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Undrained stability of a trapdoor 

S. W. SLOAN,* A. ASSADI* and N. PURUSHOTHAMANf 

This paper examines the stability of a purely cobe- 
sive layer resting on a trapdoor. Although this 
problem has been studied for a number of years 
and is of considerable interest for analysing the 
stability of tunnels and mine workings, its exact 
collapse load is unknown. Rigorous bounds on the 
load needed to support the trapdoor against active 
failure are derived using two numerical techniques 
which employ finite elements in conjunction with 
the limit theorems of classical plasticity. Both of 
the methods assume a perfectly plastic soil model 
with a Tresca yield criterion and lead to large 
linear programming problems. The solution to the 
lower bound linear programming problem defines a 
statically admissible stress field whereas the solu- 
tion to tbe upper bound linear programming 
problem defines a kinematically admissible veloc- 
ity field. The upper and lower bounds derived from 
tbe numerical methods typically bracket the exact 
collapse load to within ten per cent over the range 
of trapdoor geometries considered, and are sub- 
stantially tighter than existing analytical bounds. 
They are shown to agree well with the collapse 
loads that are predicted from a traditional dis- 
placment type of finite element analysis. 

KEYWORDS: analysis; failure; finite elements; limit 
state design/analysis; plasticity; stability. 

L’article examine la stabilit6 d’une coucbe pure- 
ment cobtente reposant sur une trappe. Bien qu’on 
etudie depuis quelques a&es ce probleme de 
grande importance pour analyser la stabiliti! des 
travaux miniers, la charge de rupture reste encore 
inconnue. Des limites strictes sur le cbargement niL 
cessaire pour la rupture active au droit de la trappe 
centre la rupture active sont derivh g I’aide de 
deux techniques numitriques qui emploient des I%- 
ments finis conjointement avec les tbeorbmes 
limites de la plasticit& classique. Les deux m& 
tbodes admettent un modele de sol parfaitement 
plastique avec un critkre d’boulement de Tresca et 
conduisent i des problemes considhables en ce qui 
concerne la prkparation de programmes linbaires. 
La solution du problLme de la preparation des pro- 
grammes linbaires P la limite infirieure d&finit un 
champ de contrainte statiquement admissible, 
tandis que la solution de ce problLme P la limite 
sup&ieure d6finit un champ de vitesse cinbmatique- 
ment admissible. De facon typique, les limites 
sup&ieure et infirieure d&iv&es 1 partir des mb 
tbodes numbiques se situent au voisinage du 
cbargement de rupture prixis d moios de dix pour 
cent pr&s pour la gamme consid&& de geometries 
de trappe et elles sont essentiellement plus prkises 
que les limites analytiques i present accept&. 
L’article dkmontre qu’elles s’accordent bien avec 
les cbargements de rupture prhdits P partir d’une 
analyse ti elements finis traditionnelle ba&e sur le 
dbplacement. 

INTRODUCTION 
The plane strain trapdoor problem to be con- 
sidered is shown in Fig. 1. A layer of purely cohe- 
sive soil, with undrained shear strength c, and of 
thickness H, rests on a trapdoor of width B. The 
stratum below the soil layer, and the trapdoor 
itself, are assumed to be unyielding with the 
loading supplied by a suiface surcharge u, and 
self weight. Active failure of the soil above the 
trapdoor is resisted by the externally applied 
stress CT,. Although this problem is of consider- 
able practical interest, particularly in regard to 
the stability of abandoned mine workings and the 
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construction of temporary tunnel roofs, its exact 
solution is unknown. 

For the left handed co-ordinate system shown 
in Fig. 2, with compressive stresses taken as posi- 
tive, it may be shown that the stability of the 
trapdoor is summarized by the quantity 

N = (YH + CJ, - tQ/c, (1) 

This stability number is a function of H/B and, 
generally speaking, increases with increasing H/B. 
In the absence of an exact closed form solution 
for this problem, upper bounds on the value of N 
may be deduced by invoking the upper bound 
theorem of classical plasticity theory. This 
theorem assumes a rigid plastic soil model and 
states that the power dissipated internally by a 
kinematically admissible velocity field can be 
equated to the power expended by the external 
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Plane strain 
Unit weight = y 

Undrained shear strength = c, 
4% = 0 

Stress applied to trapdoor = O, 

Fig. 1. Trapdoor problem 

loads to find a rigorous upper bound on the true 
limit load. A kinematically admissible velocity 
field is one which satisfies compatibility, the flow 
rule and the velocity boundary conditions. The 
simplest type of upper bound calculation assumes 
that the velocity field at collapse can be modelled 
by a mechanism comprised of rigid blocks, each 
of which moves with a constant velocity. Power is 
dissipated internally by relative movement along 
the velocity discontinuities which lie at the inter- 
faces between adjacent blocks. By optimizing the 
geometry of the mechanism to yield the configu- 
ration which dissipates the least amount of inter- 
nal power, and then equating this internal power 
to the power expended by the external loads, a 
rigorous upper bound on the collapse load can be 

Fig. 2. Sip convention for velocities and stresses 

Rigid 

u=o 
v=1 

t t t 1 
4 

-812 - 

Rigid 
u=v=o 

Fig. 3. Upper board mecbaoism of Davis 

found. In the case of the trapdoor problem, the 
external pressure applied to the trapdoor works 
against failure and thus an upper bound calcu- 
lation leads to a lower bound estimate for 0,. 

