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a b s t r a c t

Hypoplasticity, as an alternative approach of elastoplasticity for describing inelastic, irre-
versible behaviour of materials, appreciates the advantages of elegance of mathematical
formulation and ease in numerical implementation. A successful hypoplastic model for
sand proposed by Gudehus and Bauer, which consists of stress and void ratio as state vari-
ables, can capture qualitatively the pressure- and density-dependence with 8 state-inde-
pendent parameters. In this paper, we demonstrate that by using a stress transformation
technique, either the Matsuoka–Nakai failure criterion or the Lade failure criterion can
be easily incorporated in the model for the description of critical states. Numerical results
are presented to display the improvement in the model performance under three-dimen-
sional stress condition.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

In last two decades, a new framework for constitutive
modelling of soil behaviour known as hypoplasticity has
been developed (e.g. Kolymbas, 2000). In this framework,
the incremental stress–strain relation is described directly
with a non-linear tensor-valued function without employ-
ing the conventional plasticity concept of decomposition of
strain rate into elastic and plastic part. This type of consti-
tutive equation was first proposed as an extension of hyp-
oelastic equations (e.g. Kolymbas, 1985). A general
formulation for describing the irreversible and rate-inde-
pendent response of materials was then developed with
the stress tensor as a single state variable (Wu and Kolym-
bas, 1990; Wu, 1992). Later on, the void ratio was added as
an additional state variable and it was found (Wu, 1992;
Wu and Bauer, 1993) that the pressure-dependency of
the material response can be easily modelled by introduc-
ing a relevant density factor to the non-linear term. On the
. All rights reserved.
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basis of these works, Gudehus (1996) and Bauer (1996)
proposed a hypoplastic equation for sands, which can cap-
ture, with a single set of material parameters, the main fea-
tures of the pressure- and density-dependent responses of
both loose and dense sand for a wide range of stress. The
model can reproduce the contractive volumetric deforma-
tion and strain hardening response to shear of loose sand
as well as shear dilatancy behaviour with strain softening
for dense sand. A further improvement was due to Wolf-
fersdorff (1996) who incorporated a predefined limit stress
condition (Matsuoka and Nakai, 1974) into the model. This
model has been used in many applications (e.g. Huang
et al., 2002a,b; Huang et al., 2007).

Working with the current version of this Gudehus–Bauer
model, we found that while the model can produce critical
states obeying Matsuoka–Nakai (M-N) criterion, the pre-
dicted peak strengths in three-dimensional stress condi-
tion are not all satisfactorily. For a triaxial extension test,
the model predicts a shear strength lower than that for tri-
axial compression, which is, compared with experimental
results, not realistic. This trend is more significant when
an initial denser state is assumed. As a consequence, the
peak stress surface in the principal stress space becomes
slightly concaved, as shown in Huang et al. (2007). We
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are also not satisfied with a non-constant strength param-
eter, which was purposely formulated as a function of the
Lode angle to cope with the variation of the shear strength
with respect to the Lode angle. In the present work, we
propose to incorporate a predefined limit stress condition
by using a stress transformation technique. The technique,
developed in Matsuoka et al. (1999) and Yao and Sun
(2000), was initially applied to improve the performance
of the Cam clay type models in three-dimensional stress
conditions. The technique allows the models to be cali-
brated in conventional triaxial tests and to reproduce real-
istic three-dimensional responses. The application of the
technique in the hypoplastic model discussed here is
straight forward and even simpler, as in hypoplasticity
there is no need for computing the derivative of a potential
function.

