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ABSTRACT: The upper- and lower-bound theorems of classica! plasticity are used 
to examine the undrained stability of a shallow square tunnel under conditions of 
plane-strain loading. Rigorous bounds on the loads needed to support the tunnel 
against active or passive failure are derived using two numerical techniques that 
are based on a finite element type of discretization. Both techniques assume a 
perfectly plastic soil model with a linearized Tresca yield criterion and lead to large 
linear programming problems. The solution to the lower-bound linear programming 
problem defines a statically admissible stress field, whereas the solution to the 
upper-bound linear programming problem defines a kinematically admissible ve
locity field. For the range of tunnel geometries considered, the solutions obtained 
typically bracket the exact collapse load to within 15% or better. Where appro
priate, the results for the upper-bound formulation are verified using a variety of 
rigid block mechanisms. 

INTRODUCTION 

The upper- and lower-bound theorems of classical plasticity have been 
applied widely to soil structures of many different types and are powerful 
tools for the analysis of stability. This paper uses two methods, which are 
based on a finite element formulation of the bound theorems, to examine 
the stability of a square, shallow tunnel in a purely cohesive material. 

The plane-strain tunnel problem to be considered is shown in Fig. 1. The 
square tunnel, of dimension B, lies at a depth H below the ground surface, 
and the soil is assumed to have a uniform undrained shear strength c„. Load
ing is applied to the tunnel by an internal pressure <T„ a surcharge o-s, and 
self-weight. Active collapse of the tunnel is triggered by application of sur
charge and self-weight, with the internal tunnel pressure providing resistance 
against failure. Under passive conditions these roles are reversed, and col
lapse is caused by the internal pressure, with resistance being provided by 
the surcharge and self-weight. The stability of the tunnel, for both active 
and passive loading, may be summarized conveniently in terms of the di-
mensionless quantities H/B, yB/cu, and (ors - 07)/c„. The first two param
eters represent the influence of the depth of the tunnel and the unit weight 
of the soil, respectively, and are usually known. The third parameter, (or, — 
cr,)/c„, is a function of both H/B and -y5/c„. Although the undrained stability 
of a square tunnel is of considerable practical interest, an exact solution for 
predicting the point of collapse is unknown. 

This paper describes the application of two numerical techniques to yield 
sharp bounds on the load parameter (07 — a;)/cu for undrained collapse of 
a square tunnel. The numerical procedures are based on a finite element 
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FIG. 1. Plane-Strain Square Tunnel 

formulation of the plastic limit theorems and lead to large linear program
ming problems. The solution to the upper-bound optimization problem de
fines a kinematically admissible velocity field and can be used to determine 
an optimistic (or "unsafe") estimate of the collapse pressures. The solution 
to the lower bound optimization problem, on the other hand, defines a stat
ically admissible stress field and thus yields a pessimistic (or "safe") esti
mate of the collapse pressures. For the range of shallow-tunnel geometries 
considered in this paper, the bound solutions typically bracket the exact sta
bility number to within 15% or better. The gap between the bounds may 
increase above 15% for cases where the stability number approaches zero. 

BOUND THEOREMS OF LIMIT ANALYSIS 

The lower-bound theorem of limit analysis states that any statically ad
missible stress field will provide a lower bound on the exact limit load. A 
statically admissible stress field is one that satisfies equilibrium, the stress 
boundary conditions, and the yield criterion. The stress field for a lower-
bound calculation does not need to be continuous, and, indeed, solutions 
that incorporate stress discontinuities are often found to give the best bounds. 
By considering the equilibrium of a thin rectangular element, it may be shown 
that, provided the continuity of the shear and normal stresses is preserved, 
a discontinuity is still statically admissible even if the tangential stress is 
discontinuous. A stress discontinuity may thus be viewed as an infinitely 
thin rectangular element that connects two continuous stress fields, with the 
normal and shear stresses being opposite and equal. Under conditions of 
plane strain, a lower-bound stress field must satisfy the following equations: 

dx dz 
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dz dx 

F{ax,v2,tJ < 0 

(1*) 

(2) 

where F = a perfectly plastic yield criterion; -y = the unit weight of the 
material; and compressive stresses are taken to be positive, as shown in Fig. 
2. The stresses must also, of course, satisfy any stress boundary conditions 
that are specified. 

