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Abstract The paper investigates the performance of vari-
ous time stepping schemes for coupled displacement and
pore pressure analysis. A number of alternative forms of
the automatic time stepping method proposed by Sloan
and Abbo (1999a) are also presented. These alternative
schemes use different updates for the displacements and
pore pressures and also adopt different starting conditions
for the iterations. The automatic schemes are compared
with an implicit h-method, as well as an explicit method,
through analysis of a variety of problems involving
undrained loading, drained loading, and consolidation for
Mohr-Coulomb and critical state models. As expected, the
numerical results confirm that the explicit scheme is
neither accurate nor robust. Although the implicit
h-method is accurate and fast, it fails to give a solution in
a number of cases where the time step is large. The
automatic schemes are shown to be accurate, fast and
generally robust. Two of the automatic schemes proposed
never fail to furnish a solution for the cases considered. In
addition, all the automatic schemes are able to constrain
the time-stepping (temporal integration) error in the
displacements and pore pressures to lie near a prescribed
tolerance, provided the iteration error tolerance is
properly chosen. For complex soil models, it is important
that the latter is set sufficiently small in order for the
schemes to be able to constrain the time-stepping error to
lie within a prescribed tolerance.

Keywords Algorithms, time stepping consolidation

1
Introduction
In geotechnical engineering, deformation is often coupled
with the flow of pore fluid. Finite element analysis of geo-
technical problems therefore often uses a mixed formula-
tion where the nodal variables are displacements and pore
pressures. Such a formulation eventually leads to a set of
stiff, non-linear ordinary differential equations in terms of
these variables. One critical issue for solving such a
system accurately is the choice of time discretisation. In the

literature, as well as in commercial software, the discreti-
sation in the time domain is usually carried out using the
generalised trapezoidal method (also called the h-method).
With the h-method, all time dependent variables are
estimated at some intermediate point within the interval,
depending on the actual value of h. The non-iterative explicit
method, which estimates time dependent variables at the
start of the interval, is usually avoided due to its poor sta-
bility properties. Therefore, the h-method is usually used in
an implicit form with the need for iterations in each time
step. The key disadvantage of the conventional h-method is
the need for a trial-and-error process to find an accurate and
efficient sequence of time steps. This is not a trivial task in
practice, as coupled consolidation problems often span long
durations with vary large gradients in pore pressures and
displacements at certain times.

In an effort to address the problems associated with
coupled consolidation analysis, Sloan and Abbo (1999a)
proposed an automatic time stepping scheme. This
attempts to choose the time subincrements so that, for a
given mesh, the time-stepping (temporal integration) error
in the displacements is close to a specified tolerance. For
each time step, the local error in the displacements is
found by taking the difference between a first-order ac-
curate backward Euler solution and a second-order accu-
rate Thomas and Gladwell solution (Thomas and Gladwell.
1988). The second-order solution is then used to update
the displacement and pore pressure throughout the anal-
ysis. Unlike existing solution techniques, the automatic
algorithm computes not only the displacements and pore
pressures, but also their derivatives with respect to time.
These ‘velocities’ are found using the first-order backward
Euler method and Newton-Raphson iteration, and the
method requires only one system of nonlinear equations to
be solved for each time step. To speed up convergence,
linear extrapolation of the velocities from the previous
step is used to start the iterations for each subincrement.
The performance of this automatic time stepping scheme
has been demonstrated on a wide variety of geotechnical
problems using associated and non-associated Mohr-
Coulomb models (Sloan and Abbo, 1999b). It was shown
to constrain the temporal integration error to lie near the
desired tolerance. It was also demonstrated that the
automatic scheme is largely insensitive to the size and
distribution of the initial coarse time steps, thereby
removing the need to determine the time stepping error by
an empirical trial-and-error procedure.

The main objective of this paper is to investigate the
performance of various time-stepping schemes for a
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variety of geotechnical problems. A number of variants of
the automatic time stepping method of Sloan and Abbo
(1999a) are also studied. The automatic schemes are
compared with an implicit h-method, as well as an explicit
method, through analysis of a variety of problems
involving different elastoplastic constitutive models and
different loading conditions.

2
Governing equations
In analysis of coupled deformation and fluid flow for
saturated soils, the governing equations are usually de-
rived from mechanical equilibrium of the soil skeleton and
mass balance of the pore fluid. The discretised governing
equations can be written as (see e.g. Sloan and Abbo,
1999a; Lewis and Schrefler, 1998)

Kep L
LT 0

� �
_UU
_PP

� �
þ 0 0

0 _HH

� �
U
p

� �
¼

_FFext

_QQext

� �
ð1Þ

Where U are the nodal displacements, P are the nodal pore
pressures, _UU is the time derivative of U, _PP is the time
derivative of P, and

Kep ¼
XZ

BT
uDepBu dv

L ¼
XZ

BT
umNp dv
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Bp dv
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In the equations above, Kep is the global stiffness matrix,
Bu is the element strain–displacement matrix, Dep is the
element stress–strain matrix, L is the global coupling
matrix, m ¼ f1; 1; 1; 0; 0; 0gT;Np is the matrix of the pore
pressure shape function, _HH is the flow matrix, Bp is the
matrix of the gradients of Np; k is the permeability tensor,
cw is the unit weight of the pore fluid, _FFext is the rate of
external force vector, _tt is the prescribed rate of surface
tractions, _bb is the rate of body force loading, _QQext is the
external fluid supply rate vector, q is the prescribed
surface flux, bp ¼ f0; cw; 0gT, and the summations imply
assembly of element vectors. Detailed definitions of these
terms may be found in Sloan and Abbo (1999a).

In contrast to conventional consolidation formulations,
the mechanical equilibrium terms in Eq. (1) are written in
terms of force rates. The left-hand side terms, Kep

_UU þ L _PP,
correspond to the internal force rates according to

_FF
int ¼ Kep

_UU þ L _PP ¼
XZ

BT _rr dv ð2Þ

where _rr is the total stress rate. The right-hand side
term, _FFext, corresponds to the applied external force rate.
Physically, the first row of Eq. (1) states that the internal
force rates must always match the external force rates, and

may therefore before regarded as a rate form of mechan-
ical equilibrium. The internal forces can also be written in
the standard incremental form

DFint ¼ KepDU þ LDP ¼
XZ

BTDr dv ð3Þ

where DFint are the internal force increments corre-
sponding to the given increments in the displacements DU
and pore pressures DP, and Dr are the corresponding total
stress increments.