2. A brief description of the Gudehus–Bauer model

The hypoplastic model proposed by Gudehus (1996)
and Bauer (1996) (termed as G-B model) is based on the
assumption that the mechanical responses of a granular
soil rely fully upon the current state, which is sufficiently
described by the Cauchy stress r and the void ratio e. In re-
sponse to a strain rate input _e, the change of the state vari-
ables are governed by the following equations:

_r ¼ fs½â2 _eþ r̂ðr̂ : _eÞ þ fdâðr̂þ r̂dÞk_ek�; ð1Þ
_e ¼ ð1þ eÞ_ev: ð2Þ

Here, r̂ ¼ r=trr is the normalised stress tensor and
r̂d ¼ r̂� 1=3 is the deviator of r̂, with 1 being the second
order unit tensor; k_ek ¼

ffiffiffiffiffiffiffiffi
_e : _e
p

represents the Euclidean
norm of the strain rate; _ev ¼ tr _e is the volumetric strain
rate; â is the strength parameter whose role will be dis-
cussed in detail later. Two scalar factors in Eq. (1), fs and
fd, are functions of the pressure (or mean stress)
p = �trr/3 and the void ratio e, given as

fd ¼
e� ed

ec � ed

� �a

; f s ¼
1

r̂ : r̂

ei

e

� �b 3p
hs

� �1�n

f �b ; ð3Þ

where ei represents the maximum void ratio of a sand un-
der an isotropic stress condition, ec and ed are void ratios of
the sand at the critical and the densest states; a and b are
two constants for scaling the density-dependent peak
stress and the tangential stiffness, and f �b is a constant fac-
tor which can be determined from the consistent condition
for an isotropic compression (Gudehus, 1996). Two mate-
rial constants hs and n are introduced to fit the experimen-
tal data from isotropic compression tests using the
following exponential relation (Bauer, 1996):

ei ¼ eio exp½�ð3p=hsÞn�: ð4Þ

The same relationship is postulated for ec and ed as ec/
eco = ed/edo = ei/eio. Here eco, edo and eio represent the criti-
cal, the densest and the loosest void ratios at a nearly
stress-free state.

Eq. (1) defines the stress rate as a non-linear tensor-val-
ued function of the strain rate. The constitutive equation is
characterized by factorizing the pressure and density effects
into a stiffness factor fs and a density factor fd with the tensor
terms being represented with the normalized stress tensor.
With factor fd, the relative density of a sand packing can be
quantified by a density index Id = (e � ed)/(ec � ed), which
equals to 0 for a densest state and takes a value of 1 at a crit-
ical state. The implementation of the critical state is another
salient property of Eq. (1). The critical state concept (e.g. Ros-
coe et al., 1963; Schofield and Wroth, 1968), which has been
widely accepted as a basis of soil mechanics, asserts that a
soil element under monotonic shearing will eventually reach
a stationary state with a constant stress and a constant vol-
ume. The void ratio of a soil at a critical state is independent
of the initial density of the soil packing, but a function of the
mean stress only. The critical state concept has provided an
insight into the soil behaviour, and it also allows for a shear
strength that is independent of soil density to be defined
for a soil. With respect to the current hypoplastic model
Eqs. (1) and (2), a critical state corresponds to _r ¼ 0; _e ¼ 0
and fd = 1, which yields a critical void ratio e = ec, a flow con-
dition of~_e :¼ _e=k_ek ¼ �r̂d=â and a limit stress condition (see
e.g. Bauer, 2000):

kr̂dk ¼ â: ð5Þ
3. Description of shear strength of sand

Coulomb’s friction law provided a fundamental under-
standing for the failure mechanism of frictional materials.
The shear strength of soils is usually defined with a friction
angle, often measured from conventional triaxial compres-
sion tests, in the sense of Mohr–Coulomb’s theory. Although
the Mohr–Coulomb’s (M-C) criterion is widely used in engi-
neering practice, it does not take into account the effect of
the intermediate principal stress and it underestimates
the shear strength of granular soils under stress conditions
other than triaxial compression and extension. Another
shortcoming of the M-C criterion is that the limit stress sur-
face in the principal stress space is not smooth, which cre-
ates some difficulties for numerical implementation.
Drucker and Prager (1952) proposed a simple variation for
description of soil failure (D-P criterion), which corresponds
to a circular cone in the principal stress space. Compared
with the M-C criterion, when calibrated in a conventional
triaxial compression test, the D-P criterion predicts a much
too high shear strength for soils in stress conditions other
than triaxial compression. Many experimental results, such
as those presented in Fig. 2 in Lade (2006), show that the
peak shear strength of soils under three-dimensional condi-
tions may be described with the Matsuoka–Nakai failure
(M–N) criterion or the Lade criterion (Lade, 1977).