The upper-bound theorem of limit analysis states that, for a kinematically 
admissible velocity field, an upper bound on the exact collapse load can be 
obtained by equating the power dissipated internally to the power expended 
by the external loads. A kinematically admissible velocity field is one that 
satisfies the flow rule, the velocity boundary conditions, and compatibility 
(except along specified velocity discontinuities). During plastic flow, power 
is assumed to be dissipated by general plastic yielding of the soil mass, as 
well as by sliding along velocity discontinuities where jumps in the normal 
and tangential velocities may occur. In the simplest form of upper-bound 
calculation, the velocity field at collapse is modeled by a mechanism of rigid 
blocks that move with constant velocity. Since no general plastic deforma
tion of the soil mass is permitted to occur, power is dissipated solely at the 
interfaces between adjacent blocks, which constitute velocity discontinuities. 
In this type of approach, the best upper bound is obtained by optimizing the 
geometry of the chosen mechanism so that the dissipated power (or some 
related load parameter) is minimized. For the more general case of plane-
strain deformation of a rigid plastic soil mass, the plastic strain rates are 
given by an associated flow rule according to 

bu . dF 

dx d(Tr 

0 . (3a) 
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dv . dF 
ky= = X — , X > 0 (3b) 

dz dcrz 

dv du\ . dF 
— + — = X , X > 0 (3c) 
dx dz/ dtxz 

where X = a plastic multiplier rate; u and v = the velocities in the x- and 
z-directions, respectively, as shown in Fig. 2; and compressive strains are 
taken as positive. These equations, together with the velocity boundary con
ditions and the flow-rule relations for the velocity discontinuities, define a 
kinematically admissible velocity field. 

FINITE ELEMENT FORMULATION OF LOWER-BOUND THEOREM 

The use of finite elements and linear programming to compute rigorous 
lower bounds for soil mechanics problems appears to have been first pro
posed by Lysmer (1970). Lysmer's formulation was based on a simple three-
noded triangular element and clearly illustrated the advantages in automating 
a classical lower-bound calculation. The scope of this early investigation was 
limited, however, because the linear programming codes at the time could 
deal only with relatively small problems. Since a typical lower-bound anal
ysis may require the solution of a linear programming problem that has sev
eral thousand variables and an even larger number of constraints, the evo
lution of the technique has been linked closely to the development of efficient 
linear programming algorithms. Indeed, special features of the lower-bound 
formulation, such as the extreme sparsity of the overall constraint matrix, 
must be exploited fully to avoid large amounts of unnecessary computation. 
Following Lysmer, other investigators, including Anderheggen and Knopfel 
(1972), Pastor (1978), and Bottero et al. (1980), have proposed alternative 
forms of the lower-bound technique, and a number of important generaliza
tions have been made. More recently, Sloan (1988a, 1988b) has introduced 
a formulation based on a newly developed active set algorithm that permits 
very large problems to be solved efficiently on a workstation or microcom
puter. Advantages of the finite element formulation of the lower-bound theo
rem are numerous and include the ability to deal with complex geometries, 
complicated loadings, and inhomogeneous soil deposits. 

The elements that are used to model the stress field under conditions of 
plane strain are shown in Fig. 3. The stresses vary linearly within each ele
ment according to 

3 

°V = 2 NP*i (4<3) 

3 

CT« = E up* w 
1=1 

3 

T, 2 ^ T - (4c> 
/ = i 

where Af, = linear shape functions; and axi, azl, and T„, = the nodal stresses. 
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Note that the two different types of extension elements, which are necessary 
to obtain statically admissible solutions for problems involving semi-infinite 
domains, are based on the same linear expansion as the simple three-noded 
triangle. Unlike the more familiar displacement type of finite element method, 
each node is unique to a particular element, and several nodes may share 
the same coordinates. Statically admissible stress discontinuities are permit
ted at all edges shared by adjacent elements, including those shared by ad
jacent extension elements. 

Differentiating (4a)-(4c) and substituting into ( la) and (lb), we obtain 
the equilibrium constraints on the nodal stresses for each triangle according 
to 

a, w, = b , 
2X9 9X1 2X1 

(5) 

A typical stress discontinuity is shown in Fig. 4. To be statically admissible, 
the shear and normal stresses must be continuous at all points along the 
discontinuity. This condition gives rise to the following constraints: cr„i = 
tf„2, o-„3 = cr„4, Ti = T2, and T3 = T4. 

Using the well-known stress transformation equations, which relate the 
stresses (CT„,T) to the Cartesian stresses (ax,az,TX2), these equality constraints 
may be written in terms of the nodal stresses for the discontinuity according 
to 

a2 o-2 = b2 . 
4X12 12X1 4X1 

(6) 

Similarly, any prescribed stress boundary conditions can be expressed as 
constraints on the Cartesian stresses for the boundary nodes. Let nodes 1 
and 2 define a boundary edge, and assume that the normal and shear stresses 
at these nodes are specified to be equal to (q^ti) and (q2,t^>, respectively. 
The prescribed conditions are satisfied everywhere along the boundary edge 
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by enforcing the following constraints: o-nl = qu <rn2 = q2, Ti = tu and T2 
= h. 

