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SUMMARY

This paper presents an adaptive method that couples the finite element (FE) method and the meshfree
(MF) method in the arbitrary Lagrangian–Eulerian (ALE) description for numerical simulation of injection
molding processes. The ALE feature is used to accurately capture moving free surfaces of flow problems
and, meanwhile, to alleviate mesh distortion and its influence on the accuracy and robustness of numerical
solutions. Based on the continuous blending method, originally presented for properly imposing the
essential boundary conditions in MF methods, the coupled ALE FE and MF method is developed, to
exploit the respective advantages of both FE and MF methods, but to avoid their respective weak points.
The method features self-adaptivity in view of the fact that moving free surfaces in an injection molding
process are continuously advanced. The Pressure-stabilized Fractional Step Algorithm, in which the
modified version of the finite increment calculus process is extended to the coupled ALE FE and MF
method, is used to solve incompressible Navier–Stokes equations governing the injected polymer flow, so
that equal low-order u− p interpolations that violate the LBB condition can be effectively used. Numerical
experiments demonstrate the significance and ability of the proposed method for numerical simulation of
injection molding processes. Copyright q 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Injection molding is one of the most important technological processes for the manufacturing of
plastic products. In such a molding process, molten polymer is injected with high velocity into
an empty mold. Once the cavity is filled up and the polymer material is sufficiently solidified,
the mold opens momentarily to eject the plastic component and the cycle repeats. To improve
the quality of the products, researchers have focused on developing efficient analysis tools, to
replace the costly and time-consuming experimental trial-and-error approach [1–5], for simulating
the process and predicting the physical quantities evolved in the products. In general, to achieve
such a simulation, two critical problems should be resolved. One is the robust numerical solution
scheme for initial and boundary value problems of the governing equations, and the other is to
accurately determine locations of advancing free surfaces.

As for the first problem, it is known that numerical solutions for incompressible Navier–Stokes
(N–S) equations may suffer from numerical instability due to the mixed character of the equations
that limits the choice of interpolations for the velocity and pressure (u − p) fields. Although
compatible u− p interpolations satisfying the so-called LBB (or inf–sup) condition may be used,
one prefers to use the equal low-order u− p interpolations owing to its efficiency in computational
cost and convenience for using an adaptive strategy. However, the latter interpolations are not
LBB compliant and consequently induce spatial oscillations in the resulting pressure field if the
standard Galerkin formulation is employed. Many efforts have been devoted to devise alternative
formulations to circumvent the restrictions in u− p interpolations imposed by the LBB condition
and then enable the use of the equal low-order interpolation approximations for velocity–pressure
variables, such as the PSPG formulation of Hughes et al. [6] and Tezduyar et al. [7]. It is noted
that, with the time step larger than a critical value, the scheme termed as the non-incremental
version of the Classic Fractional Step Algorithm (C-FSA), in which all the pressure gradients is
removed in the first step, has a better performance in circumventing the restriction imposed by
the LBB condition than the incremental version of the same algorithm, in which the pressure
gradient at the previous time level leaves in the first step and computes its increment in the
second one [8]. However, on the other hand, it is widely accepted that the incremental version
of the algorithm will generally provide the results with higher accuracy than those obtained
by the non-incremental version [9]. Li and Duan [10] have successfully improved the pressure
stability of the incremental version of the C-FSA by re-writing the mass balance equation in
the framework of the finite increment calculus theory [11] and introducing an additional variable
into the algorithm. The resulting computational scheme, which can be termed as the Pressure-
stabilized Fractional Step Algorithm (PS-FSA), is similar to the PGP method of Codina and
Blasco [12].

Strategies to accurately capture the free surfaces stemming from the second problem mentioned
above have also been extensively investigated in the last decades. The algorithms available to tackle
the free surface problem can be mainly classified into Lagrangian [13, 14], Eulerian [15–17] and
arbitrary Lagrangian–Eulerian (ALE) [18–23] methods depending on the configurations to which
continuum mechanics formulations are referred. In the Lagrangian method, the fluid domain is
only considered and meshed, and the computational mesh moves and deforms with the motion of
the fluid. Aimed at material points, the Lagrangian method can precisely trace the free surfaces, as
individual fluid points of the molten material are typically displayed in large distances within the
cavity of molds. However, it suffers from mesh distortion problems, and a re-meshing procedure
is logically required to be carried out after every certain number of time steps. It is remarked that
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re-meshing Lagrangian meshes is rather time consuming and particularly complicated to implement
in the three-dimensional cases.

In the Eulerian method, the computational mesh that covers both liquid and gas regions
in the mold cavity remains fixed in space and the free surface moves through it. The Eu-
lerian method can handle moving free boundary problems without the need of re-meshing.
However, its main disadvantage is the lack of precise determination of the moving bound-
ary as an interface between fluid and gas domains and consequently the difficulty in impos-
ing kinematic and kinetic boundary conditions on the boundary as the fluid moves through the
mesh.