The M-N criterion, which circumscribe tightly the M-C
hexagon on the deviatoric stress plane (refer to Fig. 1) with
the same friction angle for triaxial compression and exten-
sion, has a simple mathematical representation:

bI2=bI3 ¼ CMN ¼ const: ð6Þ

Here bI2 ¼ I2=I2
1 ¼ ðr̂1r̂2 þ r̂2r̂3 þ r̂3r̂1Þ; bI3 ¼ I3=I3

1 ¼ r̂1r̂2r̂3

are, respectively, the second and the third invariant of
the normalized stress tensor with I1 = trr being the first
invariant of the stress tensor. The Lade criterion, which
can be expressed in a simple expression of
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Fig. 1. Comparison of different limit stress criteria and represented (a) in the deviatoric stress plane and (b) as peak friction angle against the intermediate
stress parameter b.
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1=bI3 ¼ CL ¼ const: ð7Þ

predicts a slightly higher strength than the M-N criterion
for tests other than triaxial compression. A comparison of
the M-N criterion and Lade criterion on the deviatoric
stress plane is given in Fig. 1a. The corresponding peak fric-
tion angles versus the intermediate principal stress param-
eter b = (r2 � r3)/(r1 � r3) are presented in Fig. 1b. We can
see that the M-N criterion assumes the same friction angle
for triaxial compression and triaxial extension while a
greater friction angle is predicted by the Lade criterion. It
may be noted that a triaxial extension test is usually more
difficult to conduct than a triaxial compression test and the
test results are more likely to be affected by other factors
such as cross-anisotropy of the sand sample and strain
localization. But nevertheless, from scrutinizing many
experimental results (see e.g. Lade, 2006), we may con-
clude that for sands, a higher peak friction angle may be
obtained in triaxial extension tests than that in triaxial
compression tests. Therefore Lade’s criterion can be a bet-
ter description for the peak shear strength. However, there
is no experimental evidence on the superiority of the Lade
criterion over the M-N criterion for the description of the
critical state. Due to the influence of shear localization, crit-
ical state is hard to achieve experimentally in a sand sam-
ple. Conceptually, the critical state is independent of the
density. In contrast, the peak strength is strongly influ-
enced by the density of the sample at failure. Referring to
the true triaxial tests by controlling the mean stress at a
constant value, the axial and volumetric strain at failure
varies with the stress paths. In triaxial extension, the sand
sample fails at a less volume dilation than that in a triaxial
compression. In the present constitutive model, the critical
state is predefined by incorporating a given limit stress
condition and the peak strength will come out as model
prediction. We assume that either of the M-N and the Lade
criterion can be used as a reasonably good description for
soil critical state. Later on, we will show that by incorpo-
rating the M-N criterion in the present G-B model using
the proposed stress transformation approach, a higher
peak strength for triaxial extension is also predicted for
dense sand (refer to Fig. 4).
Whereas the peak strength is influenced by the initial
density state of sand packing, the conceptual critical state
is not, and a unique shear strength parameter such as the
critical friction angle /c can therefore be defined based
on triaxial compression testing results. Generally critical
states for sand are not easy to obtain experimentally as
strain localization often occurs in the specimen around or
after the peak. But in well-conducted triaxial compression
tests (e.g. Wang and Lade, 2001; Sun et al., 2008) uniform
deformation can be achieved long after the peak (see also
Huang et al., 2007), which provides a good approximate
data for /c. Here we accept the assumption already used
in the Wolffersdorff version of the G-B model, that the
M-N criterion or the Lade criterion can also be used to de-
scribe the critical state. With /c being the unique strength
parameter, the constant in the M-N criterion (6) and the
Lade criterion (7) can be determined as CMN =
(9 � sin2/c)/(1 � sin2/c) and CL = (1 � sin2/c)(1 � sin/c)/
(3 � sin/c)2, respectively.

