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Abstract The paper presents a simple constitutive model

for normally consolidated clay. A mathematical formula-

tion, using a single tensor-valued function to define the

incrementally nonlinear stress–strain relation, is proposed

based on the basic concept of hypoplasticity. The structure

of the tensor-valued function is determined in the light of

the response envelope. Particular attention is paid towards

incorporating the critical state and to the capability for

capturing undrained behaviour of clayey soils. With five

material parameters that can be determined easily from

isotropic consolidation and triaxial compression tests, the

model is shown to provide good predictions for the

response of normally consolidated clay along various stress

paths, including drained true triaxial tests and undrained

shear tests.

Keywords Constitutive model Æ Normally consolidated

clay Æ Hypoplasticity

1. Introduction

Constitutive models for soil can be developed by following

either the geometrical or algebraical approach [25]. The

former is based on plasticity theory with its plastic poten-

tial and flow rule, while the latter is based on nonlinear

tensorial functions. The prominent representatives of these

two approaches are the critical state model and the hypo-

plastic model.

The critical state model in its simplest form contains

four material parameters and is primarily applicable to

normally consolidated clay, hence the synonym Cam-clay.

The development of Cam-clay for sand, Granta-gravel [18]

was less successful. Indeed, the behaviour of dense sand in

drained tests and of loose sand in undrained tests cannot be

reproduced properly by this simple model. Recently, some

modified critical state models based on a state parameter

[3] have been proposed for sand [28, 11, 27].

The hypoplastic model in its simplest form also contains

four parameters, but is primarily applicable to sand. There

are numerous hypoplastic models in the literature, which

have been developed mainly for sands [24, 7, 5]. Readers

can refer to Kolymbas [10] for an outline of the theory of

hypoplasticity. A review of the development in hypoplastic

modelling of granular materials can be found in Wu and

Kolymbas [26] and Tamagnini et al. [19]. The application

of the hypoplastic approach to clay has been less successful.

The effective stress paths in undrained triaxial tests form a

vertex on the diagonal of principal stress space, which is

reminiscent of the bullet-shaped yield surface used in the

Granta-gravel formulation. Moreover, the model shows

rather poor performance for loading reversals. Recently, a

hypoplastic model for clay was proposed by Mašı́n [12]

based on a formulation suggested by Niemunis [16]. While

this model can capture many important features of clayey

soils, it also suffers from poor performance in undrained

condition. Simulations indicate that its effective stress

predictions for undrained tests are unrealistic.

In this paper, a simple hypoplastic model for clayey soil

is presented. Starting from a basic formulation, the model

focuses on a better representation of the response of nor-

mally consolidated clay to loading and unloading along
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various stress paths. Emphasis is given to the improvement

of the predictions of model under undrained conditions.

The performance of the proposed model is compared with

experimental data for normally consolidated clay obtained

from drained and undrained tests along various stress paths.

It is shown that the model is suitable for describing the

rate-independent behaviour of normally consolidated clay

under loading and unloading for medium to large strains.

Some improvement, however, is necessary for predicting

soil response under very small strains. Further modification

may be made in this area following Niemunis and Herle

[15] and Niemunis [16] to incorporate the concept of inter-

granular strain.

In the following, except where specified otherwise,

effective stress is used in the sense of Terzaghi’s effective

stress principle. The Cauchy stress tensor, denoted as r; is

used with a power conjugated strain rate, denoted as _e;

which is the symmetric part of the velocity gradient of the

continuum.

2. General framework

A hypoplasticity model can be regarded as a generalisation

of a hypoelastic constitutive relation first discussed by

Truesdell [20], where the stress rate _r in response to

material deformation is expressed as a nonlinear tensor-

valued function of Cauchy stress r, strain rate _e and some

other internal variables q. A general form for describing

rate-independent material behaviour can be written as [23]

_r ¼ Lðr; qÞ : _eþ Nðr; qÞ _ek k ¼ L : ð_e� B _ek kÞ: ð1Þ

Here L represents a fourth order tensor and N and B

represent second order tensors. N and B are related to one

another via B=) L) 1:N. In this paper, a Euclidean norm is

used for a second order tensor A as Ak k ¼
ffiffiffiffiffiffiffiffiffiffiffi

A : A
p

; while

_ek k ¼
ffiffiffiffiffiffiffiffi

_e : _e
p

is the Euclidean norm of the strain rate

and ~_e ¼ _e= _ek k defines the direction of the strain rate.