Rigorous upper bounds for the trapdoor 
problem, which are based on the above approach, 
have been given by Davis (1968) and Gunn 
(1980). The kinematically admissible mechanism 
adopted by the former author is shown in Fig. 3. 
Noting that the power dissipated by sliding along 
a velocity discontinuity of length L is given by the 
integral 

s 

L 
c, lu,l dL 

0 

where u, is the jump in tangential velocity, the 
power expended by the external loads can be 
equated to the power dissipated internally to 
obtain 

4r~~ + &,B- &T,B =HC, 

This gives the required upper bound on the sta- 
bility number N as 

N = (yH + as - aJ/c, < 2(H/B) 

Clearly this upper bound is appropriate only for 
a shallow trapdoor, with a small value of H/B, 
where the true failure mode is likely to be quite 
localized. For large values of H/B, collapse of the 
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hcc c 

Rigid 

u=v=o 

specified completely by the three angles a, p and 
6. Equating the power expended by the external 
loads to the power dissipated in the discontin- 
uities gives the following expression for the stabil- 
ity number (Gunn, 1980). 

N=~H+v-a, cos /3 

C” ’ cos a sin (a + /I) 

sin (a + 6) 

+ sin (a + j?) sin (b - 6) 

+ 
cos p 

cos 6 sin (B - 6) 

+ 2 

0 

H cos a sin (/I - 6) 

B cos 6 sin (a + j9) 

Fig. 4. Upper bound mechanism of Guno 

trapdoor will cause deformations over a broad 
area of the ground surface and an alternative 
mechanism, which is able to reflect this character- 
istic, needs to be found. One such mechanism, 
proposed by Gunn (1980) is shown in Fig. 4. This 
Fig. indicates that the geometry of collapse is 

sin (a + 6) sin B - 
sin (a + /I?) cos 6 

(3) 

For a fixed value of H/B, the best upper bound 
mechanism is found by minimizing the right hand 
side of this equation with respect to the angles a, 
/I and 6. The upper bounds produced by equa- 
tions (2) and (3) are compared in Fig. 5, where it 
is apparent that the Gunn solution improves con- 
siderably on the Davis solution for trapdoors 
with HfB > 2. 

The lower bound theorem of classical plasticity, 
which states that any statically admissible stress 
field will provide a lower bound on the true limit 
load, may be used in tandem with the upper 
bound theorem so as to bracket the exact solu- 
tion from above and below. A stress field is said 

1 I 1 I - / I 

8 
A Lower bound (Gum) 
n Lower bound (Davis) 
A Upper bound (Gunn) 
0 Upper bound (Dam) 

6 

o: 
‘l 7 1 7 4 6 6 10 

BIH - - H/B 

Fig. 5. Stability bounds for undrained loading of trapdoor 
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to be statically admissible if it satisfies equi- 
librium, the stress boundary conditions and the 
yield criterion. When applied to the trapdoor 
problem, the lower bound theorem gives an upper 
bound on the external stress u, that is required to 
prevent collapse. Statically admissible stress fields 
for the trapdoor, and their associated lower 
bounds on the stability number, have been 
derived by Davis and Gunn. Davis considered a 
number of simple stress fields, which included 
statically admissible stress discontinuities, and 
optimized the geometry to give the stability 
number as a solution to a single non-linear equa- 
tion. A summary of these lower bounds is shown 
in Fig. 5. For shallow trapdoors, with 0 < H/ 
B < 2, Davis’s upper and lower bounds bracket 
the exact stability number quite closely but 
become rapidly divergent for cases where 
H/B > 2. In the lower bound presented by Gunn, 
the exact plasticity solution for the expansion of a 
thick cylinder is used to construct a statically 
admissible stress field and leads to the following 
expression for the stability number 

N=~H+v-a, 
; 

CU 

HfB > 4 (4) 

This solution is shown in Fig. 5, where it can be 
seen that it improves on Davis’s lower bounds for 
deep trapdoors with H/B greater than about 3.5. 
Nevertheless, the discrepancy between the best 
upper and lower bounds is quite substantial over 
this range and increases with increasing H/B. In 
order to improve the analytic lower bounds, it 
would probably be necessary to consider more 
elaborate stress fields with additional discontin- 
uities, but this approach will not be pursued 
further here. 

In the following sections of this Paper two 
numerical techniques which are based on the 
limit theorems of classical plasticity and finite ele- 
ments, are applied to yield improved bounds on 
the stability number for undrained loading of a 
trapdoor. The methods assume a perfectly plastic 
soil model with a Tresca yield criterion and lead 
to large linear programming problems. The solu- 
tion to the upper bound optimization problem 
defines a kinematically admissible velocity field 
and gives a rigorous upper bound on the stability 
number, while the solution to the lower bound 
optimization problem defines a statically admis- 
sible stress field and hence results in a rigorous 
lower bound on the stability number. For the 
range of trapdoor geometries considered, which 
cover most of those of practical interest, the 
bound solutions bracket the exact stability 
number to within ten per cent or better. The 
analysis assumes that the boundary between the 

soil layer and its underlying stratum is either per- 
fectly smooth or perfectly rough, although the 
true boundary condition is likely to be some- 
where between these two extremes. To provide a 
further check on the bounds produced by the 
linear programming formulations, the limit loads 
for various trapdoor geometries are also com- 
puted from a displacement type of finite element 
analysis. As expected, the solutions from the opti- 
mization techniques bracket the solutions from 
the displacement finite element method quite 
closely. This aspect of the work is considered to 
be novel and illustrates the advantages of using 
these two procedures in tandem when analysing 
undrained stability problems in soil mechanics. 