The mass balance part of Eq. (1) is written in terms
of volume rates of pore fluid. As the pore fluid is assumed
to be incompressible, the fluid volume balance is equiva-
lent to the fluid mass balance. The terms LT _UU þ _HHP denote
the flow rate of the internal pore fluid according to

_QQ
int ¼ LT _UU þ _HHP ¼

XZ
NT

p _nn dv þ
XZ

BT
pv dv

ð4Þ
where _nn is the rate of change of the porosity (or the
volumetric strain rate for the soil skeleton) and
v ¼ fvx; vy; vzÞT is the Darcian velocity vector. Equation
(1) merely states that the external fluid supply rate _QQext

must equal the rate of internal volume change. The latter
can also be written in the incremental form

DQint ¼ LTDU þ h _HHP ¼
XZ

NT
pDn dv

þ
XZ

BT
pðhvÞdv

where DQint are the internal volume change increments for
the given displacement increments DU and pore pressures
P, h is the time step over which the deformation takes
place, and Dn is the porosity increment (volumetric
strain). Note that the internal volume increments are not
related to the pore pressure increments but, rather, the
current total pore pressure. This is fundamentally different
from the internal fore increment equation, where all
quantities are incremental in nature.

Equation (1) can also be rewritten in the compact form

Cep
_XX þ KX ¼ _WWext ð5Þ

with

Cep ¼ Kep L
LT 0

� �
K ¼ 0 0

0 _HH

� �
_WWext ¼

_FFext

_QQext

� �
and X ¼ fU;PgT and _XX ¼ f _UU; _PPgT.

The coupled equation (5) is usually solved step-by-step
with a time integration scheme. Because the coefficient
matrices Cep and K are generally dependent upon the
unknowns X, various time stepping schemes are distin-
guished mainly in the way these coefficient matrices are
evaluated.

3
Explicit method (EXBE)
The crudest methods for solving Eq. (5) use only the coef-
ficient matrices at the start of the time step and do not need
iteration. These explicit methods differ from one another in
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the way the unknown X is approximated. Although they are
only conditionally stable for consolidation analysis (see
Booker and Small, 1975), explicit time stepping schemes are
still used in some commercial software. In this paper, the
performance of the explicit backward Euler scheme (EXBE)
is investigated. With this scheme, Eq. (5) is linearised for a
time increment ½tn�1; tn�1 þ h	 according to

CepDXn þ hKðXn�1 þ DXnÞ ¼ Wext
n � Wext

n�1

where Cep and K are evaluated at Xn�1;DXn is the incre-
ment to be solved, and h is the step size. Without con-
sidering cumulative unbalanced forces, we can solve this
equation explicitly to give

DXn ¼ ðCep þ h KÞ�1ðWext
n � Wext

n�1 � h K Xn�1Þ
In this simple procedure the total unbalanced forced will
accumulate over consecutive increments and may even-
tually cause the solution to become grossly inaccurate. To
take into account the unbalanced forces at the start of the
step, we note that

Wext
n � Wext

n�1 � h K Xn�1 þ
Funb

n�1

0

( )

¼ Fext
n � Fext

n�1 þ Fext
n�1 � Fint

n�1

Qext
n � Qext

n�1 � Qint
n þ Qint

n�1

� �
¼ Fext

n � Fint
n�1

DQext
n � Qint

n

� �

where the explicit internal volume increments are given by

DQint
n ¼ LT0 þ h _HH Pn�1 ¼ h _HH Pn�1

Therefore, assuming the unbalanced forces Funb
n�1 are dis-

sipated over the current time step, the right hand side with
a correction for the unbalanced forces becomes

Rn
Fext

n � Fint
n�1

DQext
n � DQint

n�1

� �
The explicit incremental solution with unbalanced force
correction is thus summarised by the equations

DXn ¼ ðCep þ h KÞ�1Rn

Xn ¼ Xn�1 þ DXn

4
Implicit method (IMBE)
In the literature, the coupled equations for displacements
and pore pressures are most often solved using the
h-method. Applying this procedure to Eq. (5) gives

CepfXn � Xn�1g þ h Kfð1 � hÞXn�1 þ hXng
¼ hfh _WWext

n þ ð1 � hÞ _WWext
n�1g

where h is an integration parameter in the interval
0 
 h 
 1 and h � 0:5 for unconditional stability (Booker
and Small, 1975). The backward Euler scheme, with h ¼ 1,
has excellent damping characteristics (Wood, 1990) and
leads to

CepfXn � Xn�1g þ hKXn ¼ h _WWext
n ð6Þ

where Cep and K are evaluated at Xn. Due to to non-lin-
earity in Cep and/or K, this equation must be solved for Xn

by iteration. Using the standard Newton-Raphson method,
the residual vector is defined as

RðXnÞ ¼ h _WWext
n � CepfXn � Xn�1g � hKXn

¼
DFext

n

DQext
n

� �
�

Kep L

LT 0

� �
Un � Un�1

Pn � Pn�1

� �

�
0 0

0 h _HH

� �
Un

Pn

� �

¼ DFext
n

DQext
n

� �
� DFint

n

DQint
n

� �
Again, we can add the unbalanced forces at the start of the
current time step so that they do not accumulate in sub-
sequent steps. If these are dissipated over the current time
step, the residuals become

RðXnÞ ¼
DFext

n � DFint
n

DQext
n � DQint

n

( )
þ Funb

n�1

0

( )

¼
Fext

n � Fint
n

DQext
n � Qint

n

( )

The iterative backward Euler updates are then

dXj ¼
	

CepðXj�1
n Þ þ hKðXj�1

n Þ

�1

RnðXj�1
n Þ

DXj
n ¼ DXj�1

n þ dXj

Xj
n ¼ Xn�1 þ DXj

n

where the superscript j indicates the iteration number and
X0

n ¼ Xn�1. The iterations are terminated once the unbal-
anced forces are small in comparison to the external forces
according to

jjFext � Fintjj2 
 ITOL jjFextjj2 ð7Þ
where ITOL is a tolerance typically in the range 10�3–10�6.