Obviously, the tangential material stiffness described by

this equation is ðLþ N �~_eÞ; which depends not only on

the state variables r and q, but also on the direction of

the strain rate ~_e: Varying directional stiffness is clearly

modelled by this single equation.

To provide some insight into the structure of Eq. 1, a

geometrical interpretation is presented using the so-called

response envelope introduced by Gudehus [6]. The response

envelope is given as the stress rate responses to all strain rate

inputs of unit magnitude. The length of a stress rate response

vector in the principal stress rate space represents the

directional material stiffness defined by Eq. 1. The first part

in Eq. 1, which is linear in _e; defines stress rate responses

forming an ellipsoid in the principal stress rate space, as

schematically shown by the dashed ellipse in a 2D plot in

Fig. 1(b). The second part in Eq. 1, which is nonlinear in _e;

defines a translation of the response ellipsoid as represented

by the vector cc0: The overall stress rate response is an

ellipsoid as represented by the solid ellipse in Fig. 1(b).

Apparently, the tangential material stiffness represented by

the length of the response stress rate vectors in Fig. 1(b)

varies continuously with the direction of the strain rate. The

response envelope of stress increments with respect to strain

increment can also be plotted in the principal stress space as

given in Fig. 1(c), which demonstrates the variation of

directional stiffness with the change of stress state.

Equation 1 describes a steady flow state for continuing

deformation when the directional stiffness vanishes (the

point marked with a strain rate in Fig. 1c). At a steady

flowing state, we have _r ¼ 0; which corresponds to
~_ef ¼ Bf ¼ �L�1 : Nðrf ; qfÞ: Therefore the direction of the

strain rate is determined by tensor B. The limit condition

satisfied by stress and other state variables at a steady flow

state is then described by

Bf
�

�

�

�� 1 ¼ 0: ð2Þ

In order to incorporate the critical state for soils [18, 17],

the formulation should enforce a vanishing volumetric

Fig. 1 Schematic representation of response envelope of Eq. 1
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deformation at a flowing state. This requirement can be

represented by the following condition:

tr Bf ¼ tr~_ef ¼ 0: ð3Þ

3. A basic formulation

We start our discussion with a hypoplastic equation

of the form:

_r ¼ v1ðp=prÞm½â2 _eþ r̂ðr̂ : _eÞ þ âðr̂þ r̂dÞ _ek k�; ð4Þ

which is a basic version of the constitutive model pro-

posed for sands by Gudehus [7] and Bauer [1]. This

equation sets L ¼ v1ðp=prÞmðâ2Iþ r̂� r̂Þ and

N ¼ v1ðp=prÞmâðr̂þ r̂dÞ; where p¼ tr r=3 is the mean

pressure and pr a reference pressure, I represents the unit

tensor of order four, r̂ ¼ r=trr is the normalized stress

and r̂d ¼ r̂� 1=3 is its deviator. The quantity pr denotes

a reference pressure, while m is a parameter describing

the degree of pressure dependence of the tangential

material stiffness, which can be determined together with

the factor v1 from a soil compression law as discussed in

the following section. â is a parameter related to the limit

stress at steady flow state.

This simple constitutive equation has some nice prop-

erties, including sweep-out-memory (SOM) properties under

proportional loading [9], and strain-hardening behaviour

with a contractive volumetric strain for shear tests. It,

therefore, captures, at least qualitatively, the basic features

of normally consolidated clays. Moreover, the critical state

concept is incorporated in this equation in such a way

that the volumetric deformation vanishes when a steady flow

state is approached. To show this, we examine an explicit

expression for the second order tensor B=) L) 1:N which is

B ¼ � 1

â
â2 � r̂dk k2

â2 þ r̂k k2
r̂þ r̂d

 !

: ð5Þ

It can be shown that ||B|| increases monotonically with

r̂dk k 2 ½0; â�: The limit condition 2 is satisfied for

r̂dk k ¼ r̂f
d

�

�

�

� ¼ â; ð6Þ

with B ¼ Bf ¼ �r̂f
d=â: Since condition 3 is fulfilled

simultaneously, the critical state is described concisely by

the formulation 4.