The ALE method introduced in the finite difference literature by Noh [18] and Hirt et al. [19]
and in the finite element (FE) literature by Hughes et al. [20], Huerta and Liu [21] and Belytschko
et al. [22] is devised to combine the respective advantages of both Lagrangian and Eulerian methods
by defining the mesh motion, which may be described by the mesh velocity û a vector with its
components being velocities of each mesh nodal point, independent of the material motion. It is
remarked that in the Eulerian formulation the mesh is fixed in space and û is then set to null,
whereas in the Lagrangian formulation û is identical to the material velocity. However, in the
ALE method, û is, in general, equal to neither null nor the material velocity. In principle, a proper
choice of û should be defined in such a way that the respective advantages of both Lagrangian and
Eulerian methods are adequately exploited while their respective disadvantages are minimized. To
make sense of how to properly define û for moving free surface flow problems, we consider a one-
dimensional homogeneous flow problem without shearing. For this simplest case, we can choose
null for the components of û at the interior of the domain filled with the injected fluid material
to exploit the merit of the Eulerian method, i.e. to avoid remeshing frequently required in the
Lagrangian method. On the other hand, we can choose the material velocities for the components
of û at the moving free boundary of fluid mass to precisely capture its location, while the Eulerian
method fails to do so.

It should be stressed that although the ALE method can alleviate the mesh distortion problem
associated with the Lagrangian method to some extent for the simulation of moving free surface
flow process, it is unable to ensure that the element meshes used at different time steps over the
simulation process will keep high quality. Some elements with highly distorted geometry will
inevitably occur, especially when the molten polymer deforms severely, since remeshing should
not be excessively utilized due to its computational cost and in order to avoid losing the accuracy
of preceding numerical results.

As the FE discretization is constructed on the base of element interpolation, the FE approximation
for those highly distorted elements will severely deteriorate the accuracy of the FE numerical
solutions for moving free surface flow problems. It is worth noting that, in contrast to the FE
approximation, the approximation in meshfree (MF) methods developed in recent years is achieved
in terms of node-based MF interpolation, for which the high quality of computational mesh is
no longer required. From this point of view, MF methods are more suitable for the simulation
of injection molding processes than mesh-based methods such as the FE method. However, MF
methods also have their own drawbacks, such as the difficulty in imposing essential boundary
conditions [24] and the lower computational efficiency in comparison to that of the FE method.
Hence, it is desired to develop a spatial discretization scheme to simulate injection molding
processes, in which the respective strong points of the FE and MF methods are adequately exploited
while their respective weak points are effectively suppressed. This is just the motivation and the
purpose of the present paper.
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In this paper, an adaptive method that couples the FE method and the MF method in the ALE
description is proposed for the simulation of injection molding processes. The method is developed
on the basis of the continuous blending method (CBM) of Huerta and Fernández-Méndez [25]
along with the ALE method and is devised in an adaptive manner.

In the proposed method, the MF approximation is adopted in the region where the mesh is
distorted, to preserve the accuracy and robustness of numerical solutions from the deterioration of
the mesh quality. On the other hand, the FE approximation is employed in the region where the
quality of the FE mesh is acceptable and on the boundaries where essential boundary conditions
of flow problems are imposed, to ensure high computational efficiency and proper imposition
of the essential boundary conditions. In the coupling region where the MF and FE interpolation
approximations are overlapped, the CBM is used to ensure that the reproducibility condition is
satisfied for the coupled interpolation approximation, and any unknown function at this region is
approximated with a mixed FE and MF interpolation. It is remarked that the partition of regions
where the FE, the MF and the mixed FE and MF approximations are adopted, is automatic and
adaptive according to the mesh quality measured at local points and whether depending on the
essential boundary conditions are imposed there. The strategies and details of the proposed adaptive
method that couples the ALE FE and MF methods will be further discussed in Sections 5 and 6.

2. THE ALE KINEMATIC DESCRIPTION: MESH MOTION AND MESH VELOCITY

In an ALE method, the motion of the mesh is independent of the motion of the material, described,
respectively, by

x= Û(v, t) (1)

x=U(X, t) (2)

where x, X and v are the spatial, material and referential (or ALE) coordinates, respectively. The
map Û(v, t) plays a crucial role in the ALE formulation. The point v in the ALE configuration
�̂ is mapped to the point x in the spatial configuration � via this map. The function U(X, t), as
defined in the Lagrangian method, maps the body from the material configuration X to the spatial
configuration �. The initial values of the particle positions are denoted as the ALE coordinates v,
given by

v=U(X, 0) (3)

The mesh velocity is defined by

û(v, t) = �Û(v, t)

�t
≡ �Û

�t

∣∣∣∣∣
v

≡ Û,t [v] (4)

In the above, the ALE coordinates v are fixed. The material velocity u(X, t) can be given by a
chain rule expression as

u j (X, t) = �� j (X, t)