Although the IMBE method is unconditionally stable,
the Newton-Raphson iteration it uses may not always
converge and smaller time steps must be adopted. Other
iteration schemes can of course be employed with this
method, but they also suffer from the same problem. In
this paper, the IMBE scheme is deemed to fail if conver-
gence is not reached within a maximum number of
iterations (usually 1000).

5
Automatic method (AUT)
In a effort to solve coupled consolidation equations ac-
curately and reliably, Sloan and Abbo (1999a) designed an
automatic time stepping scheme with error control which
uses both the first-order accurate backward Euler method
and the second-order accurate Thomas and Gladwell
(1988) method. Their procedure stores not only the
deformations and pore pressures, but also their rates, and
obtains the error estimate at virtually no extra cost. Some
simple variants of this method are now described.

Applying the first-order-accurate backward Euler
method to Eq. (5) leads to the linearisation

Cep
_XXn þ KðXn�1 þ h _XXnÞ ¼ _WWext

n ð8Þ

124



which is the rate form equivalent of Eq. (6). The Thomas
and Gladwell (1988) method, with all its integration
parameters set to unity, gives

Cepð _XXn�1 þ hAÞ þ KðXn�1 þ h _XXn�1 þ h2AÞ ¼ _WWext
n

ð9Þ
where A denotes an average acceleration over the time step
h. This scheme is second-order accurate, unconditionally
stable, and damps all unwanted noise at infinity (Thomas
and Gladwell, 1988; Wood, 1990).

For the same starting values Xn�1, these first-order and
second-order accurate methods lead to an identical system
of equations if

_XXn ¼ _XXn�1 þ hA

The first-order accurate update based upon _XXn is

~XXn ¼ Xn�1 þ h _XXn ð10Þ
while the second-order accurate update is

Xn ¼ Xn�1 þ h _XXn�1 þ
1

2
h2A

¼ Xn�1 þ
h

2
_XXn þ _XXn�1

	 

ð11Þ

where

A ¼
	
_XXn � _XXn�1



=h

and _XXn�1 is assumed to be known.
For each time substep, the local error estimate in the

displacements is taken as the difference between the
second-order accurate solution (11) and the first-order
accurate solution (10) according to

En ¼ h

2

	
_XXn�1 � _XXn



ð12Þ

For the purpose of error control, jjEnjj may be replaced by
the dimensionless relative error measure

Rn ¼ max
jjEu

njj
jjUnjj

;
jjEp

njj
jjPnjj

� �
ð13Þ

where

Eu
n ¼ h

2

	
_UUn�1 � _UUn



ð14Þ

Ep
n ¼ h

2

	
_PPn�1 � _PPn



ð15Þ

and ðUn;PnÞ are the displacements/pore pressures at the
current time, i.e. Xn.

The current time subincrement is accepted if Rn com-
puted from Eq. (13) is less than some specified tolerance
on the local error, ETOL, and rejected otherwise. In either
case, the size of the next time step hnþ1 is found from

hnþ1 ¼ qhn

where q is a factor which is chosen to limit the predicted
local error. Following Sloan and Abbo (1999a), a suitable
value for q can be found from the simple expression

q ¼ 0:8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ETOL=Rn

p

with the additional constraints

0:1 
 q 
 2

For a successful subincrement where Rn < ETOL, Sloan
and Abbo (1999a) update the displacements and pore
pressures at the end of each substep using the second-
order accurate formula (11). Their velocities for each step
_XXn are found from the backward Euler scheme (8) with the
following Newton-Raphson iteration schème

_RRð~XXj�1
n Þ ¼

_FFext
n � _FFintð~XXj�1

n Þ
_QQext

n � _QQintð~XXj�1
n Þ

( )

þ
Funb

n�1

h

0

( )
¼

Fext
n �Fint

n

h

_QQext
n � _QQint

n

( )
ð16Þ

d _XXj ¼
	

Cepð~XXj�1
n Þ þ hKð~XXj�1

n Þ

�1 _RRnð~XXj�1

n Þ ð17Þ
_XXj

n ¼ _XXj�1
n þ d _XXj ð18Þ

~XXj
n ¼ Xn�1 þ h _XXj

n ð19Þ
Note that the unbalanced forces at the start of the current
time step are added to the residuals in Eq. (16) in rate
form. There are a number of alternatives that can be used
to start the iterations. Sloan and Abbo (1999a) adopt

~XX0
n ¼ Xn�1 þ h _XXn�1 ð20Þ

which is simply a linear extrapolation from the previous
time step. Alternatively, the iterations can be started with

~XX0
n ¼ Xn�1 þ h _XXn�1 þ

h2

2
€XXn�1 ð21Þ

or with

~XX0
n ¼ Xn�1 ð22Þ

In Eq. (21), €XXn�1 ¼ ð _XXn�1 � _XXn�2Þ=h denote the accelera-
tions over the time step ½tn�2; tn�1	 and the starting values
are based on quadratic extrapolation. Equations (20) and
(21) generally lead to faster convergence, but should not be
used if the nature of the loading changes sharply from one
increment to another. In this case, Eq. (22) which is the
standard condition for Newton-Raphson iterations, is the
safest option.

To terminate the iterations, Sloan and Abbo (1999a) use
the convergence criterion

hjjd _UUjjj 
 ITOLjj~UUj
njj ð23Þ

which requires the iterative displacements to be small
relative to the first-order accurate total displacements.
Using the displacements, instead of the unbalanced forces,
to terminate the iterations is consistent with their dis-
placement-based error control in the time stepping. Test
runs performed independently indicate that schemes using
displacement norms perform better than those using
unbalanced force norms, perhaps because they are subject
to less ‘chatter’. If convergence is not achieved within a
specified maximum number of iterations (typically 50), or
if the residual ceases to be reduced at an acceptable rate,
the step size is cut by a factor of four and the process is
repeated. Equation (23) is also used here, as independent
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testing suggests that this condition is sufficient to ensure
good solution accuracy in the solution.