We note that the parameter â in this formulation is re-

lated to the limit value of the normalized deviatoric stress

r̂dk k: With a constant â; Eq. 6 represents a conical surface

in the principal stress space, which corresponds to a

Drucker–Prager type limit stress condition. Other limit

stress conditions can be incorporated into this model by a

relevant interpolation for â as discussed in detail by Bauer

[2]. In the present work, â takes the following representa-

tion, which incorporates the Matsuoka–Nakai limit condi-

tion [2, 21]:

â¼ âi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3

8
r̂dk k2þð1� 3

2
r̂dk k2Þ=ð1�

ffiffiffi

3

2

r

r̂dk kcosð3hÞÞ

s0

@

þ
ffiffiffi

3

8

r

r̂dk k
!

: ð7Þ

Here h is the Lode angle (Fig. 2) defined by cosð3hÞ ¼
ffiffiffi

6
p

tr r̂3
d= r̂dk k3; and âi represents the value of â at an iso-

tropic stress state which is related to the critical friction

angle uc according to

âi ¼
ffiffiffi

8

3

r

sin uc

3þ sin uc

: ð8Þ

4. Barotropy and pyknotropy

Barotropy and pyknotropy refer to the pressure and density

dependency of soil behaviour. For granular soils, the stress

response to a strain input depends explicitly on density, and

the tangential stiffness depends on pressure in a way which

is weaker than linear [7]. For clayey soil, a linear pressure

dependency of the tangential stiffness is widely accepted to

be a good approximation of real soil behaviour. For nor-

mally consolidated remoulded clay, the pyknotropy factor

can be neglected.

It is widely accepted that, under isotropic compression

and unloading, a normally consolidated clay can be de-

scribed by the following linear e ) ln p relations:

e ¼ e0 � k lnðp=p0Þ for loading: ð9aÞ

e ¼ e1 � j lnðp=p1Þ for unloading: ð9bÞ

Here k and j are the compression and swelling indices in a

natural-logarithmic coordinate system, and represent the

compressibility and swelling behaviour of soil. Another

popular compression/swelling law for clayey soils defines a

linear relation between the logarithmic specific volume

(v=1+e) and the logarithmic mean pressure according to

ln
1þ e
1þ e0

� �

¼ �k� lnðp=p0Þ for loading: ð10aÞ
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ln
1þ e
1þ e1

� �

¼ �j� lnðp=p1Þ for unloading: ð10bÞ

Here p0 and p1 represent pressures at the beginning of

loading and unloading, respectively, with e0 and e1 being

the corresponding void ratios. The parameters k* and j* are

counterparts of k and j in a double-logarithmic coordinate

system and can be used to fit the same test data. For many

stress ranges that occur in practice, the difference between

Eqs. 9a, b and 10a, b is insignificant.

For Eq. 4 to be consistent with Eq. 9a or Eq. 10a, we

need only to set m=1 and v1 to one of the following

expressions, respectively:

v1 ¼
3ð1þ eÞpr

k â2
0 þ 1

3
� 1

ffiffi

3
p â0

� � ; ð11Þ

v1 ¼
3pr

k� â2
0 þ 1

3
� 1

ffiffi

3
p â0

� � : ð12Þ

To show this, we can write Eq. 4 for an isotropic com-

pression test in the form:

�3 _p ¼ v1ðp=prÞm â2
i þ

1

3
� 1

ffiffiffi

3
p âi

� �

_ev

¼ v1ðp=prÞm â2
i þ

1

3
� 1

ffiffiffi

3
p âi

� �

_e
1þ e

: ð13Þ

Here _ev ¼ tr_e denotes the volumetric strain rate and

p ¼ �trr=3 the mean pressure. The volumetric strain rate

is related to the void ratio rate by _e ¼ ð1þ eÞ _ev: The above

results are obtained by comparing Eq. 13 with the rate

relation between the void ratio e and mean pressure p

defined by Eqs. 9a and 10a, that is, _e ¼ �k _p=p and

_e ¼ �k�ð1þ eÞ _p=p:

5. Proposed formulation

With only two parameters, the basic formulation of Eq. 4

is not adequate for capturing the stress–strain response

and volume change behaviour quantitatively. Besides, it

has the key shortcoming that its predictions for undrained

loading are unrealistic. Another deficiency is that the

directional stiffness is not adjustable, so that the differ-

ences between loading/unloading and isotropic compres-

sion/shear cannot be modelled. The latter has been

discussed by Herle and Kolymbas [8]. A geometrical

illustration for an isotropic state is presented in Fig. 3b.