By using the stress transformation equations to express the normal and 
shear stresses on any plane in terms of the nodal stresses and the angle 0, 
these equalities may be summarized by the matrix equation 

a3 w = b3 
4x6 6X1 4X1 

(7) 

Eqs. (5), (6), and (7) are applied to every element in the mesh, including 
those that are extension elements. In the latter case, the linearity of the as
sumed stress field ensures that the equilibrium and boundary conditions are 
satisfied at every point in the extension zone. 

In this paper, we assume that the undrained shear strength of the soil is 
modeled satisfactorily by a perfectly plastic Tresca criterion. Under condi
tions of plane strain, the Tresca function defines a circle in stress space 
according to 

F = X2 + Y2 - R2 (8) 

where X = ax — crz; Y = 2T„; and R = 2c„. 
To define a rigorous lower bound, the stresses at each point must lie inside 

or on the Tresca circle so that F(VX,(JZ,TXZ) £ 0. Since the Tresca yield circle 
is nonlinear in the unknown stresses, it is convenient to replace it by an 
interior polygon with p sides of equal length as shown in Fig. 5. This permits 
the yield criterion to be expressed as a series of linear inequalities, instead 
of a single nonlinear inequality, according to 

Fk = Akox + Bkvz + CkTXI - D < 0 (9) 
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where Ak = cos (2-irfc/p); Bk = —Ak\ Ck = 2 sin (2TT/C/P); D = 2c„ cos ( IT/ 
p) ; and k = 1, ..., p. 

Since F* is linear in the stresses, and these are themselves linear in x and 
z from (4c)-(4c), it follows that for any point in a triangle we may write 

3 

Fk = NtFkl + N2Fk2 + N^a = ^ N,Fki (10) 

where Fk, = the value of the kth side of the linearized yield function at node 
i; and iV, = linear shape functions. As the shape functions always lie within 
the range 0 < TV, £ 1, and are thus nonnegative, it follows from (10) that 
the yield condition is satisfied at every point in a triangle if we enforce the 
conditions Fkl < 0, Fk2 £ 0, and Fk3 £ 0, for k = 1, . . . , p. Thus, at each 
node, the linearized yield condition gives rise to p inequality constraints of 
the form 

a4 a < b4 (11) 
p x 3 3X1 p x l 

For a triangular extension element, a slightly different set of constraints 
must be imposed. Using the shape-function identity N, + N2 + N3 = 1 to 
substitute for N2 in (10), we obtain 

Fk = JV,(Ftl - Fk2) + Fk2 + N3(Fk3 -Fk2) (12) 

Since Nx > 0 and N3 s 0 at every point in a triangular extension zone, 
the yield condition is satisfied throughout the zone by enforcing the con
straints Fkl < Fk2, Fk2 £ 0, and Fk3 £ Fk2, for k = 1, . . . , p. The inequality 
constraints that are applied to the stresses at node 2 are identical to those 
described by (11). At nodes 1 and 3, however, the yield condition gives rise 
to p inequalities of the form 

a5 o- < b5 (13) 
p x 6 6X1 p x 1 

For a rectangular extension element, we know that the shape functions N, 
and N3 must lie within the ranges Nt & 0 and 0 s N3 £ 1. Rewriting (12) 
in the form 

Fk = tf,(Ftl - Fk2) + (1 - N3)Fn + N3Fk3 (14) 

it is evident that the yield criterion is satisfied at every point inside the rect
angular extension zone, provided we enforce the inequalities Fkl < Fk2, Fk2 

£ 0, and Fa £ 0, for k = 1, . . . , p. These are of the same form as the 
constraints described by (11) and (13). 

Now that all the constraints that need to be imposed on the stress field 
have been described, the next step is to define the objective function. For 
many plane problems in geotechnical engineering, we wish to find a stati
cally admissible stress field that maximizes an integral of the form 

Q = <*ndS (15) 
s 

where Q = the collapse load per unit thickness; and o-„ = the normal stress 
acting over a specified length of the boundary S. Since the stresses vary 
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linearly throughout the grid, it follows that this integral can be evaluated 
analytically for each boundary edge to give 

/ 
Q = - (a,, + ff„2) (16) 

where / = the length of the edge; and (uni,aia) = the normal stresses at its 
two ends. Using the stress transformation equations, the normal stresses may 
be written in terms of the nodal stresses and the angle 9 to obtain 

Q = c r a (17) 
1X6 6X1 

All the steps in formulating the lower-bound theorem as a linear program
ming problem have now been covered. After assembling the coefficients in 
(5), (6), (7), (11), (13), and (17) by the usual rules of finite elements, the 
problem of finding a statically admissible stress field that maximizes the 
collapse load over a specified area may be written as follows: 