Once the velocity _XXn is found for the current substep,
the relative error Rn is calculated using Eqs. (12) and (13)
and compared with the prescribed tolerance ETOL. If the
subincrement is accepted, the unknown Xn is updated
using either the first-order accurate solution (10) or the
second-order accurate solution (11). Note that in the latter,
the unbalanced forces are computed only at the end of the
first-order accurate update and not at the final update.
This characteristic, which may be interpreted as a lag
between the unbalanced forces and the solution point,
introduces only small errors for analyses with simple
elastoplastic models such as the Mohr-Coulomb yield
criterion (Sloan and Abbo, 1999b). Recent experience,
however, suggests that, for complicated soil models, such
as the critical state family, the unbalanced force after the
second-order update should be checked and additional
Newton-Raphson iterations performed if necessary. If the
first-order update is used with the error control of Eq.
(13), and the governing equations are sufficiently smooth,
the global time-stepping error grows in proportion toffiffiffiffiffiffiffiffiffiffiffiffi

ETOL
p

. Under the same conditions, the error growth for
the second order update has the desirable property of
being directly proportional to ETOL. The proofs of these
key results can be found in Shampine (1994).

The notation used to distinguish the various automatic
schemes that are considered in this paper is given in
Table 1. For example, the automatic scheme that uses the
standard starting condition, Eq. (22), and the first-order
accurate update, Eq. (10), is termed the AUT1S scheme.
The original automatic scheme of Sloan and Abbo (1999a)
corresponds to the AUT2L scheme.

6
Applications
In this section, the time stepping schemes summarised in
Table 1 are applied to a number of footing problems.
Theses problems involve a smooth footing, either rigid or
flexible, on an elastoplastic soil layer. The finite element
mesh (comprising 6-noded triangles) and boundary
conditions for the various analyses are shown in Fig. 1.
The same mesh is used for all analyses so that the spatial
discretisation error, which is not considered here, has the
same effect on all the schemes. The results focus on the
ability of various algorithms to control the time stepping
error under different types of footing load.

To simulate the behaviour of a rigid foundation, the
footing is subjected to a set of uniform vertical displace-
ments and an equivalent pressure is computed by
summing the appropriate vertical nodal reactions. The
imposed displacements in all these examples are sufficient

to approach the collapse state. In the flexible footing an-
alyses, a set of vertical pressures are imposed on the
footing and the displacement is monitored at the centre
line. To avoid problems with uncontained plastic flow, the
imposed load is limited to approximately 50% of the
collapse load. Both drained and undrained loading are
analysed for all cases. For drained loading, the pore
pressure at the upper boundary of the soil layer is kept to
zero and the forces or displacements are applied very
slowly so that no excess pore pressures are generated. For
undrained loading, the upper boundary is taken as
impermeable and the forces or displacements are applied
over a relatively short time. In all cases, each time stepping
scheme is run using 10 and 50 equal-sized displacement or
load increments. These constitute trial (or coarse) load
steps and are subdivided by the automatic schemes if
needed.

In all analyses, the solution error tolerance ETOL is set
to 10�3 and the iteration error tolerance ITOL is set to
10�5, unless indicated otherwise. At the stress point level,
the elastoplastic constitutive models are integrated using
an explicit adaptive substepping scheme (Sloan et al.,
2001), with a stress error tolerance of 10�6 and yield sur-
face drift tolerance of 10�9. References solutions for each
problem are obtained using the implicit backward Euler
method (IMBE) with 10,000 increments and ITOL ¼ 10�6.
Independent test runs indicate that further increasing the
number of increments, or decreasing the iteration toler-
ance, does not lead to any significant change in the
reference solutions. All CPU times presented are for a
Pentium III 700 MHz processor with 256 Mb memory.

An analysis is regarded as a failure if the computation
cannot be completed. Failure typically occur because of a
lack of convergence within the prescribed maximum

Table 1. Alternative forms of the automatic scheme

Updates Starting condition

Eq. (22) Eq. (20) Eq. (21)

1st order update Eq. (10) AUT1S AUT1L AUT1Q
2nd order update Eq. (11) AUT2S AUT2L AUT2Q

Fig. 1. Footing mesh (625 nodes, 288 elements)
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number of iterations (usually 1000), the use of unreason-
ably small substeps, numerical breakdown in the equation
solver, or numerical problems in the stress integration
process.

6.1
Rigid footing on Mohr-Coulomb weightless
soil – undrained loading
The first example considered is that of a rigid footing on a
weightless soil layer. The soil is modelled by the simple
Mohr-Coulomb model with a non-associated flow rule.
The material properties used in the analysis are as follows

/0 ¼ 20�; w0 ¼ 0�; c0 ¼ 1:0; E0 ¼ 200:0;

l0 ¼ 0:3; cw ¼ 10; k ¼ 10�7

where /0 is the friction angle, w0 is the dilatancy angle, c 0 is
the cohesion, E0 is Young’s modulus, l0 is Poisson’s ratio,
cw is the unit weight of the pore fluid, and k is the
permeability. Note that the unit weight of the soil can be
assumed to be zero, but not the unit weight of the pore
fluid. The initial total stresses and initial effective stresses
are taken to be uniformly zero in the layer. Any pore
pressure generated during loading is, therefore, purely
excess pore pressure. A vertical displacement of 5% of the
footing width is imposed on the footing over a period of
200 units, in 10 or 50 equal increments.

The results for this problem are shown in Table 2. Both
the explicit and implicit backward Euler methods (EXBE
and IMBE) fails to give a solution, due to a numerical
breakdown in the stress integration phase for the former
and a failure of convergence for the latter. Test runs re-
vealed that the IMBE scheme needs to be used with about
100 equal-size increments in order to furnish a solution,
while the EXBE scheme is not able to give a solution even
with 100,000 increments. The six automatic schemes all
furnish solutions with no difficulty. The iteration and
subincrement counts, as well as the CPU times, for the
automatic schemes are not very sensitive to the number of
coarse time steps. The AUT1Q scheme, which uses qua-
dratic extrapolation to start the iterations and the first-
order update, is the most efficient automatic procedure.
The AUT2S scheme, which uses the standard Newton-
Raphson starting condition and the second-order update,
is the least efficient method. Compared to the schemes
without extrapolated starting values (S), the schemes with

linear extrapolated starting values (L) use typically one
half to one third of the iterations, but similar numbers of
substeps. The schemes with quadratically extrapolated
starting values (Q) use about 70% of the iterations and
about 60% substeps of the schemes with linearly extrap-
olated starting values (L). The first-order update and
second-order update schemes use similar numbers of
iterations and substeps. When employed with the same
starting values.