The following proposed model aims to overcome these

shortcomings.

The proposed model takes the following form:

_r¼ fs½â2 _eþv2r̂ðr̂ : _eÞþv3r̂< r̂ : _e>þâðv3r̂þ2r̂dÞ _ek k�:
ð14Þ

where the factors v2, v3 and v4 are included to introduce

some flexibility to the model. The term < r̂ : _e> has the

following representation:

\r̂ : _e >¼ r̂ : _e for r̂ : _e > 0;
0 for r̂ : _e 6 0:

�

ð15Þ

This term is introduced to model the directional stiffness

for unloading, as it is activated only for r : _e\0 (note that

we have a factor trr\0 in r̂). The stiffness factor fs in

Eq. 14 takes a form which is consistent with the isotropic

compression law 10a:

fs ¼
3ð1þ eÞp

k â2
i þ 1

3
v2i � 1

ffiffi

3
p âiv4i

� � : ð16Þ

Fig. 2 Limit stress surface: a in the principal stress space and b in the deviatoric stress plane
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Here v2i and v4i denote, respectively, the values of factors

v2 and v4 at an isotropic state for r̂dk k ¼ 0:

In the following, we consider the values for v2, v3 and v4

at an isotropic state and at a steady flow state. Values for

these factors at other stress states are then determined by

interpolation.

With respect to an elementary test with r̂ : _e � 0; we

can write Eq. 16 in the decomposed form:

� _p ¼ 1

3
fs â2 þ 1

3
g2

� �

_ev þ v2 r̂d : _ed

�

þ v4â

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

3
_e2
v þ _ed : _ed

r

#

; ð17aÞ

_rd ¼ fs â2 _ed þ v2

1

3
_ev þ r̂d : _ed

� �

r̂d

�

þð1þ v4Þâr̂d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

3
_e2
v þ _ed : _ed

r

#

: ð17bÞ

where _ed ¼ _e� _ev 1=3 represents the deviatoric strain rate.

Starting from an isotropic stress state, we have initially

� _pi ¼
1

3
fs â2

i þ
1

3
v2i

� �

_ev þ v4iâi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

3
_e2
v þ _ed : _ed

r

" #

and r̂d ¼ 0: Let us consider first an undrained triaxial

compression test characterised by _ev ¼ 0: An initial value

of _pi ¼ 0 is expected, so that the stress path is perpendi-

cular to the hydrostatic axis in principal stress space. This

can be achieved with

v4i ¼ 0: ð18Þ

Factor v2i allows an independent calibration of direc-

tional stiffness in isotropic compression and undrained/

drained shear, as discussed by Herle and Kolymbas [8]. In

an isotropic compression test, Eq. 17a becomes

� _p ¼ 1

3
fs â2

i þ
1

3
v2i

� �

_ev,Kþi _ev: ð19Þ

where Kþi ¼ ð1=3Þfsðâ2
i þ ð1=3Þv2iÞ represents the tan-

gential bulk modulus of a soil. On the other hand, a shear

test via triaxial compression is described by

� _p ¼ 1

3
fs â2 þ 1

3
v2

� �

_ev

�

þ v2q̂ _eq þ â v4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

3
_e2
v þ

3

2
_e2
q

r

#

; ð20aÞ

_q ¼ fs

3

2
â2 _eq þ q̂

1

3
v2 _ev þ v2q̂_eq

� ��

þ ð1þ v4Þâq̂

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

3
_e2
v þ

3

2
_e2
q

r

Þ
#

: ð20bÞ

where q and _eq are defined in the same way as in [22]:

q=ra ) rr and _eq ¼ ð2=3Þð_ea � _erÞ; and q̂ ¼ �ð1=3Þq=p ¼
ðra � rrÞ=ðra þ 2rrÞ: In a drained shear test with constant