FINITE ELEMENT FORMULATION OF LIMIT 
THEOREMS 

As the finite element formulations of the limit 
theorems have not been applied widely and are 
not well known, a brief outline of them is now 
given. Detailed descriptions of the techniques will 
not be given here, since these may be found else- 
where, but it is essential to have some under- 
standing of the concepts involved in order to 
discuss the significance of the results. 

Lower bound formulation 
The use of finite elements and linear program- 

ming to compute lower bounds for soil mechanics 
problems appears to have been first proposed by 
Lysmer (1970). Similar methods have also been 
described by Anderheggen & Knopfel (1972), 
Pastor (1978) and Bottero, Negre, Pastor & Tur- 
geman (1980). More recently, Sloan (1988a and b) 
employed the formulation of Bottero et al. but 
solved the resulting linear programming problems 
using a newly developed steepest edge active set 
algorithm. This algorithm is ideally suited to the 
solution of lower bound optimization problems, 
which typically involve several thousand 
unbounded variables and an even larger number 
of constraints, and is very efftcient. A special 
feature of a typical constraint matrix is its 
extreme sparsity, and this characteristic must be 
exploited fully to minimize the cost of solution 
(Sloan, 1988a). Advantages of the lower bound 
technique, which follow from the finite element 
type of formulation, include the ability to deal 
with complex loadings, complicated geometries, 
self-weight and layered materials. In contrast to 
an elastoplastic displacement type of finite 
element analysis, the method gives the collapse 
load directly without the need to trace the com- 
plete load deformation path. 

The types of elements used to model the stress 
field under conditions of plane strain are shown 
in Fig. 6. The stresses vary linearly throughout 
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Four-noded rectangular extension element 

44 = &I - &x2 + %x3 
44 = %I - a*.2 + G3 

rzx4 = &I - rxz2 + TX,3 

Fig. 6. Elements for lower bound limit analysis 

each element according to 

3 

ux = CNiaxi; 
i=l 

3 

6, = CNiazi; 

i=l 

where eXi, nzi, 7xzi are nodal stresses and Ni are 
linear shape functions. Note that the 4-noded rec- 
tangular extension element is essentially identical 
to the 3-noded triangle, except that it has a 
dummy node which is used to extend the solution 
over a semi-infinite domain and provide a com- 
plete statically admissible stress field (Pastor, 
1978). The stress field inside the extension zone, 
which extends indefinitely in the direction shown, 
is completely specified by equation (5). A simple 
lower bound mesh for modelling a trapdoor is 
shown in Fig. 7. In contrast to the usual displace- 
ment type of finite element analysis, several nodes 
may have identical co-ordinates and each node is 
unique to a particular element. Statically admis- 
sible stress discontinuities are permitted at edges 
shared by adjacent triangles and also along 
borders between adjacent rectangular extension 
elements. 

Equilibrium dictates that the stresses through- 

out each element must satisfy the equations 

By differentiating the equations (5) and substitut- 
ing into the above there is obtained a set of equi- 
librium constraints on the nodal stresses for each 
element according to 

aio = hi (6) 
2x9 9x1 2x1 

where a1 is a matrix whose terms are functions of 
the nodal co-ordinates, aT = {u,i, cr,r, 7xzl, . . ., 
cx3, a,, , ~~1 and blT = {Q r>. 

A statically admissible stress discontinuity 
requires the normal and shear stresses to be con- 
tinuous, but permits the corresponding tangential 
stress to be discontinuous. For the sign conven- 
tion shown in Fig. 2, the normal and shear 
stresses acting on a plane inclined at an angle 0 to 
the z axis are given by 

6, = cos2tl a, + sin20 0, - sin20 7= 

7 = 4 sin20 (a, - ox) - cos20 t,, (7) 
Statically admissible stress discontinuities are per- 
mitted at the edges between adjacent elements 
and give rise to additional constraints on the 
nodal stresses. Let an arbitrary stress discontin- 
uity be defined by the two nodal pairs (1, 2) and 
(3, 4). Since the stresses are assumed to vary 
linearly along an element edge, the required con- 
tinuity conditions are fulfilled by enforcing equa- 
tions (7) at both nodal pairs according to 

a,1 = 6.2; T1 = Tz 

fJ”3 = gn4; 73 = 74 

These four conditions express the equilibrium 
constraints for each discontinuity and may be 
collected into a single matrix equation of the form 

a2a = b, (8) 

4 x 12 12 x 1 4x1 

where the terms in a2 are functions of 0, oT = 
{e.i, ezl, rXzl, . . . , cx4, s4, 7xr4l and bT = (0, QC 

0). Due to the linearity of the assumed stress field, 
equation (8) is also applicable to a semi-infinite 
discontinuity lying between two adjacent exten- 
sion elements. 

In order to satisfy the stress boundary condi- 
tions, the normal and shear stresses must be 
equal to their prescribed values on the boundary 
of the mesh. As the stresses are assumed to vary 
linearly along an edge, the formulation permits a 
piecewise linear variation of the fixed boundary 
stresses. Let an arbitrary edge of the mesh be 
defined by the nodes 1 and 2, and assume that the 
prescribed normal and shear stresses at these 
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Fig. 7. Lower bound mesh for trapdoor 

nodes are given by (ql, tt) and (qz, t?) respec- 
tively. The stress boundary conditions are satis- 
fied completely if we apply the four equalities 

Q,l = 41; 7, = t, 

on2 = q2; T2 = t, 

where c, and 7 are computed from equation (7) 
and B is the angle between the edge and the z 
axis. Collecting terms, the constraints arising 
from the prescribed state of stress along an 
element edge may be summarized by the matrix 
equation 

a3c = b, (9) 
4x6 6x1 4x1 

where the terms in a3 are functions of 0, uT = 
{Q, gZ1, z,.~, Q, G, r,,J and bT = {ql, tl, 
q2, t2}. When applied to a semi-infinite edge of a 

rectangular extension element, equation (9) 
ensures that the stress boundary conditions are 
satisfied everywhere along the edge. 