The final footing pressures predicted by the automatic
schemes are all the same to four significant figures. The
footing pressure–displacement plots, shown in Fig. 2 for 10
increments and in Fig. 3 for 50 increments, confirm that all
six automatic schemes give accurate predictions over the
entire loading range, regardless of the number of coarse
time steps used (results are shown only for AUT1L and
AUT2L).

Another indicator of the solution accuracy for the var-
ious time-stepping schemes can be computed using the
measure

Xerror ¼ maxfjjU � Uref jj2=jjUref jj2; jjP � Pref jj2=jjPref jj2g

where Xerror is the global time-stepping error, U is the
global displacement vector at time t,P is the global pore
pressure vector at time t, and Xref ¼ ðUref ;PrefÞ is some
accurate reference solution at time t. In Fig. 4, this

Table 2. Results for rigid
footing on Mohr-Coulomb soil
(/¢ = 20�, w = 0�, c¢ = 1.0,
E¢ = 200.0, l¢ = 0.3, k = 10)7,
ETOL = 10)3, ITOL = 10)5)

Scheme Total iterations Total substeps CPU time (s) Final footing pressure

10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s

EXBE fail fail fail fail fail fail fail fail
IMBE fail fail fail fail fail fail fail fail
AUT1S 543 504 96 98 494 428 4.97144 4.97143
AUT1L 202 224 81 98 157 155 4.97143 4.97145
AUT1Q 149 172 48 66 121 122 4.97136 4.97144
AUT2S 536 663 89 98 571 540 4.97141 4.97144
AUT2L 202 225 81 98 267 274 4.97141 4.97144
AUT2Q 149 172 48 66 219 227 4.97135

Reference
solution?

42,176 0 24,221 4.97148

? Computed using IMBE scheme with 10,000 equal load increments and ITOL = 10)6

Fig. 2. Load–displacement response of rigid footing on un-
drained Mohr-Coulomb soil (10 load increments)

127



measure of the global time-stepping error is plotted
against the imposed footing displacement (load level) for
the AUT2L scheme with different iteration tolerances and
ETOL = 10�3.

The reference solution was obtained using the IMBE
scheme with 10,000 equal steps and ITOl = 10�6. The
global errors Xerror computed with ITOL = 10�2 to 10�6

are all below the desired threshold of 10�3, and at small
footing displacements the error is of the order of 10�6.
Closer study of Fig. 4 indicates that the global error is best
controlled when the iteration tolerance ITOL is at least two
orders smaller than the solution error tolerance ETOL.
When ITOL � ETOL, the error measure Xerror tends to
oscillate. This suggests that the residuals computed during
each time step are not sufficiently small to achieve the
desired error control.

In Fig. 5, the global error Xerror for the first-order
AUT1L scheme is plotted against the applied footing dis-
placements for different ETOL values with ITOL = ETOL/
100. For ETOL values less than 10�3, the spacing between
the error curves is, as expected, roughly equal to

ffiffiffiffiffi
10

p
. In

all cases, Xerror 
 ETOL and the automatic scheme is
clearly able to control the global time stepping error with
an accuracy which is sufficient for practical calculations.

The other first order automatic schemes, which differ
only in their starting values for the Newton-Raphson it-
erations, display similar behaviour to the AUT1L scheme.
The results for the second order method AUT2L, shown in
Fig. 6, display the expected behaviour and control the time
stepping error so that Xerror 
 ETOL and Xerror / ETOL:

6.2
Rigid footing on normally consolidated
clay – undrained loading
In the second example, the Modified Cam Clay model with
a rounded Mohr-Coulomb failure surface (Sheng and
Sloan 2001) is used to simulate a footing on a layer of
normally-consolidated saturated clay under undrained
conditions. The material parameters used in the problem
are

/0 ¼ 23�; k ¼ 0:25; k ¼ 0:05; l0 ¼ 0:3;

N ¼ 2:8; c ¼ 16; cw ¼ 10; k ¼ 10�7

where k is the slope of the normal compression line, j is
the slope of unloading–reloading line, N is the specific
volume intercept of the normal compression line, l0 is

Fig. 3. Load–displacement response of rigid footing on
undrained Mohr-Coulomb soil (50 load increments)

Fig. 4. Time stepping error for rigid footing on undrained
Mohr-Coulomb soil (10 load increments, AUT2L, ETOL = 10�3)

Fig. 5. Time stepping error for rigid footing on undrained
Mohr-Coulomb soil (10 load increments, AUT1L)

Fig. 6. Time stepping error for rigid footing on undrained
Mohr-Coulomb soil (10 load increments, AUT2L)
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Poisson’s ratio, c is the unit weight of the saturated soil, cw

is the unit weight of the pore fluid, and k is the perme-
ability. These parameters are typical of those for soft clays
(see e.g. Wood, 1990).

The initial in situ stress field is established by applying
the body forces corresponding to the given unit weight
with a lateral stress ratio Ko ¼ 0:72. During this stage, we
assume the material is nonlinear elastic (with a large
preconsolidaton pressure p0

0) and apply the body forces
in small increments. Once the initial stresses are
established, the initial yield surface locations are adjusted
to the initial stresses so that the soil is normally consoli-
dated. The pore pressure generated initially are hydro-
static, ie. zero at the ground surface and 100 at a depth of
10 units. All the iteration counts and CPU times discussed
in the following are due only to the application of the
footing load, and not the establishment of the
initial stresses.

The foundation is loaded by prescribing uniform ver-
tical displacements at the footing nodes. The total dis-
placement of 5% of the footing width is applied over a time
period of 100 units. Independent test runs indicate that
decreasing this period further does not lead to any sig-
nificant changes in the generated pore pressures, so that
the loading is effectively undrained.

The numerical results for this problem are listed in
Table 3. All schemes furnish a solution. In terms of CPU
time, the explicit scheme EXBE is the fastest while the
automatic scheme AUT2S is the slowest. The implicit
backward Euler scheme IMBE is also competitive. The
iteration and substep counts for the automatic schemes,
as well as their CPU times, are largely independent of the
number of coarse steps specified initially. The number of
substeps is not affected by the different starting condi-
tions (S, L, or Q). In terms of iterations and CPU times,
the fastest automatic scheme is again AUT1Q which uses
the first-order update and a quadratic extrapolated
starting condition, whereas the AUT2S scheme, which
uses the second-order update and the standard Newton-
Raphson starting conditions, is the slowest automatic
scheme. For this example, the second-order schemes
are generally less efficient than their first order
counterparts.