mean pressure (isobaric shear), i.e. _p � 0; we have initially

_evi ¼ 0: In an undrained shear test, we have _ev � 0

(isochoric shear). For both tests starting from an isotropic

stress state, we have initially

_qi ¼ _qjq̂¼0 ¼
3

2
fsâ2

i _eq,3Gi _eq: ð21Þ

Here Gi ¼ ð1=2Þfs â2
i represents the initial tangential shear

modulus at an isotropic stress state. The ratio of ri=K+
i /Gi

may be considered as a material constant [8]. Then v2i is

related to ri by

v2i ¼ 3 â2
i ð3=2Þri � 1ð Þ: ð22Þ

Fig. 3 Response envelope under isotropic stress: a input of strain rate of unit magnitude, b response envelope of formulation 4 and c response

envelope of formulation 14
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The quantity v3i is determined by considering unloading

in an isotropic compression test. For this case, with the v3

term being activated, Eq. 14 becomes

� _p ¼ 1

3
fs â2

i þ
1

3
v2i þ

1

3
v3i

� �

_ev,K�i _ev: ð23Þ

Let Ki
+ /Ki

)=j/k, which leads to a constitutive equation

which is consistent with Eq. 9b. This condition provides

v3i ¼ ðk=j� 1Þð3â2
i � v2iÞ ¼

9

2
â2

i riðk=j� 1Þ: ð24Þ

To determine v2 and v4 at the steady flow state, we first

impose the requirement that the volumetric deformation

vanishes. For an elementary test with r̂ : _e � 0; the tensor

B=) L) 1:N can be written as

B ¼ � 1

â
v4â2 � v2 r̂dk k2

â2 þ v2 r̂k k2
r̂þ r̂d

 !

: ð25Þ

It is easy to check that conditions 6 and 3 are fulfilled with

v4f ¼ v2f,vf : With a fixed interpolation (given below) for

v2 and v4, it is found that the model behaviour under

drained conditions is insensitive to vf. However, the un-

drained shear behaviour is strongly influenced by vf. A

constant v2 (i.e. vf=v2i) will lead to a too stiff response. On

the other hand, a higher value of vf=1 will lead to softening

behaviour in an undrained shear test. To model a normally

consolidated clay, vf should take a value of about 0.5. This

value is used in our assessment of the model performance.

For an arbitrary stress state, other than an isotropic state

or a steady flow state, the factors v2, v3 and v4 are deter-

mined using the following interpolations:

v2 ¼ v2i þ g2ðvf � v2iÞ;

v3 ¼ v3i ¼ const;

v4 ¼ gnvf :

ð26Þ

Here 0 � g ¼ jr̂dj=â � 1 varies monotonically from 0 to 1

for a shear test starting from an isotropic state, and n is a

further parameter introduced to scale the volumetric

deformation (discussed below). For simplicity, the factor v3

is set to a constant and this will be checked against

experimental data for unloading.

A geometrical illustration of the present model at an

isotropic stress state is given by the response envelope

shown in Fig. 3c. The solid ellipse and dashed ellipses

represent the model response for a unit magnitude strain

rate with and without the v3-term, respectively. The model

responses to isotropic compression and isotropic unloading

are represented by the quantities _ra and _rb; with a ratio of

_rak k= _rbk k ¼ j=k: The model response to isochoric

shears is represented by the quantities _rc and _rd; with

_rck k ¼ _rdk k and _rak k = _rck k ¼ fsðâ2
i þ ð1=3Þv2iÞ=fsâ2

i ¼
ð3=2ÞKþi =Gi ¼ ð3=2Þri:

6. Shear-dilatancy behaviour of the model

In the interpolation 26 for the factor v4, a new parameter n

has been introduced. With this new parameter, the volu-

metric deformation in shear tests can be scaled.

Consider a drained shear test via triaxial compression

under constant mean pressure. By setting _p ¼ 0 in Eq. 20a,

a shear-dilatancy/contractancy relation is obtained for such

a test:

Fig. 4 Shear-dilatancy relation and its dependence on the parameter n for triaxial compression test a with constant mean pressure, and b with

constant radial stress

20 Acta Geotechnica (2006) 1:15–27
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â2 þ 1

3
v2

� �

_ev þ v2q̂_eq þ v4â

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

3
_e2
v þ

3

2
_e2
q

r

¼ 0: ð27Þ

Equation 27 defines a nonlinear relation between the ratio

of the strain rates _ev=j_eqj and the normalized stress deviator

q̂ ¼ �q=3p: The dependence of this relation on the

parameter n is shown in Fig. 4a. Note that we have

_ev=j_eqj ¼ 0 at an isotropic state for q̂ ¼ 0 and v4i=0, and

also at a steady flow state for q̂ ¼ q̂f ¼
ffiffiffiffiffiffiffiffiffiffiffi

ð3=2Þ
p

âc and

â ¼ âc ¼
ffiffiffiffiffiffiffiffiffiffiffi

ð8=3Þ
p

sin uc=ð3� sin ucÞ under triaxial com-

pression. These two stress points are independent of the

parameter n, but the whole area under the q̂ � _ev=j_eqj
curve, which determines the total volume change in a

constant pressure triaxial compression test, increases with a

decreasing value of n.

Similarly, a shear-dilatancy/contractancy equation can

be obtained for a drained triaxial compression test with a

constant radial stress. In this case we have _q ¼ �3 _p; and

Eq. 19 yields the following relation:

â2 þ 1

3
v2ð1� q̂Þ

� 	

_ev þ v2q̂� 3

2
â2 � v2q̂ 2

� �

_eq

þ ½v4 � ð1þ v4q̂Þ�â
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

3
_e2
v þ

3

2
_e2
q

r

¼ 0: ð28Þ

Figure 4b shows the q̂ � _ev=j_eqj response for this case and

its dependence on the parameter n.

7. Model response to oedometer test

The oedometer test, also known as a K0–consolidation test,

is available in most soil testing laboratories and is often

used to determine the consolidation behaviour of soils. In a

standard oedometer test, the specimen is under proportional

loading or unloading, which is characterised by _ea\ 0 for

loading and _ea > 0 for unloading and _er ¼ 0: It has been

shown [9] that the stress rate response defined by the

present type of constitutive model is proportional or nearly

proportional, depending on the initial stress state. If the

specimen is initially in a K0-state, i.e. rr ¼ K0ra; the stress

rate response is K0 proportional so that _rr ¼ K0 _ra: Other-

wise, a K0-state will be approached asymptotically. The

value of K0 for a normally consolidated clay, denoted as

K0nc; can be predicted by the present model.

For a K0nc state under 1D compression, Eq. 14 can be

written as

_ra ¼ fs½â2 þ g2r̂
2
a � âðv4 þ 1Þr̂a þ â=3�_ea;

_rr ¼ fs½g2r̂
2
r � âðv4 þ 1Þr̂r þ â=3�_ea:

ð29Þ

Noting the relations _rr= _ra ¼ r̂r=r̂a ¼ rr=ra ¼ K0nc; the

following relationship can be derived:

K0nc ¼
1

1þ 3â
: ð30Þ

Using the representation for â in Eq. 7, an explicit relation

between K0nc and the critical friction angle uc can be

obtained according to

K0nc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð6âi � 1Þ2 þ 4ð2þ 3âiÞ
q

� ð6âi � 1Þ
2ð2þ 3âiÞ

; ð31Þ

where âi is defined by Eq. 8. The predicted dependence of

K0nc on the friction angle uc is presented in Fig. 5a, and

may be compared with Jâky’s empirical relation

Fig. 5 Model response for oedometer test: a K0nc � uc relation,

b e ) log p relation and c variation of K0 with mean pressure p
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K0nc ¼ 1� sin uc: ð32Þ

The current model predicts a gradient for the e ) ln p

relation from an oedometer test which is different from the

k obtained from isotropic compression. Niemunis [16]

noticed this possibility in previous hypoplastic formula-

tions and introduced a factor in his visco-hypoplastic

model to rectify this behaviour. The difference predicted

by the present model, however, is rather small. Using the

parameters given in Table 1, the predicted e ) ln p curves

for oedometer compression and unloading are shown in

Fig. 5b, and may be compared with those for isotropic

compression and unloading. For oedometer compression,

the predicted gradient is slightly greater than k, but the

difference may be hard to detect from typical laboratory

data. For oedometer unloading, however, the gradient of

the e ) ln p curve is smaller than j, the corresponding

gradient for isotropic unloading. This is due to the variation

of K0 during oedometer unloading. A quite realistic vari-

ation of K0 is predicted by the present model (Fig. 5c).