Minimize — CTX subject to 

A,X = B, (18a) 

A2X = B2 (18fc) 

A3X = B3 (18c) 

A4X < B4 (18d) 

A5X < B5 (18e) 

where X = a global vector of unknown stresses. This type of linear opti
mization problem is unusual since all of the variables are unbounded, and, 
for most cases, the overall constraint matrix has many more rows than col
umns. As a result of a detailed analysis and extensive numerical testing, 
Sloan (1988a, 1988b) has suggested that a recently developed active set al
gorithm is especially suited to the solution of (18a)-(18e). The active set 
procedure uses a steepest-edge search to reduce the number of iterations that 
are required to locate the optimal solution and has a canonical form identical 
to (18a)-(18e). Also, because it fully exploits the extreme sparsity of the 
overall constraint matrix, very large problems can be solved on a micro
computer or workstation. 

FINITE ELEMENT FORMULATION OF UPPER-BOUND THEOREM 

One of the earliest investigations of a numerical upper-bound formulation, 
which employed finite elements and linear programming to model the col
lapse of plates, was given by Anderheggen and Knopfel (1972). This work 
gives an extensive discussion of alternative procedures and paved the way 
for later investigators, e.g., Bottero et al. (1980), to apply the general tech
nique to stability problems in soil mechanics. More recently, Sloan (1989) 
adopted the formulation of Bottero et al. (1980) but used duality theory and 
the steepest-edge active algorithm to solve the resulting linear programming 
problem efficiently. Like the lower-bound scheme, the upper-bound for
mulation may lead to very large optimization problems, involving several 
thousand variables and constraints, and it is essential to exploit the extreme 
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sparsity of the constraint matrix to the fullest. 
The three-noded triangle used in the upper-bound formulation is shown in 

Fig. 6. This element is identical to the one employed by Bottero et al. (1980) 
and Sloan (1989) and is defined so that each node has two velocities and 
each element has p plastic multiplier rates (where p is the number of sides 
in the linearized yield polygon). The velocities are assumed to vary linearly 
throughout each element according to 

M = 2 N'u> (19a) 

v = 2 N'vi • (196) 

where JV, = linear shape functions, and (w,,v,) = the nodal velocities in the 
x- and z-directions, respectively. To remove the stress terms from the flow-
rule equations and thus provide a linear relationship between the unknown 
velocities and plastic multiplier rates, the upper-bound method also requires 
the use of a linear approximation to the yield surface. Unlike the static tech
nique, which uses an internal polygon to preserve the lower-bound property 
of the solution, the upper-bound procedure employs an external polygon as 
shown in Fig. 7. This polygon again has p sides of equal length, and the 
linearized yield condition may be written as 

Fk = Akvx + Bka! + CkTxz - D = 0 (20) 

where Ak = cos (Ink/p); Bk = -Ak; Ck = 2 sin (2TTIC/P); D = 2c„; and k 
= 1, . . . , p. 

Differentiating (19a), (19fo), and (20) and substituting into (3a)-(3c) fur
nishes the flow-rule constraints as 

8N, 
Er»i + 5 !M. = o, X,>O (21a) 
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These relations may be expressed in matrix form according to 

u 
(an a ]2). 

3x6 3Xp \ A. 
(6+p)xl 

= b, 
3x1 

(21 ft) 

(21c) 

• (22) 

where an = a function of the nodal coordinates; and a12 = a function of the 
coefficients Ak, Bk, and Ck. The flow-rule constraints permit general plastic 
deformation throughout the soil mass. To permit kinematically admissible 
discontinuities in the velocity field, two additional constraints on the velocity 
field are necessary. These arise from the imposition of a sign constraint, 
which ensures that the dissipated power is nonnegative, and the flow rule. 
A typical velocity discontinuity, inclined at an angle 6 to the z-axis and 
defined by the nodal pairs (1,2) and (3,4), is shown in Fig. 8. The jumps 
in the tangential and normal velocities at the nodal pair (1,2) are given by 

u, = sin 9(«2 ~ «i) + cos Q(v2 — v{) 

u„ = cos G(«2 — «,) - sin 6(v2 — v{) 

(23a) 

(23b) 

The sign of each discontinuity, s, refers to the sense of the tangential 
velocity and is defined such that 

\u,\ = su„ s = ±1 (24) 