Although fast, the explicit scheme EXBE is very inac-
curate for the 10 increment analysis (Fig. 7) but improves

for the 50 increment analysis (Fig. 8). As shown in these
figures, the footing pressures predicted by all the other
schemes differ only marginally, with a maximum
discrepancy from the reference solution of just 0.4% for
the IMBE method with 10 increments.

Figure 9 shows a plot of the time-stepping error in the
solution, Xerror, versus the imposed footing displacement for
the AUT2L scheme with different iteration tolerances and

Table 3. Results for rigid
footing on undrained nor-
mally-consolidated clay
(/¢ = 23�, k = 0.25, j = 0.05,
l¢ = 0.3, N = 2.8, c = 16,
k = 10)7, ETOL = 10)3,
ITOL = 10)5)

Scheme Total iterations Total substeps CPU time (s) Final footing pressure

10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s

EXBE 0 0 0 0 10 24 2.99390 2.66728
IMBE 81 172 0 0 77 84 2.76827 2.75852
AUT1S 614 583 128 131 291 269 2.75740 2.75753
AUT1L 450 440 134 131 212 191 2.75741 2.75746
AUT1Q 406 398 132 131 189 171 2.75734 2.75745
AUT2S 714 800 159 187 337 356 2.75896 2.75818
AUT2L 499 534 158 181 242 250 2.75806 2.75816
AUT2Q 467 526 158 179 229 253 2.75849 2.75818

Reference
solution?

33,770 0 12,164 2.75749

? Computed using IMBE scheme with 10,000 equal load increments and ITOL = 10)6

Fig. 7. Load–displacement response of rigid footing on
undrained normally-consolidated clay (10 load increments)

Fig. 8. Load–displacement response of rigid footing on
undrained normally-consolidated clay (50 load increments)
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ETOL=10�3. For the purpose of comparison, the solution
obtained using the IMBE scheme with 10,000 equal steps and
ITOL = STOL = 10�6 is used as the reference solution. For
ITOL = 10�2 to 10�6;Xerror varies between 4 � 10�3 and 3�
10�4. This plot again suggests that ITOL should be set at least
two orders of magnitude smaller than ETOL.

In Fig. 10, the global error Xerror is plotted against the
applied footing displacements for the AUT1L scheme with
different ETOL values and ITOL = ETOL/100. The be-
haviour here is similar to that discussed for Fig. 5, though
the spacing between the plots is greater than

ffiffiffiffiffi
10

p
in the

early stages of loading. For the run with of ETOL =
10�4;Xerror is somewhat larger than expected in the final
stages of loading. This is possibly due to ITOL being too
large for this error tolerance. In all cases, however,
Xerror 
 ETOL. The error control behaviour of the other
automatic first order schemes is similar to that of AUT1L,
though the results are not shown here.

The results for the second order method AUT2L, shown
in Fig. 11, indicate that Xerror 
 ETOL. The spacing
between the curves, however, is less than expected in
the later stages of loading.

6.3
Rigid footing on overconsolidated clay - undrained loading
We now consider the case of a footing on an overconsol-
idated clay subject to undrained loading. The constitutive
law and parameters used to model the overconsolidated
clay are identical to those adopted in the previous un-
drained example, except that the soil at the ground surface
is now assumed to be preconsolidated to 20 pressure units.
The in situ stress field is again generated using a nonlinear
elastic soil model with body force loading corresponding
to the total unit weight of the soil. Once the in situ stress
field is established, the yield surface locations at all inte-
gration points are adjusted according to the preconsoli-
dation pressure. In order to approach a state of collapse,
a total displacement of 7.5% of the total footing width
is imposed over a time period of 100 units. As before,
the total iterations and CPU times discussed in the
following are due only to the application of the footing
load.

The results for this problem, shown in Table 4, indi-
cate that all the schemes furnish a solution. In terms of
raw speed, the explicit scheme EXBE is the fastest, while
the AUT2S scheme is the slowest. The implicit backward
Euler method IMBE is slower than the EXBE method by a
factor of 3–4. The AUT1Q scheme is the fastest of the
automatic schemes, but is only marginally faster than
AUT1L. Compared to their first-order counterparts,
the second-order automatic algorithms use slightly
more substeps and more iterations and are about
10–20% slower. As in previous analyses, the iteration and
substep counts for the automatic schemes are not very
sensitive to the number of coarse time steps specified
initially.

Concerning accuracy, the explicit EXBE scheme gives an
oscillatory solution for the 10 increment analysis (Fig. 12)
and underestimates the final footing pressure by 5% for
the 50 increment analysis (Fig. 13). All other schemes give
accurate predictions of the final footing pressure, with a
maximum discrepancy of less than 0.04% for the IMBE
scheme with 50 trial load increments. As shown in Figs. 12
and 13, the automatic and IMBE schemes predict the
pressure-deformation response accurately over the
complete loading range.

Fig. 9. Time stepping error for rigid footing on undrained
normally-consolidated clay (10 load increments, ETOL = 10�3,
AUT2L)

Fig. 10. Time stepping error for rigid footing on undrained
normally-consolidated clay (10 load increments, AUT1L)

Fig. 11. Time stepping error for rigid footing on undrained
normally-consolidated clay (10 load increments, AUT2L)
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6.4
Rigid footing on normally consolidated
clay – drained loading
All previous examples are concerned with undrained
loading, where the loading is applied rapidly and the
excess pore pressures don’t have time to dissipate. We
now consider the drained response of a footing on nor-
mally-consolidated day, where the imposed displacement
is applied so slowly that no excess pore pressures are
generated. To simulate this type of loading, we use a large

permeability ð10�5 instead of 10�7Þ and a longer loading
time (108 instead of 100). A total displacement of 125% of
the footing width is applied in 10 or 50 equal increments
and the hydrostatic initial stress and pore pressure fields
are again established by means of body force loading.
Apart from the permeability change mentioned above, the
material properties are identical to the previous normally
consolidated undrained example.