Under conditions of plane strain, the Tresca 
yield criterion for a perfectly plastic soil may be 
written as 

F = (a, - a,)2 + 47,2 - 4C”2 = 0 

Defining X = 6, - CT,, Y = 22,, and R = 2c,, this 
equation may be written as X2 + Y2 = R2 and 
thus it plots as a circle as shown in Fig. 8. In 
order that the stresses do not violate the yield cri- 
terion, and hence fulfil1 an essential requirement 

of the lower bound theorem, they must satisfy the 
condition F(o,, a=, T,,) < 0 at every point in the 
mesh. Since it is desirable to impose this yield 
condition by using linear constraints, it is neces- 
sary to employ an approximate criterion which is 
only a linear function of the stresses. One such 
approximation, which replaces the Tresca yield 
surface by an inscribed polygon with p sides of 
equal length, is shown in Fig. 8. The equation for 
the kth side of the polygon is given by 

where A, = cos (2nk/p), B, = -A,, C, = 2 sin 
(2xk/p), D = 2c, cos (n/p) and k = 1, 2, . , p. To 
ensure that the linearized yield criterion is satis- 
fied everywhere in a 3-noded triangular element, 
the condition F, < 0 needs only to be enforced 
on the stresses at each of its nodes (a proof of this 
is given in Appendix 1). This leads to a set of 
inequality constraints of the form 

a4 = < b, (10) 

px3 3x1 PXl 

where a4 is comprised of the coefficients A,, B, 
and C, , aT = {oxi, ozi, T,,~} is the stress vector for 
node i, and b4T = D { 1, . . . , 1). For a 4-noded 
rectangular extension element, a slightly different 
set of constraints need to be enforced. Letting Fki 
denote the value of F, at node i, it may be shown 
that the constraints F,, < F,, , F,, < 0 and 
F,, G 0 need to be applied to ensure that the 
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Fig. 8. Internal linear approximation to Tresca yield function (p = number of 
sides in yield polygon I 3) 

yield criterion is satisfied everywhere (see Appen- 
dix 1). Thus, at nodes 2 and 3 of an extension 
element, constraints of the form of equation (10) 
apply but, for node 1, an inequality of the form 

a5 a < b, (11) 

px6 6x1 PXl 

is enforced in which a5 is comprised of the coeffl- 
cients A,, & and G, bT = {oXI, cZl, rnl, oX2, 
oz2, zIz2} and b,* = (0, . . . . 0). 

All of the constraints that need to be imposed 
on the stress field have now been described and 
the only step remaining is to define the objective 
function. For many plane strain geotechnical 
problems, such as the trapdoor, it is desirable to 
find a statically admissible stress field which max- 
imizes an integral of the form 

Q = [un ds 
Js 

where Q is the collapse load, u, is the normal 
stress acting over some part of the boundary S, 
and a unit out-of-plane thickness is assumed. As 
the stresses vary linearly, this expression can be 
integrated analytically to give the normal load on 
an element edge as 

Q = WWn1 + ~2) 

where L is the length of the edge and (onI, on2) 
are the normal stresses at its two nodes. Substi- 
tuting equation (7) in the above, with 0 denoting 
the inclination of the edge to the z axis, Q may be 
expressed in terms of the nodal stresses according 

to 

Q= CTU (12) 
1x6 6x1 

where the objective function coefficients c are 
functions of 0 and L and xT = {uX,, uZ1, rxrl, uX2, 
U 22 7 L2 1. 

The steps involved in formulating the lower 
bound theorem as a linear programming problem 
have now been covered. The only task remaining 
is to assemble the various constraint matrices and 
objective function coefficients for the overall 
mesh. Applying the usual rules of assembly for 
the matrix equations (6), (8), (9), (lo), (11) and (12), 
the problem of finding a statically admissible 
stress field, which maximizes the collapse load, 
may thus be stated 

Minimize -CX 

Subject to A,X= B, 

A,X= B, 

A,X= B3 

A,X< B4 

A,X< B, 

where fl = {Q, ‘Jzl, L1, . . . , %N, U,N, LN) is a 

global vector of unknown stresses for a mesh with 
N nodes. A detailed description of various stra- 
tegies for solving this type of linear programming 
problem may be found in Sloan (1988a), where it 
is shown that a recent active set algorithm (Sloan, 
1988~) is particularly efficient. 
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x, u 

Fig. 9. Three-noded triangle for upper bound limit 
analysis 

Upper bound formulation 
The computation of rigorous upper bounds 

using finite elements and linear programming has 
been discussed by Anderheggen & Knopfel(1972) 
and Bottero et al (1980). Sloan (1988b; 1989) 
adopted the formulation of the latter author but 
used the steepest edge active set algorithm (Sloan, 
1988~) and duality theory to solve the resulting 
optimization problems efficiently. Like the lower 
bound method, the upper bound method may 
lead to very large linear programming problems, 
involving several thousand variables and con- 
straints, and it is essential to exploit sparsity fully. 
The technique has the ability to deal with 
complex loadings, complicated geometries, self 
weight and layered materials and, as an addi- 
tional attraction, gives the limit load directly 
without the need to trace the complete load- 
deformation path. 