The sign constraint su, 2: 0, when combined with the expression for u, 
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from (23a), gives the following matrix inequality: 

a2 u < b2 (25) 
1X4 4X1 1X1 

This conditiori is applied to each pair of nodes on a discontinuity. For 
undrained loading of a soil that is modeled by the Tresca yield criterion, 
plastic deformation occurs at constant volume, and thus no dilation is per
mitted along a velocity discontinuity. This flow-rule constraint implies that 

u„ = cos 6(u2 ~ «i) — sin %{v2 — i>i) = 0 (26) 

for the nodal pair (1,2) and may be written in matrix form as 

a3 u = b3 (27) 
1X4 4X1 l x l 

Each pair of nodes on a discontinuity must satisfy this equality. The final 
type of constraint to be imposed on the nodal velocities arises from the 
boundary conditions. For a boundary node i, these are typically of the form 

u,, = 8, (28a) 

v, = 82 (28b) 

where 5, and 82 = prescribed values. In matrix notation, the velocity bound
ary conditions may be expressed as 

a4 u = b4 (29) 
2x2 2x1 2X1 

We have now described all of the constraints that the velocity field must 
satisfy to be kinematicafly admissible. The next step is to formulate the ob
jective function, which, in the upper-bound method, corresponds to the total 
dissipated power. The objective function is a linear function of the unknown 
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velocities and plastic multiplier rates and is comprised of two parts: the power 
dissipated by localized shearing along velocity discontinuities and the power 
dissipated by general plastic deformation of the soil mass. With reference 
to Fig. 8, the power dissipated by undrained shearing along a velocity dis
continuity, per unit thickness in the out-of-plane direction, is 

Pd = cu\u\dl (30a) 

/ 
Pd = - seisin 0(«2 + «4 - «i — W3) + cos 6(v2 + VA — vt - t/3)] (30b) 

or 

Pd = cf u (30c) 
1X8 8x1 

Similarly, for a triangle of unit thickness and area A, the power dissipated 
by the plastic stresses is 

P, = ( ° A + ° A + ^yXI)dA (31) 
JA 

Substituting (3a)-(3c) and (20) and collecting terms, we see that this can 
also be expressed as 

p 

P, = 2cA^K (32a) 

*=i 

or 

P, = cl k (326) 
\xp pxl 

where each of the plastic multiplier rates, \k, is nonnegative. 
Eqs. (22), (25), (27), (29), (30c), and (32b) define the constraint and ob

jective function coefficients for each triangle and discontinuity. After assem
bling these by the usual rules of finite elements, the problem of finding a 
kinematically admissible velocity field that minimizes the total dissipated 
power may be written as follows: 

Minimize C[Xi + C|!X2, subject to 

A n X, + A12X2 = B, (33a) 

A2X, < B2 (33*) 

A3X, = B3 (33c) 

A4X, = B„ (33d) 

X2 > 0 (33e) 

where Xi = the global vector of unknown velocities; and X2 = the global 
vector of unknown plastic multiplier rates. A detailed analysis of various 
strategies for solving this type of optimization problem efficiently may be 
found in Sloan (1989). Although further discussion of this point is beyond 
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the scope of this paper, we note in passing that (33a)-(33e) may be solved 
very efficiently by applying the steepest-edge active set algorithm to its dual. 

RESULTS 

Active collapse of the square tunnel shown in Fig. 1 is triggered by the 
action of the surcharge and the self-weight of the soil, with the internal 
tunnel pressure providing resistance to failure. Under this type of loading, 
the external power dissipation per unit thickness is given by 

*̂exi = (cs ~~ c,) vdx + y vdxdz (34) 
Jz=o JA 

where A = the area of the soil mass that undergoes incompressible plastic 
deformation; and plane-strain conditions are assumed. More generally, the 
external power dissipation may be expressed as the dot product of a gen
eralized load vector Q and a generalized strain rate vector q according to 

p-=(^)(c"L^)+(?)fe//H {35a) 

^ex, = fil<7l + 22<72 (35fo) 

Pc« = QTq (35c) 

where 

,. /a. — a, yB\ 
QT = (QuQ2) = , — (36a) 

V c„ c„ I 

qT = (qi,q2) = ( c„ I vdx, — I vdxdz j (36b) 

The two dimensionless load parameters Q\ and Q2 are convenient variables 
for presenting the bound solutions and are often known as stability numbers. 
Both of these quantities are functions of the depth ratio H/B. In most prac
tical design situations, the value of H/B, crs, and Q2 are known, and it is 
necessary to be able to determine Qx and thus a,. 

Under passive conditions, the roles of the various external loads are re
versed, with collapse being driven by the internal tunnel pressure and resis
tance being provided by the self-weight of the soil and the surcharge. In this 
case, we have 

Pcxt — (c, — IT,) I vdx - y I vdxdz (37) 
Jz=o JA 

and it is convenient to define 

Q = ( ^ . ^ ) (38a) 

qT = ( c„ vdx, - — vdxdz) (38fo) 
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FIG. 9. Lower-Bound Mesh for Square Tunnel with H/B = 3 and -yfi/c„ = 3 (c„ 
= 1, <(>„ = 0, 1,623 Nodes, 508 Triangular Elements, 1 Triangular Extension Ele
ment, 24 Rectangular Extension Elements, 784 Stress Discontinuities) 

New stability bounds for the active and passive cases will now be dis
cussed in turn. 