The results for this case, presented in Table 5, show that
the explicit EXBE method failed for the 10 increment

Table 4. Results for rigid
footing on undrained over-
consolidated clay (/¢ = 23�,
k = 0.25, j = 0.05, l¢ = 0.3,
N = 2.8, c = 16, k = 10)7,
ETOL = 10)3, ITOL = 10)5)

Scheme Total iterations Total substeps CPU time (s) Final footing pressure

10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s

EXBE 0 0 0 0 11 23 24.16184 17.83040
IMBE 63 175 0 0 47 78 18.70519 18.70814
AUT1S 428 414 92 101 215 206 18.70154 18.70177
AUT1L 264 277 92 101 140 128 18.70148 18.70761
AUT1Q 256 267 95 101 137 123 18.70133 18.70167
AUT2S 451 517 93 103 250 234 18.70075 18.70190
AUT2L 268 283 93 103 176 163 18.69987 18.70181
AUT2Q 264 275 93 103 174 159 18.69988 18.70191

Reference
solution?

35,113 0 12,482 18.69503

? Computed using IMBE scheme with 10,000 equal load increments and ITOL = 10)6

Fig. 12. Load–displacement response of rigid footing on
undrained overconsolidated clay (10 load increments)

Fig. 13. Load–displacement response of rigid footing on
undrained overconsolidated clay (50 load increments)

Table 5. Results for rigid
footing on drained normally-
consolidated clay (/¢ = 23�,
k = 0.25, j = 0.05, l¢ = 0.3,
N = 2.8, c = 16, k = 10)5,
ETOL = 10)3, ITOL = 10)5)

Scheme Total iterations Total substeps CPU time (s) Final footing pressure

10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s

EXBE fail 0 fail 0 fail 63 fail 28.09512
IMBE 231 160 0 0 1173 245 28.16524 27.87018
AUT1S 1184 1068 330 341 921 855 27.75553 27.75501
AUT1L fail 1031 fail 307 fail 752 fail 27.75600
AUT1Q fail 844 fail 308 fail 624 fail 27.75355
AUT2S 1328 1353 366 370 1005 928 27.76411 27.76337
AUT2L fail 1055 fail 370 fail 840 fail 27.76275
AUT2Q fail 933 fail 349 fail 780 fail 27.76228

Reference
solution?

30,163 0 11,684 27.75807

? Computed using IMBE scheme with 10,000 equal load increments and ITOL = 10)6
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analysis but is the fastest of the 50 increment analyses.
Although the IMBE scheme furnishes a solution for both
the 10 and 50 increments runs, it uses an excessive amount
of CPU time for the 10 increment analysis. The automatic
schemes with accelerated starting conditions (L and Q)
also failed for the 10 increment analyses. Amongst the
successful automatic schemes, AUT1Q is the fastest of the
first-order schemes, while AUT1S is the slowest of the first-
order schemes. On average, the AUT1S scheme uses well
over three iterations per substep while AUT1Q requires
just under three. The second-order automatic schemes are
again less efficient than the first-order automatic schemes
for this example. Indeed, the second-order schemes use
more substeps and iterations and are about 10–25% slower
than their first-order counterparts. The AUT2Q scheme is
the fastest of the second-order schemes for the 50-incre-
ment analysis.

The maximum error in the final footing pressure, 1.2%,
is given by the EXBE scheme with 50 trial increments. All
the automatic schemes predict the final footing pressure
with sufficient accuracy and give almost identical pres-
sure–displacement plots (Figs. 14 and 15). The explicit
EXBE method gives an accurate final estimate for the 50
increment analysis, but its overall pressure–displacement
response is less good (see Fig. 15). The results from an
uncoupled displacement analysis for the dry soil are also
plotted in Fig. 14 for comparison. The maximum differ-
ence in the predicted footing pressure between the un-
coupled and coupled analyses is less than 3%. This
discrepancy is attributable to the fact that the coupled
analysis always involves some excess pore pressure, even
for very slow loading rates.

6.5
Rigid footing on overconsolidated clay – drained loading
This example deals with drained loading of a rigid footing
on an overconsolidated clay. The material properties used
for this case are identical to the previous drained examples
with normally consolidated clay, except the soil at the
ground surface is now preconsolidated to 20 pressure
units. To induce a state of near collapse, a total vertical

displacement of 75% of the footing width is applied in 10
and 50 equal increments.

The results for this problem, show in Table 6, shown
that five algorithms are able to furnish a solution for both
the 10 and 50 increment analyses. The explicit EXBE
scheme fails for both cases, while the implicit IMBE
scheme manages to give a solution for the 50 increment
analysis only. The second-order automatic scheme AUT2Q
also fails for the 50 increment analysis. In terms of speed,
AUT1Q is the fastest automatic scheme for both the 10-
increment and 50-increment analyses. The second-order
automatic methods are again less efficient than their first-
order counterparts.

Compared to the reference solution, the least accurate
final footing pressure is given by the 50-increment IMBE
scheme which gives an error of 0.2%. All automatic
schemes furnish an accurate prediction of the final footing
pressure, with a maximum error of less than 0.007%.
The predicted footing pressures at different displacements
are plotted in Fig. 16 for the 10-increment analyses and in
Fig. 17 for the 50-increment analyses. For all successful
schemes, the predicted footing pressures are very close to
the reference solution. Also shown on these plots are the
results for uncoupled displacement analysis of a dry soil
with identical material properties (these were obtained
using the automatic load stepping procedures described in
Sheng and Sloan (2001). The difference between the cou-
pled and uncoupled results is less than 3%, which confirms
the accuracy of both types of analysis.

6.6
Flexible footing on overconsolidated
clay – undrained loading and consolidation
The final example concerns the behaviour of a flexible
footing resting on an overconsolidated clay. The soil layer
is first subject to undrained loading over a short time
period and is then allowed to consolidate over a long time
period. The footing load is applied as a uniform vertical
pressure of 10 units, which is about 55% of the undrained
collapse load, over 100 time units in either 5 or 25 equal
time steps. The top boundary of the soil layer is permitted
to drain freely, which implies that the pore pressure there

Fig. 14. Load–displacement response of rigid footing on drained
normally-consolidated clay (10 load increments)

Fig. 15. Load–displacement response of rigid footing on drained
normally-consolidated clay (50 load increments)
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is zero. After applying the footing load, the soil layer is
allowed to consolidate over a time period of 107 units. This
consolidation period is also divided into 5 or 25 equal
steps. The initial hydrostatic stress and pore pressure
fields are established in the same way as in the previous
examples. The soil model is again Modified Cam Clay and
the material properties are identical to those used for the
rigid footing on an undrained overconsolidated clay.