4. Incorporating a predefined limit condition by
parameter interpolation

The Gudehus–Bauer model has combined the critical
state concept with limit stress satisfying Eq. (5). If a con-
stant value is assigned to parameter â, Eq. (5) corresponds
to a D-P type limit condition, which, as has been pointed
out, will significantly overestimate the shear strength of
sand in 3-dimensional stress conditions. Bauer (1996) sug-
gested tackling this problem by formulating â as a function
of the Lode angle h. By assuming the same friction angle for
triaxial compression and extension, he proposed the fol-
lowing interpolation formulation for âðhÞ ¼ âh (see also
Bauer, 2000):

âh ¼ â0 1�
ffiffiffi
3
8

r
kr̂dkð1� cosð3hÞ

" #
: ð8Þ

Here

â0 ¼
ffiffiffi
8
3

r
sin /c

3� sin /c
ð9Þ
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is the value of â at h = 0� or at an isotropic compressive
stress state, i.e. kr̂dk ¼ 0. The Lode angle h is defined by (re-
fer to Fig. 2)

cosð3hÞ ¼
ffiffiffi
6
p tr r̂3

d

ðtr r̂2
dÞ

3=2 : ð10Þ

Wolffersdorff (1996) took the same approach and de-
rived the following formulation for â to incorporate the
M-N criterion as a predefined limit stress condition:

âh ¼ â0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
8
kr̂dk2 þ 1� ð3=2Þkr̂dk2

1�
ffiffiffiffiffiffiffiffi
3=2

p
kr̂dk cosð3hÞ

s
�

ffiffiffi
3
8

r
kr̂dk

 !
:

ð11Þ
5. Incorporating a predefined limit condition by a
simple stress transformation

As a limit stress condition can be incorporated in the
model for the critical states through parameter interpola-
tion, the peak stress state is not a predefinition, but comes
out as a prediction of the model. With the formulation (11)
we found that the predicted peak states are not all satisfac-
tory. The predicted peak strength for stress paths close to
triaxial extension (i.e. h = 60�) is lower than that for triaxial
compression, as shown in Fig. 3. This tendency is more sig-
nificant when a denser initial state is modeled. As a conse-
quence, the limit stress surface predicted for dense sand
becomes somewhat concave as shown in Huang et al.
(2007).

This prediction does not seem realistic compared with
the experimental results from true triaxial tests of sands
as summarized in Lade (2006). Many experiment results
show higher peak strength for triaxial extension than that
for triaxial compression.

The poor model performances in prediction of peak
strength may be attributed to the interpolation of parame-
ter â, which considered mainly for the description of criti-
cal states. From Eq. (11) we can see that â keeps constant
value for h = 0�. But for shear tests starting from an isotro-
2σ̂
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Fig. 2. (a) Schematic illustration of parameter interpola
pic stress state, along stress paths with h > 0�, â decreases
before reaching the peak, and then increases to the final
critical value (Fig. 2b). This peculiar behaviour leads to a
complicated model performance and resulted in an unex-
pected peak strength prediction.