Y = 2r., 

Following Bottero et al. (1980), the 3-noded tri- 
angle used in the finite element formulation of the 
upper bound theorem is shown in Fig. 9. Each 
element has 6 nodal velocities and p plastic multi- 
plier rates (where p is the number of sides in the 
linearized yield polygon). The former quantities 
vary linearly over each triangle according to 

tl= i&u, 
i=l 

v= &,v, 
i=l 

where (ui , vi) are the nodal velocities in the x- and 
z-directions respectively and Ni are linear shape 
functions. To maintain linearity in the upper 
bound formulation, it is again necessary to 
approximate the Tresca criterion by a yield cri- 
terion which is linear in the stresses. In this case, 
however, the linearized yield function must cir- 
cumscribe the Tresca function in stress space so 
that the important bounding property of the cal- 
culation is preserved. As shown in Fig. 10, a poly- 
gonal approximation is employed which has p 
sides of equal length and is defined by (Sloan, 
1989) 

F, = A,a, + BLU, + cLrr,, - 2C” = 0 

where A, = cos (2nk/p), B, = --A,, C, = 2 sin 
(2nkJp) and k = 1,2, . . . , p. 

For this linearized yield criterion, an associated 
flow rule gives the plastic strain rates throughout 

k=3 

Tresca yield function 
X2+y2=P 

Fig. 10. External linear approximation to Tresca yield function (p = number 
of sides in yield polygon = 3) 
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each triangle as 

k=l 

= EIJ, 
k=l 

where A, is the plastic multiplier rate associated 
with the kth side of the yield polygon. Differenti- 
ating the linear expressions for the velocities and 
substituting in the above equations the flow rule 
equality constraints are obtained as 

II 

A 4, 11 1 11 i = h (13) 

3x6 3xp(6+p)xl 3x1 

with uT = (u,, u,, u2, uJ, us, u,}, blT = (0, 0, 0}, 
i.‘= {A,, . . . . A,} and 3L 2 0. The matrix A,, is a 
function of the nodal co-ordinates whereas the 
matrix A,, is a function of the coefficients A,, B, 
and C, . 

In addition to general plastic deformation 
throughout the soil mass, the upper bound for- 
mulation permits localized plastic deformation 
along velocity discontinuities. A simple mesh for 
a trapdoor, which includes a single velocity dis- 
continuity, is illustrated in Fig. 11. The special 
type of arrangement shown, where each quadri- 
lateral comprises four triangles with the central 
node lying at the intersection of the diagonals, is 
necessary to permit the 3-noded elements to 
deform at constant volume in plane strain 
(Nagtegaal, Parks & Rice, 1974, Sloan & Ran- 
dolph, 1982). To ensure that the velocity field is 
kinematically admissible, constraints need to be 
imposed on the nodal velocities associated with 
each discontinuity. For an arbitrary pair of nodes 
which have identical co-ordinates but lie on 
opposite sides of a discontinuity, the jumps in 
tangential and normal velocity are given by 

u, = sin0 (a2 - ur) + cos0 (uZ - ui) 

U” = case (I42 - 14~) - sin0 (u2 - vi) (14) 

where (ui, uJ and (uz , u2) are the nodal velocities 
and tJ is the inclination of the discontinuity to the 
z-axis. In order to preserve a linear constraint 

I----- 
c Velocity discontinuity 

(zero thickness) 

16 nodes 
16 triangles 
1 discontinuity 

Fig. 11. Upper bound mesh for trapdoor 

matrix in the formulation it is necessary to specify 
the sign s of the tangential velocity such that 
) u, ( = su, and s = f 1. Applying the sign condi- 
tion su, > 0 and substituting equation (14) gives 
rise to an inequality constraint of the form 

a2 u < b, (15) 
1x4 4x1 1x1 

where the terms in a2 are functions of s and 6, 
UT = {Ui, u1, u 2, u2} and b, = 0. This type of con- 
straint must be enforced at each nodal pair on a 
discontinuity so that the sign condition is satis- 
fied everywhere along its length. As well as 
satisfying a sign condition, the discontinuity velo- 
cities must also obey the flow rule. The Tresca 
yield criterion implies that undrained shearing 
along a discontinuity produces zero dilation and, 
hence, u, = 0. Using equations (14), this condition 
leads to a set of equality constraints of the form 

a,u = b, (16) 
1x4 4x1 1x1 

which are enforced at each pair of nodes on the 
discontinuity. The matrix a3 contains terms 
which are functions of 0, uT = {ui, vi, u2, u2} and 
b, = 0. 

The last type of constraint to be imposed on 
the unknowns arises from the velocity boundary 
conditions. For a specified node i these conditions 
take the form ui = a,, or ui = 6,) where 6, and 6, 
are prescribed, and may be written as 

a.+u = h, (17) 
2x2 2x1 2x1 

where a4 is the identity matrix, uT = {ui, ui} and 
h,’ = {S,, 62). 
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The constraints that need to be imposed on the 
velocity field to ensure that it is kinematically 
admissible have now been covered; it remains to 
express the objective function, which corresponds 
to the internal dissipated power, in terms of the 
unknowns. For a segment of a velocity discontin- 
uity with length L, sign s and inclination 8 to the 
z axis, it may be shown (Bottero et al., 1980) that 
the power dissipated by sliding is given by 

- case (u2 + vq - 01 - ua)] 

where it is assumed that the segment is defined by 
the nodal pairs (1, 2) and (3, 4). This may be 
written as 