Active Collapse of Shallow Square Tunnel 
The lower-bound mesh that was used to model the active collapse of a 

tunnel with H/B and yB/c„ = 3 is shown in Fig. 9. This grid is comprised 
of 1,623 nodes, 508 triangular elements, one triangular extension element, 
24 rectangular extension elements, and 784 stress discontinuities, and was 
chosen after experimenting with a wide variety of arrangements. 

Due to the symmetry of the problem, only one-half of the tunnel needs to 
be modeled, and the stress boundary conditions are as shown. The incor
poration of the extension elements ensures that the stress field can be ex
tended throughout the semi-infinite domain of the tunnel without violating 
equilibrium, the stress boundary conditions, or the yield criterion. All of the 
lower-bound solutions are thus fully rigorous and are said to be complete. 
To perform the computations for a specific value of H/B, crs is set to zero, 

1166 



u=v=0 

FIG. 10. Upper-Bound Mesh for Square Tunnel with H/B = 3 and yB/c„ = 3 (c„ 
== 1, *„ = 0, 450 Nodes, 736 Triangles, 4 Velocity Discontinuities) 

and the load parameter yB/cu is fixed by prescribing 7. A lower bound for 
(o-s — CT,)/C„ is then obtained by solving (18a)-(18e) to find a statically ad
missible stress field that maximizes a uniform tensile stress over the face of 
the tunnel. For the mesh shown in Fig. 9, a lower-bound analysis with a 
12-sided approximation to the Tresca yield criterion gives (CTS — CT,)/C„ = 
- 6 . 7 3 . 

A typical upper-bound mesh, also for the case of H/B = 3, and yB/cu 

= 3, is shown in Fig. 10. This grid has one vertical discontinuity at the 
edge of the deforming region, one vertical and one horizontal discontinuity 
at the upper corner of the tunnel, and one horizontal discontinuity at the 
bottom corner of the tunnel. Overall there are 450 nodes and 736 triangles, 
and the velocity field is subject to the boundary conditions shown. Note that 
the triangles are grouped together in fours to form quadrilaterals; this special 
arrangement is necessary to permit each triangle to deform at constant vol
ume under plane-strain loading, and has been discussed in detail by Nag-
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MECHANISM A MECHANISM B 

FIG. 11. Upper-Bound Mechanisms A and B 

tegaal et al. (1974). To compute an upper bound for a fixed value of H/B, 
yB/cu is set to zero, and unit velocities are applied to the tunnel face. The 
resulting linear programming problem, defined by (33a)-(33e), is then solved 
to yield a kinematically admissible velocity field that dissipates the minimum 
amount of internal power. The unknown load parameter (o-s - cr,)/cu is found 
by equating this internal power to the power expended by the external loads 
using (35a). The integral of the v velocity along the ground surface, and 
hence qu is trivial to evaluate because of the constant volume condition. For 
cases where yB/c„ > 0, the value of the load parameter is computed using 
the formula 

°V - a, 

7fl/c„=0 

yB a 1 

B 3 
(39) 

This follows from the fact that, for a uniform velocity of v = +8 on the 
tunnel roof and u = - 8 on the tunnel walls, the power expended by the 
external gravity load is given by 

7 vdxdz = 7 I zvdx - y zudz = - yhByH + -) (40) 

This simplification is readily shown by using Green's theorem, together 
with the constant volume condition, and is especially convenient from a 
computational point of view. For the mesh of Fig. 10 with a 12-sided ap
proximation to the yield surface and yB/c„ = 3, the upper-bound procedure 
furnishes a value for (CTS - o-,)/c„ of -6.14. This result, when coupled with 
the previous lower bound of (CT, - o-,)/c„ = -6 .73, enables the exact limit 
load to be bracketed to within 9%. 
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TABLE 1. Stability Bounds for Active Collapse of Square Tunnel 

H/B 

(1) 

0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
1.5 
2.0 
3.0 
4.0 
5.0 
6.0 
7.0 
8.0 
9.0 

10.0 

(tJ, - CT,)/c„ 

yB/cu = 0 

Lower 
bound 

(2) 

0.522 
0.712 
0.915 
1.12 
1.32 
1.52 
1.70 
1.88 
2.50 
2.89 
3.45 
3.90 
4.23 
4.55 
4.81 
5.03 
5.28 
5.47 