In this work, we propose to improve model perfor-
mance by using a stress transformation technique pro-
posed in Matsuoka et al. (1999). This simple stress
transformation technique allows a predefined limit stress
condition to be implemented in the current hypoplastic
model with a constant shear strength parameter. In this
approach, Eq. (1) is revised to be written in the following
form:

_r ¼ fs½â2
0 _eþ r̂�ðr̂� : _eÞ þ fdâ0ðr̂� þ r̂�dÞk_ek�; ð12Þ

where â0 is the constant strength parameter which is re-
lated to the critical friction angle /c by Eq. (9) and r̂� is
the transformed stress also normalized by trr. The stress
transformation is defined by

trr� ¼ trr; r̂�d ¼ rhr̂d; ð13aÞ

or in an more compact form of

r̂� ¼ rhIþ 1
3
ð1� rhÞ1� 1

� �
: r̂: ð13bÞ

In this transformation, only the deviatoric stress is modi-
fied and the mean stress is kept unchanged. On the devia-
toric stress plane (refer to Fig. 3a), the current stress point
A is mapped to an image point A* by a multiplier
rh ¼ q̂0=q̂h, where q̂h ¼ kr̂dk represents the radius of the
current normalized stress, and q̂0 ¼ q̂� ¼ kr̂�dk represents
the radius of the image stress, which falls on the circle cir-
cumscribing an iso-valued curve passing through point A,
at a point on the axis of h = 0�. The iso-valued curve can
be determined based on either the M-N criterion or the
Lade criterion. Such mapping is a one-to-one mapping.

If the M-N criterion is applied, an explicit representa-
tion for factor rh can be obtained (see Appendix for details)
as,
0 5 10 15

θ = 0º
θ = 15º
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θ = 60º

1 (%)ε
tion and (b) variation of parameter âh in loading.
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Fig. 3. (a) Schematic illustration of stress transformation in the deviatoric stress plane and (b) iso-valued curves of Matsuoka–Nakai criterion.
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rh ¼
ffiffiffi
3
8

r
1�

ffiffiffiffiffiffiffiffi
3=2

p
kr̂dk cosð3hÞ

1� 3=2kr̂dk2

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kr̂dk2 þ 8

3
1� 3=2kr̂dk2

1�
ffiffiffiffiffiffiffiffi
3=2

p
kr̂dk cosð3hÞ

s
þ kr̂dk

 !
: ð14Þ

If the Lade criterion is to be used, rh can be expressed as
(Appendix)

rh ¼
2 cos 1

3 cos�1 �
ffiffiffiffiffiffiffiffiffiffi
27bI3

q� �� �
�

ffiffiffiffiffiffiffiffiffiffi
27bI3

q
ffiffiffi
6
p
kr̂dk cos 1

3 cos�1 �
ffiffiffiffiffiffiffiffiffiffi
27bI3

q� �� � : ð15Þ

It is worth noting that in the interpolation formulation
(11), the M-N criterion is used for the critical state only,
i.e., the constant CMN in representation (6) is determined
for the critical state only. In the stress transformation with
M-N criterion, the criterion is used for all mobilized stress
states and CMN varies during loading, as does the multiplier
rh for a given h. As shown in Fig. 3b, on the deviatoric stress
plane the iso-valued curves of the M-N criterion are nearly
round towards the centre and become more angular as q̂0

increases.
With the M-N criterion, the revised constitutive Eq. (12)

predicts the same direction of strain rate at flow and the
same critical state as does Eq. (1) with interpolation (11).
The direction of strain rate at flow is now governed by
~_e ¼ �r̂�d=â0 ¼ �rh r̂d=â0 and the critical state is represented
by kr̂�dk ¼ â0 or kr̂dk ¼ â0=rh. Note that with rh given as in
(14), â0=rh is the same as â in Eq. (11).

The predicted peak state, which is achieved at _r ¼ 0 for
fd < 1ð_ev > 0Þ, can be mathematically represented by