P, = 
c: II 

1x8 8x1 

in which the objective function coefficients c1 are 
functions of s, c! I L and 0 and uT = {u,, vi, . . . , 
u4, u4}. In addition to this type of dissipation, 
which arises from localized shearing along veloc- 
ity discontinuities, power is also allowed to be 
dissipated by general plastic deformation of the 
soil mass. By substituting the equations for the 
plastic strain rates and linearized yield criterion 
into the fundamental definition of plastic power, 
the power dissipated internally in a triangle may 
be expressed as 

P,=2c,Aiir 
k=l 

where A is the area of the triangle and A, > 0 for 
k= 1, 2, . . . . p. This may be written in a form 
similar to that of equation (18) according to 

p, = 
lxp pxl (19) 

where the objective function coefficients c2 
depend on c, and A and A’ = {A,, 1,) . . . , A,). 

The various constraint matrices and objective 
function coefficients, detined by equations (13), 
(15), (16), (17), (18) and (19), may be assembled by 
the usual rules to yield the following upper bound 
linear programming problem 

Minimize CiTX, + C,‘X, 

Subject to A,,X, + 

A,X, 

A,X, 

A,X, 

A,,X, = BI 

< B, 

= B, 

= B4 

X, L 0 

where, for a mesh of N nodes and E triangles 
with M = pE, XIT = {ul, uI, . . . . uN, v,} is the 
global vector of unknown velocities and X,’ = 
{A,, . . ., &,,} is the global vector of unknown 
plastic multiplier rates. A detailed discussion of 
efficient strategies for solving this type of opti- 
mization problem may be found in Sloan (1989). 
This topic is beyond the scope of this Paper, but 
it is noted in passing that the steepest edge active 
set algorithm, which has proved effective for the 
lower bound computation, may also be used for 
the upper bound computation by applying it to 
the dual of the above linear programming 
problem. 

RESULTS 
This section describes some improved stability 

results for the undrained loading of a trapdoor. 
The new bounds are markedly tighter than exist- 
ing analytical bounds and, over the range of trap- 
door geometries considered, bracket the exact 
stability number to within ten per cent or better. 
For the sake of completeness, results for two dif- 
ferent types of boundary condition are given. In 
the first instance it is assumed that the underlying 
stratum, and the trapdoor itself, are perfectly 
rough, while in the second instance, it is assumed 
that this interface is perfectly smooth. The true 
boundary condition is most likely to be some- 
where between these two extremes. 

Rough interface 
The upper bound mesh used to model a trap- 

door with H/B = 5 and a perfectly rough contact 
is shown in Fig. 12. The grid has two vertical dis- 
continuities, one at the edge of the trapdoor and 
one at the edge of the deforming region, as well as 
a horizontal discontinuity along the bottom of 
the soil layer. Due to symmetry, only one half of 
the problem needs to be considered and the 
velocity boundary conditions are as shown. 
Overall there are 278 nodes, including the dual 
nodes along the velocity discontinuities, and 440 
triangles. This mesh configuration is typical of 
those used for all the analyses, with the only 
changes being a variation in element size to 
achieve the desired H/B ratios. 

In order to compute the stability number for a 
fixed H/B, the surcharge us and soil unit weight y 
are set to zero and a unit downward velocity is 
imposed on the trapdoor. The resulting linear 
programming problem is then solved to furnish 
the kinematically admissible velocity field which 
dissipates the least amount of power internally. 
Equating this power to -4&r,, the power 
expended by the external loads, gives the external 
stress e, and hence N. It is possible to specify a 
non-zero value for y and modify the objective 
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lJ=O U=V=O 
v=l 

Fig. 12. Upper bound mesh for trapdoor with rough 
interface (c, = 1, +_ = 00, H/B = 5, 278 nodes, 440 tri- 
angles, 3 velocity discontiouities 

function accordingly, but this approach has been 
found to increase the solution time for the opti- 
mization calculation. For a 24-sided approx- 
imation of the Tresca yield criterion, the mesh of 
Fig. 12 furnished a stability number of 6.34. This 
is roughly 3% less than the upper bound of Gunn 
(1980) who obtained N = 6.53 by numerical mini- 
mization of equation (3). 

A typical lower bound mesh, also for the case 
of H/B = 5 and a rough interface, is illustrated in 
Fig. 13. This grid comprises 616 nodes, 196 tri- 
angular elements, 7 rectangular extension ele- 
ments and 293 stress discontinuities, and is 
subject to the stress boundary conditions shown. 
The rectangular extension elements enable the 
stress field to be extended indefinitely in the hori- 

zontal direction without violating equilibrium, 
the stress boundary conditions or the yield criti- 
erion, and the solution is thus said to be com- 
plete. In the actual computation, CT, and y are set 
at zero and the tensile stress over the surface of 
the trapdoor et is maximized to give the stability 
number directly. Again it is possible to compute 
N in a variety of ways, for example by fixing non- 
zero values for y and u, and optimizing the sur- 
charge cS, but the above method proved to be 
most efficient. For a linearized yield polygon with 
24 sides, the lower bound mesh of Fig. 13 gives a 
stability number of 5.77. This is a 20% improve- 
ment on Gunn’s lower bound of equation (4) and, 
when coupled with the numerical upper bound of 
6.34 from the mesh of Fig. 12, enables the exact 
stability number to be bracketed to within 9%. 