Upper 
bound 

(3) 

0.600" 
0.800" 
1.00" 
1.20" 
1.40* 
1.60" 
1.80" 
2.00" 
2.77" 
3.15" 
3.82" 
4.37 
4.79 
5.19 
5.57 
5.79 
6.05 
6.29 

yB/c„ = 1 

Lower 
bound 

(4) 

0.261 
0.344 
0.447 
0.538 
0.631 
0.704 
0.758 
0.810 
0.750 
0.600 
0.140 

-0.410 
-1 .06 
-1 .78 
-2 .57 
-3 .36 
-4 .10 
-5 .00 

Upper 
bound 

(5) 

0.300' 
0.400* 
0.500" 
0.600' 
0.700" 
0.800" 
0.900° 
1.00* 

0.960" 
0.825" 
0.478" 
0.039 

-0.554 
-1 .15 
-1 .77 
-2 .54 
-3 .29 
-4 .05 

yB/c„ = 2 

Lower 
bound 

(6) 

-0 .050 
-0.055 
-0.072 
-0.124 
-0.181 
-0.261 
-0.343 
-0.440 
-1 .09 
-1 .78 
-3 .24 
-4 .83 
-6 .51 
-8 .25 

-10.05 
-11.87 
-13.79 
-15.79 

Upper 
bound 

(7) 

0.000* 
0.000* 
0.000" 
0.000" 
0.000' 
0.000" 

-0.115" 
-0.234" 
-0.854" 
-1.50" 
-2 .87" 
- 4 . 3 1 " 
-5 .88 
-7 .48 
-9 .10 

-10.87 
-12.62 
-14.38 

yB/c„ = 3 

Lower 
bound 

(8) 

-0 .401 
-0.590 
-0.760 
-0.985 
-1 .21 
-1 .41 
-1 .62 
-1 .83 
-3 .01 
-4 .22 
-6 .73 
-9 .38 

-12.10 
-14.87 
-17.65 
-20.50 
-23.57 
-26.60 

Upper 
bound 

(9) 

-0.300* 
-0.400* 
-0.500* 
-0.656" 
-0.874" 
-1.10" 
-1.32" 
-1.54" 
-2 .68" 
-3.84" 
-6 .23" 
-8 .68" 

-11.21 
-13.81 
-16.43 
-19.21 
-21.95 
-24.71 

Note: Superscripts a and b indicate which mechanism gives best upper bound. No su
perscript indicates that the finite element formulation gives best upper bound. 

To verify the results from the upper-bound finite element technique, two 
rigid block mechanisms were also considered, as shown in Fig. 11. Mech
anism A is based on the simple trap-door model of Davis (1968) and is 
appropriate for very shallow tunnels. After equating the power expended by 
the external loads to the power dissipated by plastic shearing along the ve
locity discontinuities, this mechanism gives the result (CTS — CT,)/C„ :£ (H/ 
B)(2 — yB/cu). It will be shown subsequently that this bound is quite close 
to the exact limit load for cases where H/B < 1. For larger H/B ratios, we 
expect collapse to involve deformation of the tunnel walls, and a more elab
orate model, such as mechanism B, is required. To compute the best upper 
bound for this mechanism, it is first necessary to equate the external and 
internal rates of work so that the load parameter (<TS - o-,)/c„ is expressed 
in terms of the quantities B, H, yB/cu, and the three variables angles (a, (3,8). 
The geometry of the rigid blocks is then optimized numerically, by searching 
for the critical values of (a, B, 8), to yield the minimum value for (crs — CT,)/ 
c„. For a shallow tunnel with H/B = 3 and yB/cu = 3, mechanism B fur
nishes an upper bound for (CTS — o-,)/c„ of —6.23. This is an improvement 
of 1.5% on the best result for the finite element formulation and, when cou
pled with the previous lower bound of (crs — cr,)/cu = —6.73, implies that 
the exact limit load has been bracketed to within 7%. 

A complete summary of the stability bounds obtained for various H/B 
ratios is shown in Table 1 and Figs. 12 and 13. Except for cases where the 
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FIG. 12. Stability Bounds for Undrained Active Collapse of Square Tunnel (0.3 
s H/B s 1) 

H/B 

FIG. 13. Stability Bounds for Undrained Active Collapse of Square Tunnel (1 
H/B s 10) 
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TABLE 2. Stability Bounds for Passive Collapse of Square Tunnel 

H/B 

(D 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
1.5 
2.0 
3.0 
4.0 
5.0 
6.0 
7.0 
8.0 
9.0 

10.0 

(o-, - o-J/c,, 

yB/cu = 0 

Lower 
bound 

(2) 