wpðr̂; eÞ ¼
1
3
g�2 þ ðg� þ 1Þ2kr̂�dk

2
� �

� â2
0

f 2
d

¼ 0; ð16Þ

where g� ¼ ðâ2
0 � kr̂�dk

2Þ=ðâ2
0 þ kr̂�k

2Þ.
In the following, we show that by using the proposed

stress transformation, the model predictions of the
stress–strain behaviour and th peak shear strength in
three-dimensional stress condition are improved. Compar-
isons of the predicted stress–strain curves and the peak
shear strengths are presented in Fig. 4 for the G-B model
with the M-N criterion using the stress transformation
and the parameter interpolation equation (11). The pre-
dictions are obtained by integration of the constitutive
equations for shear tests along different stress paths char-
acterized by the Lode angle h on the deviatoric stress
plane. In all these modelling tests, soil element is initially
in an isotropic stress state with p0 = 100 kPa. The initial
void ratio e0 is determined from Id0 = (e0 � ed)/(ec � ed),
for which different initial values are set to represent var-
ied initial density. The model parameters used in calculat-
ing stress–strain responses are those calibrated for the
Karlsruhe sand as given in Bauer (1996): /c = 30�,
hs = 190 MPa, n = 0.4, ei = 1.02, ec = 0.82, ed = 0.51,
e = 0.11, and b = 1.05. Results show that by using the
stress transformation, the peak stress ratio is now
achieved earlier at a smaller axial strain for stress paths
other than the triaxial compression (Fig. 4a). Stronger
shear-dilation behaviour is predicted for stress paths with
h > 0 (Fig. 4b and c). In Fig. 4d, the predicted peak friction
angles are presented against the intermediate principal
stress parameter b = (r2 � r3)/(r1 � r3), which can be re-
lated to the Lode angle by tan h ¼

ffiffiffi
3
p

b=ð2� bÞ. We can
see that by the stress transformation, higher peak shear
strengths are predicted for stress paths other than triaxial
compression (Fig. 4d). In particular, the predicted peak
friction angle for triaxial extension is greater than that
for triaxial compression. This is qualitatively in agreement
with the experimental observations (see, for example,
Fig. 6 in Wang and Lade, 2001; Lade, 2006). It is also pre-
dicted that the difference of the peak strength between
triaxial extension and compression increases with
increased initial density of the soil element. Here the
influence of the relative density on the peak strength in
three-dimensional condition can be noticed. Along stress
paths with constant mean pressure and different Lode an-
gle, the peaks are reached at different axial and volumet-
ric strain, resulting in different density at the peak, while
the same density will be achieved at critical states.

Finally we note that the proposed stress transformation
also allows an easy incorporation of the Lade criterion for
the critical state, which is more difficult in the previous
approach.
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6. Conclusions

A simple stress transformation technique has been used
to incorporate a predefined limit stress condition in the
hypoplastic model for sand proposed Gudehus (1996)
and Bauer (1996). The simple stress transformation is per-
formed for the deviatoric stress by multiplying a scalar fac-
tor related to the particular limit stress criterion used
while the mean stress is kept the same. The approach is
very easy to implement and it allows a constant shear
strength parameter to be used in the constitutive equation.
Numerical results show that, compared with the original
formulation, the revised model predicts more realistic
stress–strain responses and peak strength.
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Appendix A. Transformation multiplier for the M-N
criterion and the Lade criterion

The mathematical expression of the Matsuoka–Nakai
criterion and the Lade criterion are given in Eqs. (6) and
(7), respectively. As shown in Fig. 1a, iso-valued curves
for both of the M-N criterion and the Lade criterion in-
scribe the D-P circle at a point on the triaxial compression
lines (i.e. in the compression meridian plane). At this point
(refer to Fig. 3a), we have

q̂0 ¼ kr̂c
dk ¼

ffiffiffi
2
3

r
ðr̂c

1 � r̂c
3Þ ¼

ffiffiffi
2
3

r
rc

1 � rc
3

rc
1 þ 2rc

3
¼

ffiffiffi
2
3

r
Rc � 1
Rc þ 2

¼
ffiffiffi
8
3

r
sin uc

m

3� sinuc
m
:

Here r̂c
1 and r̂c

3 are principal components of the normalized
stress r̂c corresponding to point C;Rc ¼ rc

1=rc
3 is the stress

ratio in the triaxial compression, and the mobilized friction
angle uc

m is defined by sin uc
m ¼ ðrc

1 � rc
3Þ=ðrc

1 þ rc
3Þ.