8. Performance of the model

The proposed simple hypoplastic model contains five

parameters; namely, k, j, uc, ri and n. Here k and j are

two dimensionless parameters, defining soil compressi-

bility and swelling under isotropic compression and

unloading, which are determined from an isotropic con-

solidation test. The parameter uc defines the shear

strength at the critical state, while the parameters ri and n

are related to the shear stiffness and volumetric defor-

mation in a shear test. These three parameters can be

determined either from a triaxial compression tests with

constant mean pressure or a conventional triaxial com-

pression test.

To demonstrate the performance of the proposed model,

the model responses are compared with experimental

results for a remoulded clay—Fujinomori clay [13]—from

conventional triaxial tests and true triaxial tests. The

remoulded clay has a compression index of k=0.1046, a

swelling index of j=0.0231, and a void ratio of e0=1.06 at a

mean pressure of p0=49 kPa. The shear tests were started

after an initial isotropic compression up to p=196 kPa. This

isotropic state with e=0.915 is considered as the initial

state for obtaining model predictions. The model responses

under these loading conditions are obtained by numerical

integration of the constitutive equations along the specified

stress paths. The responses of the hypoplastic model

Table 1 Constitutive parameters for the Fujinomori clay

Present model uc k j ri n

34� 0.1046 0.0231 0.867 0.4

Mašı́n’s model uc k* j* r N*

34� 0.0445 0.0108 1.3 0.8867

Fig. 6 Comparison of model predictions and experimental results for a triaxial compression and b triaxial extension
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formulated by Mašı́n (2004) are also presented for a

comparison. The parameters used for model predictions are

listed in Table 1. The compression and swelling indexes

are taken from Nakai et al. [13]. Other parameters are

calibrated against the experimental data for triaxial com-

pression test under constant mean pressure. Predictions are

then made to compare with other test results.

Figure 6 presents the model predictions and experi-

mental results for the Fujinomori clay under triaxial com-

pression and extension with a constant stress component

r3 ¼ �196 kPa: These results are shown in terms of the

principal stress ratio and volumetric strain against the

major principal strain. It can be seen that the response of

the proposed model matches well the experimental data for

the stress ratio and volumetric strain in both triaxial com-

pression and triaxial extension. With the values for the

parameters listed in Table 1, Mašı́n’s model captures the

stress ratio, but underestimates the volumetric strain.

Decreasing parameter N* will improve the volumetric

strain predictions but worsen the stress ratio predictions.

Figure 7 compares the model predictions with the re-

sults from true triaxial tests, presented in terms of the

principal stress ratio and the volumetric strain against the

major principal strain. These results are for a constant

mean pressure of p=196 kPa and various Lode angles h
of 0�, 15�, 30�, 45� and 60� in sequence. The experi-

mental results for the stress ratio and volumetric strain

are well matched by both the proposed model and

Mašı́n’s model. In some stress paths, however, Mašı́n’s

model shows a slight concavity in the stress-ratio strain

curves.

A key issue in capturing soil behaviour is the accurate

modelling of undrained loading. The proposed hypoplastic

model is able to predict the undrained behaviour of nor-

mally consolidated clays. This capability is shown in

Fig. 8, for an undrained triaxial compression test, and in

Fig. 9 for an undrained triaxial extension test. The tests are

started with an initial isotropic stress state of p0=196 MPa.

The total radial stress in the triaxial compression test is

kept constant, while the total axial stress in the triaxial

extension test is kept constant. We can see that the pro-

posed model correctly predicts the effective stress path, as

well as the variation of the axial and radial effective

stresses with respect to the deviatoric strain, in these tests.

In contrast, the predicted effective stress path predicted by

Mašı́n’s model deviates significantly from the experimental

data. Moreover, an incorrect trend for the axial effective

stress is predicted: the predicted axial effective stress first

decreases and then increases, while the experimental data

shows the reverse.

Finally, the model predictions for a loading–unloading

sequence are presented in Figs. 10 and 11. The model pre-

dictions are compared with the experimental results of [14]

for Fujinomori clay under cyclic loading. The experimental

Fig. 7 Model predictions and experimental results for true triaxial tests with a constant mean pressure and a Lode angle of a h=0�, b h=15�,

c h=30�, d h=45� and e h=60�
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data for the first cycle of loading and unloading in a triaxial

compression test, with constant radial stress and constant

mean pressure, are taken for comparison. We note that al-

though the same type of clay was used for these laboratory

tests, the clay for the new tests [14] seems somewhat stiffer

than that tested 18 years ago [13]. Using the same values for

the soil parameters calibrated against the earlier test results

(cf. Figs. 6, 7), the two models predict volumetric strains

that are too large. Nevertheless, both constitutive models

predict a reasonable response for unloading.