The total iterations, total number of substeps and total
CPU times used in both the loading and consolidation

phases are given in Table 7. The explicit EXBE scheme fails
to give a solution for this problem, while the implicit IMBE
scheme succeeds only for the 50 increment analysis. The
fastest automatic method is again AUT1Q, closely followed
by AUT1L and AUT2Q. All the automatic schemes use a
similar number of time substeps, and there is little dif-
ference in the performance statistics for the second-order
schemes and their first-order counterparts. The successful
automatic schemes give identical predictions for the final
displacement at the centre of the footing (Fig. 18).

Table 6. Results for rigid
footing on drained over-
consolidated clay (/¢ = 23�,
k = 0.25, j = 0.05, l¢ = 0.3,
N = 2.8, c = 16, k = 10)5,
ETOL = 10)3, ITOL = 10)5)

Scheme Total iterations Total substeps CPU time (s) Final footing pressure

10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s

EXBE fail fail fail fail fail fail fail fail
IMBE fail 158 fail 0 fail 124 fail 32.71666
AUT1S 1124 1067 361 352 634 592 32.65265 32.65286
AUT1L 900 893 370 385 525 498 32.65379 32.65326
AUT1Q 758 720 331 309 466 404 32.65298 32.65206
AUT2S 1184 1216 370 367 699 679 32.65486 32.65475
AUT2L 903 918 386 381 611 590 32.65534 32.65463
AUT2Q 764 fail 337 fail 553 fail 32.65494 fail

Reference
solution?

30,015 0 10,702 32.65312

? Computed using IMBE scheme with 10,000 equal load increments and ITOL = 10)6

Fig. 16. Load–displacement response of rigid footing on drained
overconsolidated clay (10 load increments)

Fig. 17. Load–displacement response of rigid footing on drained
overconsolidated clay (50 load increments)

Table 7. Results for flexible
footing on undrained over-
consolidated clay with con-
solidation (/¢ = 23�, k = 0.25,
j = 0.05, l¢ = 0.3, N = 2.8,
c = 16, k = 10)7,
ETOL = 10)3, ITOL = 10)5)

Scheme Total iterations Total substeps CPU time (s) Centre displacement

10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s

EXBE fail fail fail fail fail fail fail fail
IMBE fail 113 fail 0 fail 28 fail 0.084202
AUT1S 357 356 143 162 141 151 0.084487 0.084501
AUT1L 290 322 143 162 114 121 0.084487 0.084501
AUT1Q 274 311 143 162 109 117 0.084487 0.084501
AUT2S 376 447 142 171 149 171 0.084521 0.084516
AUT2L 308 366 142 178 131 149 0.084521 0.084516
AUT2Q 292 348 142 171 123 145 0.085521 0.084516

Reference
solution?

40,190 0 13,990 0.084532

? Computed using IMBE scheme with 10,000 equal load increments and 10,000 equal consolidation
steps and ITOL = 10)6
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Table 8 summarises the performance of the various
schemes in terms of their number of failures, their maxi-
mum CPU time (as a percentage of the CPU time used by
the reference solution), and their maximum error in the
final footing pressure (compared to the reference solu-
tion). The explicit EXBE scheme fails in 7 of the 12 ana-
lyses, while the implicit IMBE schemes fails 4 times. The
automatic scheme with the standard Newton-Raphson
starting conditions (AUT1S and AUT2S), furnish solutions
for all the cases considered. The automatic schemes using
quadratic extrapolation to start the Newton-Raphson it-
erations (Q schemes) are fast but marginally less robust.
All automatic schemes typically require 5–8% of the CPU
time needed for the reference solutions, with the first-
order schemes being generally faster than the second-
order schemes. In terms of accuracy, all the automatic
schemes predict the load-displacement response reliably.

7
Conclusions
This paper presents a comparative study of time stepping
schemes for coupled displacement and pore pressure
analysis. Some key conclusions that may be drawn from
this study are:

(i) The non-iterative explicit scheme is confirmed to be
inaccurate and unstable. Although its performance can
be improved using small time steps, the procedure is
unsuitable for consolidation analyses with elastoplastic
soil models.

(ii) The robustness and efficiency of the implicit back-
ward Euler scheme depend on the number of time
steps used in the analysis. With a sufficiently large
number of time steps, this scheme can give an accu-
rate solution. However, a suitable acceptable time step
size can only be found by trial-and-error.

(iii) The automatic schemes are accurate, fast and gener-
ally robust. The automatic schemes using the last
known solution to start the Newton-Raphson itera-
tions never failed to furnish a solution for the prob-
lems considered. Importantly, the performance of the
automatic schemes is largely insensitive to the num-
ber of coarse time steps used to perform the analysis.

(iv) The automatic schemes are able to constrain the time
stepping error in the displacements and pore pres-
sures to lie near a prescribed tolerance. For critical
state models the global error is sensitive to the itera-
tion error, and is best controlled when the iteration
error tolerance is at least two orders of magnitude
smaller than the solution error tolerance.

(v) The automatic schemes using the first-order update
are generally faster than those using the second order
update. The difference in the accuracy of the two
alternatives is, from a practical point of view, small.

(vi) The automatic schemes that employ quadratic extrap-
olation to start the Newton-Raphson iterations are
marginally less robust than those that adopt a conven-
tional starting guess or a linearly-extrapolated guess.
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Fig. 18. Displacements of flexible footing on undrained
overconsolidated clay with consolidation (10 increments)

Table 8. Overall comparison of the schemes

Schemes Number of
failures

Maximum CPU/
Ref CPU (%)

Maximum error
in FFP (%)

EXBE 7 0.54 29.24
IMBE 4 10.04 1.47
AUT1S 0 7.88 0.04
AUT1L 1 6.44 0.04
AUT1Q 1 5.34 0.04
AUT2S 0 8.60 0.04
AUT2L 1 7.19 0.04
AUT2Q 2 6.68 0.04
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