A summary of the stability bounds obtained for 
various H/B ratios is shown in Fig. 14. For the 
range of trapdoor geometries considered, the 
numerical solutions bracket the exact stability 
number to within 10% or better, with the lower 
bound technique giving the greatest improvement 
on existing analytical solutions. While the new 
upper bounds improve on those of Davis (1968) 
and Gunn (1980) for deep trapdoors, it would 
appear that Davis’s mechanism is quite close to 
the optimum mechanism for shallow trapdoors 
where H/B < 2. Over this range, the exact stabil- 
ity numbers are bounded to within 5% or better 
and the upper and lower bounds cannot be dis- 
tinguished by the scale of Fig. 14. Although the 
meshes shown in Figs 12 and 13 were arrived at 
after a number of trials, and give good bounds, 
they are not claimed to be optimal. In designing a 
mesh for the upper bound method it is generally 
desirable to concentrate the elements where the 
strain gradients are high and, unlike the displace- 
ment type of finite element method, the grid needs 
only to be large enough to accommodate the 
zone of plastic deformation. If the mesh is made 
too small, the computed limit load will be 
unnecessarily high. Computational experiments 
indicate that, provided a relatively fine mesh is 
employed, the location of the velocity discontin- 
uities does not affect the results significantly. 
Although positioning them judiciously will no 
doubt help to predict the true velocity field more 
accurately, a fine mesh permits smeared velocity 
discontinuities to develop in any case. The 
general failure mechanism for a rough trapdoor, 
which corresponds to the mesh of Fig. 12 with 
H/B = 5, is summarized in Figs 15 and 16. These 
results, together with those obtained for deeper 
trapdoors with H/B > 5, suggest that the width of 
the failure mechanism at the ground surface is 
roughly equal to H. For shallower trapdoors, 
with H/B < 2, the surface deformations are more 
localized and do not extend much beyond the 
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Fig. 13. Lower bound mesh for trapdoor with rough interface (c, = 1, $,, = O”, 
H/B = 5, 616 nodes, 1% triangular elements, 7 rectangular extension elements, 293 
stress discootinuities) 

width of the trapdoor itself. An interesting feature would be relatively uniform. For the lower bound 
of Fig. 16 is the large zone of unyielding material technique, Figs 13 and 14 indicate that relatively 
in the upper half of the failure mechanism. This few triangular elements need to be used to obtain 
suggests that the surface deformations at collapse a good solution. This is a general characteristic of 
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Fig. 14. Stability bounds for undrained loading of trapdoor with rough interface 
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Fig. 15. Velocity vectors for undrained colhpse of trap- 
door with rough interface (H/B = 5) 

the lower bound method and illustrates the bene- 
fits of permitting a large number of discontin- 
uities in the stress field. 

To assess the efficiency of the linear program- 
ming formulations, detailed timing statistics for 
various analyses of a rough trapdoor, with 
H/B = 5, are shown in Table 1. Considering the 
size of the optimization problems that need to be 
solved, the active set algorithm requires remark- 
ably few iterations and the overall solution times 
are certainly competitive with the solution times 
that would be required by an elasto-plastic dis- 
placement type of finite element analysis. If the 
extreme sparsity inherent in the problems is 

Table 1. Statistics for upper and lower bound 
computations (rough trapd&H/B = 5) 

1849 
1452 

1849 
1452 

5303 
3232 

8957 
5872 

1849 16265 
1452 11152 

p = number of sides in 1 ^ . inearized yield pc fgon ; 
n= number of columns in constraint matrix; 
m = number of rows in constraint matrix; i = number 
of iterations for active set algorithm; t = CPUs for 
VAX 8550 with FORTRAN 77 compiler 

m N 

5.29 
6.64 

5.67 
6.41 

5.77 
6.34 

- 

Fig. 16. Yielded zoues for undrained collapse of trapdoor 
with rough interface (H/B = 5) 
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exploited fully, the analyses demand a relatively 
small amount of storage and may easily be exe- 
cuted on a microcomputer. Table 1 also indicates 
the effect of varying the number of sides in the 
linearized yield polygon. Generally speaking, this 
parameter affects the results for the lower bound 
method more than those for the upper bound 
method, but, in both types of calculation, at least 
12 sides ought to be used to avoid excessive lin- 
earization error. 

As a further check on the results produced by 
the linear programming formulations, the stabil- 
ity numbers for various trapdoor geometries have 
also been computed from a displacement type of 
finite element analysis. The mesh used for a trap- 
door with HfB = 5 is shown in Fig. 17. This grid, 
which is typical of those used for other H/B 
ratios, is comprised of 56 cubic strain triangles 
and 493 nodes with the material properties as 
shown. Since it is capable of accommodating the 

large number of incompressibility constraints 
generated by the flow rule, the 15noded triangle 
gives accurate predictions of collapse (Sloan & 
Randolph, 1982; Sloan, 1981) without the need to 
resort to unreliable techniques such as reduced 
integration. To perform the analysis, the trapdoor 
is displaced uniformly downwards until collapse 
occurs and the external stress 0, is computed by 
averaging the appropriate nodal forces. As the 
surcharge O, and soil unit weight y are prescribed 
to be zero, this enables the stability number to be 
deduced. In order to avoid a singularity, the 
element immediately adjacent to the trapdoor is 
given a linear displacement profile with its 
bottom right hand node fixed. Before reaching 
the limit load, 100 displacement increments of 
equal size are imposed on the trapdoor and, to 
ensure that the stresses satisfy both the yield cri- 
terion and the flow rule to within a prescribed 
tolerance, the elastoplastic stress-strain relations 

I 
H 

- 

u=o 
Y prescribed 

Fig. 17. Mesh for displacement finite element analysis of trapdoor with rough inter- 
face (a$,, = O’, G/c. = 100, v, = @499,493 nodes, 56 triangles, H/B = 5) 
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Fig. 18. Upper bound mesh for trapdoor with smooth 
interface (c, = 1, $, = O”, H/B = 5, 266 nodes, 440 tri- 
angles, 2 velocity discootinuities) 

are integrated using the adaptive scheme 
described in Sloan (1987). 