With respect to M-N criterion, the constant CMN can be
determined at the point in the compression meridian by

CMN ¼
bI2bI3

					
comp

¼ 2r̂c
1r̂c

3 þ r̂c2
3

r̂c
1r̂c2

3

¼ ð2Rc þ 1ÞðRc þ 2Þ
Rc

¼ 9� sin2 uc
m

1� sin2 uc
m

:

From this equation we can express uc
m by the true stress

through

sin uc
m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðCMN � 9Þ=ðCMN � 1Þ

p
:
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Substituting this into Eq. (A3) yields

q̂0 ¼
ffiffiffi
8
3

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CMN � 9
p

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CMN � 1
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CMN � 9
p

¼
ffiffiffi
8
3

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðbI2 � 9bI3Þ

q
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðbI2 �bI3Þ

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðbI2 � 9bI3Þ

q : ðA1Þ

The stress transformation multiplier rh can be simply cal-
culated from rh ¼ q̂0=kr̂dk. For numerical implementation,
we may need to distinguish the isotropic stress state, at
which we have bI2 � 9bI3 ¼ 0 and q̂0 ¼ 0. Correspondingly,
the stress transformation multiplier rh ¼ q̂0=kr̂dk has a 0/
0 form, and in this case we can set rh = 1.

For the M-N criterion, it is possible to eliminate kr̂dk
from the denominator to obtain an explicit expression for
rh as a function of the true stress tensor. Note that q̂0 can
also expressed as

q̂0 ¼
ffiffiffi
8
3

r
ðbI2 � 9bI3Þ

8bI2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8bI2

ðbI2 � 9bI3Þ

vuut þ 1

0@ 1A:
And with the stress invariants bI2 and bI3 being expressed asbI2 ¼ 1

3� 1
2 kr̂dk2 and bI3 ¼ 1

27� 1
6 kr̂dk2 þ 1

3
ffiffi
6
p kr̂dk3 cosð3hÞ, we

can obtain the following expression:

rh ¼
1�

ffiffiffiffiffiffiffiffi
3=2

p
kr̂dk cosð3hÞ

1� 3
2 kr̂dk2

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
8
kr̂dk2 þ

1� 3
2 kr̂djj2

1�
ffiffiffiffiffiffiffiffi
3=2

p
kr̂dk cosð3hÞ

vuut þ
ffiffiffi
3
8

r
kr̂dk

0@ 1A:
ðA2Þ

It can be seen that rh = 1 as jjr̂djj ! 0.
With respect to the Lade criterion, we have

CL ¼
1bI3

					
comp

¼ 1
r̂c

1r̂c2
3

¼ ðr
c
1 þ rc

3Þ
3

rc
1rc2

3

¼ ðR
c þ 2Þ3

Rc :

From this equation Rc can be solved (Yao and Sun, 2000)

Rc ¼ 2ffiffiffi
3
p

ffiffiffiffiffi
CL

p
cos

1
3

cos�1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
27=CL

p� �� �
� 2:

This leads to

q̂0 ¼
2 cos 1

3 cos�1 �
ffiffiffiffiffiffiffiffiffiffi
27bI3

q� �� �
�

ffiffiffiffiffiffiffiffiffiffi
27bI3

q
ffiffiffi
6
p

cos 1
3 cos�1 �

ffiffiffiffiffiffiffiffiffiffi
27bI3

q� �� � : ðA3Þ

The transformation multiplier therefore has the following
representation:
rh ¼
q̂0

q̂h
¼

2 cos 1
3 cos�1 �

ffiffiffiffiffiffiffiffiffiffi
27bI3

q� �� �
�

ffiffiffiffiffiffiffiffiffiffi
27bI3

q
ffiffiffi
6
p
kr̂dk cos 1

3 cos�1 �
ffiffiffiffiffiffiffiffiffiffi
27bI3

q� �� � : ðA4Þ
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