Fig. 7 continued
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Fig. 8 Model predictions and experimental results for undrained triaxial compression test under constant total radial stress ( p0=196 MPa)

Fig. 9 Model predictions and experimental results for undrained triaxial extension test under constant total axial stress ( p0=196 MPa)
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9. Conclusion

A simple hypoplastic model for normally consolidated

clay has been proposed in the light of a response

envelope. The model is formulated by considering soil

response under various stress paths in a true triaxial test.

Special effort has been made to improve the model re-

sponse for undrained loading. An explicit representation

governing the shear-contractancy/dilatancy behaviour in a

triaxial compression tests has been derived, which pro-

vides a better understanding of this type of model’s

ability to predict volumetric deformation. The model

contains five constitutive constants, all of which can be

easily determined from an isotropic consolidation

test and a conventional drained triaxial compression

test. The model can capture many key features of clay

soil’s response to loading and unloading, for medium

to large strains under either drained or undrained

conditions.
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Appendix

Here we present a brief description of the hypoplastic

model proposed by Mašı́n [12]. The constitutive equation is

_r ¼ fs L : _eþ fsfdN _ek k :

Here the fourth order tensor L takes the form

L ¼ 3ðc1 I þ c2a2r̂� r̂Þ;

and the second order tensor N is given as

N ¼ L : �Y
m

mk k

� �

;

with m being defined by

m ¼ � a
F
ðF =aÞ2 � r̂d : r̂d

ðF =aÞ2 þ r̂ : r̂
r̂þ r̂d

" #

:

In these equations, the parameters a and F are related to the

critical friction angle uc and the Lode angle h through the

relation [21]

Fig. 10 Model predictions and experimental results for reverse loading in drained triaxial compression test under constant radial stress of

196 MPa

Fig. 11 Model predictions and experimental results for reverse loading in drained triaxial compression test under constant mean pressure of

196 MPa
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a ¼
ffiffiffi

3
p
ð3� sin ucÞ

2
ffiffiffi

2
p

sin uc

;

F ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

8
tan2 wþ 2� tan2 w

2þ
ffiffiffi

2
p

tan w cosð3hÞ

s

� 1

2
ffiffiffi

2
p tan w

with tan w ¼
ffiffiffi

3
p
jr̂d j: The parameter Y in expression for N,

known as the degree of nonlinearity [16], has the following

form:

Y ¼
ffiffiffi

3
p

a
3þ a2

� 1

� �

ðI1I2 þ 9I3Þð1� sin2 ucÞ
8I3 sin2 uc

þ
ffiffiffi

3
p

a
3þ a2

;

where I1, I2 and I3 are the first, second and third stress

invariants, respectively:

I1 ¼ trr; I2 ¼
1

2
½r : r� ðI1Þ2� ; I3 ¼ det r:

The factors fs and fd in Eq. 29 are defined by

fs ¼ �
trr

k�
ð3þ a2 � 2aa

ffiffiffi

3
p
Þ�1;

fd ¼ � 1

2
trr exp

logð1þ eÞ � N �

k�

� �� 	a

;

where the scalar parameter a can be determined from

a ¼ 1

ln 2
ln

k� � j�

k� þ j�
3þ a
ffiffiffi

3
p

a

� 	

:

The factors c1 and c2 in above equation are related to other

parameters via

c1 ¼
2ð3þ a2 � 2aa

ffiffiffi

3
p
Þ

9r
; c2 ¼ 1þ ð1� c1Þ

3

a2
:

The model contains five parameters: uc, k*, j*, r and N*,

where uc is the critical state friction angle, k* and j* has the

same meaning as in Eq.10a, b, r is the ratio of the bulk

modulus over the shear modulus at an isotropic stress state,

r=K+
i /Gi, and N* represents the logarithmic specific volume

at a mean pressure of 1 kPa so that N*=ln (1+e) |p=1 kPa.
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