0.522 
0.712 
0.915 
1.12 
1.32 
1.52 
1.70 
1.88 
2.50 
2.89 
3.45 
3.90 
4.23 
4.55 
4.81 
5.03 
5.28 
5.47 

Upper 
bound 

(3) 

0.600" 
0.800" 
1.00* 
1.20" 
1.40" 
1.60" 
1.80" 
2.00" 
2.77" 
3.15" 
3.82" 
4.37 
4.79 
5.19 
5.57 
5.79 
6.05 
6.29 

yB/c„ = 1 

Lower 
bound 

(4) 

0.822 
1.11 
1.42 
1.72 
2.02 
2.32 
2.60 
2.88 
4.13 
5.02 
6.68 
8.13 
9.51 

10.82 
12.10 
13.31 
14.53 
15.75 

Upper 
bound 

(5) 

0.900* 
1.20* 
1.50" 
1.80* 
2.10" 
2.40" 
2.70* 
3.00" 
4.50* 
5.46" 
7.16" 
8.69 

10.10 
11.46 
12.83 
14.13 
15.37 
16.60 

yB/c„ = 2 

Lower 
bound 

(6) 

1.12 
1.51 
1.92 
2.32 
2.72 
3.12 
3.50 
3.88 
5.65 
7.09 
9.83 

12.33 
14.72 
17.03 
19.27 
21.53 
23.75 
25.98 

Upper 
bound 

(7) 

1.20* 
1.60* 
2.00* 
2.40* 
2.80* 
3.20" 
3.60* 
4.00" 
6.00* 
7.77" 

10.50" 
13.02 
15.43 
17.79 
20.16 
22.46 
24.71 
26.93 

yB/c„ = 3 

Lower 
bound 

(8) 

1.42 
1.91 
2.42 
2.92 
3.42 
3.92 
4.40 
4.88 
7.15 
9.13 

12.90 
16.44 
19.86 
23.19 
26.47 
29.70 
32.93 
36.15 

Upper 
bound 

0) 
1.50" 
2.00* 
2.50' 
3.00" 
3.50" 
4.00" 
4.50" 
5.00* 
7.50" 

10.00" 
13.83" 
17.36 
20.77 
24.13 
27.49 
30.80 
34.04 
37.26 

Note: Superscripts a and b indicate which mechanism gives best upper bound. No su
perscript indicates that the finite element formulation gives best upper bound. 

load parameter (<rs — <r,)/ctl approaches zero, the upper and lower bounds 
typically differ by less than 15%. To obtain this degree of accuracy, a trial-
and-error procedure was used to isolate the best static and kinematic meshes 
for each value of H/B and yB/cu. Table 1 indicates that the trap-door mech
anism often provides the best upper bounds for very shallow tunnels, where 
H/B < 1. Indeed, analysis with the kinematic finite element formulation 
merely reproduces this mode of collapse for many of these cases. As H/B 
or yB/cu are increased, collapse is inevitably accompanied by deformation 
of the tunnel walls, and either mechanism B or the finite element method 
yield the best upper bounds. 

Passive Collapse of Shallow Square Tunnel 
Under passive conditions, collapse is assumed to be caused by the action 

of the internal tunnel pressure, with resistance being provided by the sur
charge and the self-weight of the soil. This type of failure, which is likely 
to be of less practical interest than active collapse, is frequently referred to 
as "blow-out." 

The meshes that were employed for the passive static analyses resemble 
those that were employed for the active static analyses although, as before, 
a trial-and-error procedure was used to isolate the most appropriate arrange
ment. The method for computing the lower bound on (as — CT,)/C„ is un
changed, except that (18a)-(18e) are solved to find a statically admissible 
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FIG. 14. Stability Bounds for Undrained Passive Collapse of Square Tunnel (0.3 
< H/B < 1) 

FIG. 15. Stability Bounds for Undrained Passive Collapse of Square Tunnel (1 
< H/B < 10) 
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stress field that maximizes a uniform compressive stress over the face of the 
tunnel. Similarly, the modifications for the kinematic analysis were only 
minor and involved reversing the signs of the unit velocities on the tunnel 
face, as well as reversing the signs of the velocity discontinuities. 

The results that were obtained for the passive case, for various values of 
H/B in the range 0.3 < H/B < 10, are shown in Table 2 and Figs. 14 and 
15. For most of the tunnel geometries considered, the results of the static 
and kinematic analyses bracket the exact collapse load to within 10% or 
better. 

CONCLUSIONS 

The undrained stability of a shallow square tunnel, under conditions of 
plane strain and both active and passive loading, has been investigated. Rig
orous bounds on the collapse load, derived from numerical formulations of 
the limit theorems, are presented. These typically bracket the exact collapse 
load to within 15% or better. 
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