal. methods geomech., 6, 47-76 (1982) 

The Authors are to be congratulated on their 
contribution to the theoretical understanding of 
collapse predictions using Finite Elements, 
especially in axisymmetry. 

I too have considered the axisymmetric collapse 
problem, but using eight-noded isoparametric 
elements with reduced (2-point) integration. This 
technique, as acknowledged by the Authors, may 
improve the performance of lower order elements 
but at the expense of relaxing the requirement of 
zero volume change throughout the element. This 
latter point has not, in my experience, posed a 
threat to the accuracy of a finite element analysis 
provided collapse loads only were the aim of the 
calculations. Indeed, the errors inherent in any 
finite element analysis due to spatial discretization 
have been of more concern in the search for 
'accuracy', 

Zienkiewicz et al.,' using reduced integration, 
showed that a flow rule which predicted plastic 
volume changes ranging from incompressibility 
to fully associated Mohr-Coulomb made little 
difference to the computed collapse load in rela- 
tively unconfined plane strain problems. 
Similarly, the elastic properties assigned to a 
material within the failure surface have little 
influence on collapse loads although Poisson's 
ratio has a stiffening effect as it approaches one 
half due to the elastic incompressibility.' 

Naturally, volume change, or the tendency for 
it, has a dramatic effect on collapse loads in a 
truly couple& soil/fluid undrained analysis in 
which effective stresses and thus shear strength 
respond immediately to changes in pore 
p re~su re .~  

Returning to the axisymmetric problem, col- 
lapse predictions have been made using a visco- 
plastic algorithm with eight-noded elements and 
reduced integration. Using the mesh of Figure 1, 
the stress/displacement response of Figure 2 was 
obtained and this compared well with the 
Authors' computed results using fully integrated 
cubic strain triangles and with Shield's4 exact 
solution where 

q u L T =  5.69 C,, (1) 

Further results are shown in Figure 3 where 
solutions of Cox et a1.' for frictional weightless 
soils are compared with finite element calcula- 
tions, again using reduced integration. Once 
more, the results compare very favourably. 

Further numerical experiments must clearly be 
performed before firm conclusions can be estab- 
lished regarding the advantages of reduced 
integration apart from the obvious economies. 
Mounting evidence, however, indicates that 
simple elements, with reduced integration, are 
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Figure 1. Mesh used for axisymmetric analyses 
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Figure 2. Bearing capacity of a rigid circular footing using reduced integration 
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Comparison of finite element solutions using reduced integration with analytical 

able to predict colIapse loads in soil mechanics 
over a wide range of boundary value problems 
and soil types with some confidence. 

D. V. GRIFFITHS 
University of Manchester 

Simon Engineering Laboratories 
Manchester, England 
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The Authors appreciate the discussion by 
Griffiths* on the numerical prediction of collapse 
loads using the displacement type of finite ele- 
ment method. It is acknowledged that the 8- 
noded quadrilateral element, with reduced (2 X 2) 
integration of the element stiffness matrices, is 
capable of predicting incipient collapse with 
sufficient accuracy for a broad range of plasticity 
problems. In comparing the performance of this 
element with the high order element suggested 
by Sloan and Randolph,’ the Authors would like 
to make the following points: 
(1) High order triangular elements, with full 

integration of the element stiffness matrices, 
are economical and have proved to perform 
well for a broad range of soil mechanics prob- 
lems (Sloan’). To illustrate this point, con- 
sider a smooth rigid circular footing resting 
on a deep purely-cohesive layer, as shown in 
Figure 1. Load-deformation plots are given 
for a mesh of 8-noded quadrilaterals (with 
and without reduced integration) and a mesh 

of cubic strain triangles (with 12-point, 16- 
point and 25-point integration schemes). The 
total number of degrees of freedom for these 
two meshes are approximately equal. Apart 
from the different subroutines that are 
required to generate the shape functions, the 
computer program and solution algorithm 
used in both analyses are identical. Compar- 
ing the load-deformation plots in Figure 1, 
it is evident that analysis with the cubic strain 
triangle furnishes a marginally more accurate 
estimate of collapse load for this particular 
problem. In contrast to the results for the 
8-noded quadrilateral, the results for the 
cubic strain triangle analyses do not depend 
on the integration rule adopted. A summary 
of the computer times for all of the analyses, 
shown in Table I, indicates that the high order 
element is just as efficient as the 8-noded 
quadrilateral with reduced integration. 

(2) There are no problems with zero energy 
modes of element deformation when using 

I I 1 I 1 I I I 
A mesh SRF10. 8-noded quadrilaterals with 3 x 3  integration 
A # I  #< 0. #I # # 2 % 2  * I  

mesh SRF7 cubic strain triangles with 12-point. pressure 
16-point and 25-point integration 

all results for imposed dispkacement analysis 
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Figure 1. Deformation response for smooth rigid strip footing on a deep purely-cohesive layer : a comparison of 
results for the 8-noded quadrilateral and the cubic strain triangle 

* Preceding Letter. 
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Figure 2. Initial and deformed meshes for smooth rigid circular footing on a purely cohesive layer: results for 8- 
quadrilateral with reduced integration 

aoded 

the exactly-integrated high order elements. 
Although reduced integration may improve 
the ability of the 8-noded quadrilateral to 
predict incipient collapse accurately, the cor- 
responding displacement field may display 
some curious characteristics. Figure 2 illus- 
trates the initial and distorted mesh configur- 
ations for a smooth rigid circular footing on 
an undrained soil mass. For an imposed dis- 
placement of 5 per cent of the footing width, 

the elements in the vicinity of the footing 
deform in a bulging mode. Similar behaviour 
is shown in Figure 3 for the case of a flexible 
strip footing near a vertical cut. 

There are, of course, potential advantages and 
disadvantages to both forms of element, and the 
purpose of the paper was not to try and establish 
a superiority of one type of element over another. 
Rather, an attempt was made to identify the effect 
of constraints, imposed by element type and 

Table I. Timing statistics for analyses using the cubic strain triangle and the 8-noded quadrilateral 

Degrees of Type of Integration CPU time 
Element Mesh freedom loading rule 

8-noded quadrilateral SRFlO 816 Axisymmetric 2 x 2  211 

Cubic strain triangle SRF7 826 Axisymmetric 12-point 210 
SRFlO 816 Axisymmetric 3 x 3  298 

SRF7 826 Axisymmetric 16-point 250 
SRF7 826 Axisymmetric 25-point 324 
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Figure 3. Initial and deformed meshes for smooth flexible strip footing adjacent to a vertical cut: results for 8-noded 
quadrilateral with reduced integration 

integration procedures, on the ability to predict 

analysis. 
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BOOK REVIEW 
ENGINEERING PROPERTIES OF SOILS AND ROCKS, 
F. G. Bell, Butterworths. 

In the preface Bell states that the purpose of 
the book is to provide a brief survey of the 
engineering properties of major types of soils and 
rocks. The need for such a book, he claims, is 
necessary because most textbooks do not provide 
sufficient data relating to actual values of 

t Presently at Department of Engineering Science, 
Oxford University. 

engineering properties. The book is aimed at the 
undergraduate level and should be used to com- 
plement standard texts. Practising engineers may 
use it as a quick reference. 

The book is very timely in that more emphasis 
should be given to understanding the behaviour 
of geological materials. Students should learn 
realistic ranges of values of fundamental 
engineering properties and the influence of dis- 