For the mesh of Fig. 17, where H/B = 5, dis- 
placement finite element analysis gives a stability 
number of 6.05. This value is 4.6% below the 
upper bound obtained from the grid of Fig. 12 
and 4.9% above the lower bound obtained from 
the grid of Fig. 13. The displacement finite 
element results for other H/B ratios, shown in 
Fig. 14, also agree well with the results from the 
linear programming formulations and, for the 
most part, fall half way between the upper and 
lower bounds. The simultaneous use of these two 
methods would appear to be a very powerful tool 
for general stability analysis, as much of the 
uncertainty that clouds the results of a traditional 
finite element calculation can be removed. The 

solution time for the displacement finite element 
calculation, with the mesh of Fig. 17, was around 
1200 s on a Vax 8550. This may be compared 
with the times for the linear programming formu- 
lations shown in Table 1, where it is seen that the 
bounding methods are certainly competitive. 

Smooth interface 
Figure 18 illustrates the upper bound mesh for 

a trapdoor with H/B = 5 and a smooth interface 
between the soil layer and its underlying stratum. 
The grid has two velocity discontinuities, one at 
the edge of the trapdoor and one at the edge of 
the deforming region, and is comprised of 266 
nodes and 440 triangles. When used with a 24- 
sided approximation to the yield criterion, this 
arrangement gives a stability number of 6.16. The 
corresponding lower bound mesh is shown in Fig. 
19. This configuration is similar to that used for 
the rough interface calculation, except for the 
changes in the stress boundary conditions and 
element sizes, and gives a lower bound for N of 
5.62. Thus the exact stability number, for the case 
of H/B = 5, is bounded to better than 9%. 

A summary of the stability bounds for various 
H/B ratios, obtained using meshes similar *to 
those of Figs 18 and 19, is shown in Fig. 20. For 
the range of trapdoor geometries considered, the 
results for the linear programming formulations 
bracket the exact stability numbers to within 10% 
or better. The effect of the smooth interface con- 
dition, which increases as the trapdoor becomes 
deeper, is significant only for cases where H/B is 
greater than about 5. The differences are quite 
small, however, with the stability bounds for the 
smooth condition being about 7% less than those 
for the rough condition when HfB = 10. 

Figures 21 and 22 illustrate the velocity vectors 
and yielding zones for an upper bound calcu- 
lation with the mesh of Fig. 18. Comparing these 
Figs with those for the rough case, Figs 15 and 
16, it can be seen that the collapse mechanism is 
altered significantly by the smooth boundary con- 
dition. In particular, the width of the mechanism 
at the ground surface is considerably larger. 

CONCLUSIONS 
The undrained stability of a plane strain trap- 

door has been investigated. Bounds on the stabil- 
ity number, derived from numerical formulations 
of the limit theorems, enable the exact solution to 
be bracketed to within 10% or better for a range 
of trapdoor geometries. The bound techniques 
are efficient computationally and their results 
have been verified by careful analysis with the dis- 
placement type of finite element method. 
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r=O 

Fig. 19. Lower bound mesh for trapdoor with smooth interface (c. = 1, 4, = O”, H/B = 5, 616 nodes, 196 
triangular elements, 7 rectangular extension elements, 293 stress discontinuities) 
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Fig. 20. Stability bounds for undrained loading of trapdoor with smooth interface 
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v=o 

Fig. 21. Velocity vectors for undrained collapse of trap 
door with smooth interface (H/B = 5) 

the stresses associated with 3-noded triangular 
elements and the stresses associated with 4-noded 
extension elements, as the yield condition leads to 
different sets of constraints. 

For each node i of a 3-noded triangle, let F,, 
denote the value of the kth side of the linearized 
yield function with k = 1, 2, . . ., p. Throughout 
each triangle, the value of F, is given by 

F,= iN& 
i=l 

where 

F,i = COS (2nk/p)(Oli - a,,) 

+ 2 sin (2xk/p)rXZi - 2c, cos (x/p) 

/ I 

Fig. 22. Yielded zones for undrained collapse of trapdoor 
with smooth interface (H/B = 5) 

and Ni are linear shape functions with 0 < Ni < 
1. If the conditions 

F,, so 
F,, < 0 k=l,2,...,p 

F,, < 0 

are enforced on the nodal stresses, it follows from 
equation (20), and the non-negativity of the shape 
functions, that F, < 0 throughout each triangle. 

The value of F, at any point inside a 4-noded 
rectangular extension element is again given by 
equation (20). Noting the identity N, + N, 
+ N, = 1, this equation may be rewritten as 

F, = NIV,, - F,,) + (1 - N,F,, + N, f’,, 

(21) 
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where N, 2 0 and 0 < N, < 1 throughout the 
semi-infinite domain of the element. Using these 
hounds on the shape function values, it is appar- 
ent from equation (21) that the three conditions 

Fkl G Fk, 

F,, < 0 k = 1, 

F,, < 0 

need to be enforced 

2, .‘., P 

in order that the yield cri- 
terion is satisfied everywhere in the extension 
zone. 
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