�t
= ��̂ j (v, t)

�t
+ ��̂ j (v, t)

��i

��i
�t

∣∣∣∣∣
X

= û j + �x j
��i

��i
�t

∣∣∣∣
X

(5)
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where u j , � j , x j and � j are the j th components of u, U, x and v, respectively. The material time
derivative for a function f (v, t) in the ALE description is then given by

D f (v, t)

Dt
= � f (v, t)

�t
+ � f (v, t)

��i

��i
�t

∣∣∣∣
X

= � f (v, t)

�t
+ � f (v, t)

�x j

�x j
��i

��i
�t

∣∣∣∣
X

(6)

Substituting Equation (5) into the above gives

D f (v, t)

Dt
= � f (v, t)

�t
+ � f (v, t)

�x j
(u j − û j ) = � f

�t
+ c j

� f

�x j
(7)

where c j = u j − û j is the j th component of the convective velocity c. Obviously, if the mesh
moves with the material, i.e. c j = u j −u j ≡ 0, the ALE description reduces to the Lagrangian one,
whereas it reduces to the Eulerian description if the mesh is fixed in space, i.e. c j = u j − 0≡ u j .

3. INCOMPRESSIBLE NAVIER–STOKES EQUATIONS IN ALE DESCRIPTION AND
NUMERICAL SOLUTIONS: PRESSURE-STABILIZED FRACTIONAL STEP ALGORITHM

Momentum and mass conservation equations for incompressible flows can be written as

Dui
Dt

= 1

�

��i j
�x j

− 1

�

�p
�x j

+ gi (8)

�ui
�xi

= 0 (9)

where � is the fluid density, gi are the body forces of unit mass of the fluid. The velocities ui and
the pressure p are the primitive independent variables.

It is noticed that the molten polymer in realistic injection molding processes should be modeled
as non-isothermal non-Newtonian viscoelastic flows. Nevertheless, keeping in view of that the
objective of this paper is focused on the description of the adaptive coupled ALE FE and MF
method for the simulation of injection molding, for clarity, the simplest isothermal Newtonian
viscous flows are only considered here, i.e. the deviatoric stresses �i j can be expressed by

�i j = 2��̇i j = �

(
�ui
�x j

+ �u j

�xi

)
(10)

where � is the viscosity and �̇i j = 1
2 (ui, j + u j,i ) are the strain rates.

According to Equation (7), the material time derivative for ui in the ALE description can be
written as

Dui
Dt

= �ui
�t

+ c j
�ui
�x j

(11)

Substituting the above into Equation (8) gives

�ui
�t

+ c j
�ui
�x j

− 1

�

��i j
�x j

+ 1

�

�p
�x j

− gi = 0 (12)

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 73:1153–1180
DOI: 10.1002/nme



1158 X. LI ET AL.

It is observed that the pressure as one of the primitive variables does not appear in the mass
conservation equation (9), which leads to the mixed character of the N–S equations governing
incompressible viscous flows. This issue may induce instability in resulting pressure fields if both
the incompatible u − p interpolations violating the LBB condition and the standard Galerkin
discretization are simultaneously employed. In order to restrain such spurious oscillations, the
PS-FSA [10] mentioned above is adopted for the numerical solution of Equations (9) and (12),
which can be written in the matrix–vector form as

( �

�t
I3 − �ST(�D0)S

)
(u∗ − un) = �g − �cn+� · ∇un+� + ST(�D0)Sun − ∇pn (13)

(
1 + �d

�t

)
∇2(pn+1 − pn) = �

�t
∇ · u∗ − ��d

�t
∇ · un+1 − �d

�t
∇2 pn (14)

un+1 + 1

�
∇pn+1 = 0 (15)

( �

�t
I3 − �ST(�D0)S

)
(un+1 − u∗) = −∇(pn+1 − pn) (16)

where u∗ is the intermediate velocity of C-FSA, u the additional variable introduced in PS-
FSA, � ∈ [0, 1], with � = 0, 0.5, 1 for the explicit, Crank–Nicolson implicit and the backward
Euler implicit forms, respectively, g=[g1 g2 g3], D0 = diag(2 2 2 1 1 1). S is the strain matrix
(operator) linking the strain rates to the velocities and defined for three-dimensional problems by

ST =

⎡
⎢⎢⎣

�/�x1 0 0 �/�x2 0 �/�x3

0 �/�x2 0 �/�x1 �/�x3 0

0 0 �/�x3 0 �/�x2 �/�x1

⎤
⎥⎥⎦ (17)

�d in Equation (14) is a stabilization parameter, which can be chosen as [10]

�d =
(
4�

h2
+ 2U

h

)−1

(18)

where U is the characteristic velocity, � = �/� the kinematic viscosity and h the typical element
size.

The unknown variables u, p, u are approximated in space by using shape functions Nu , Np
and expressed in terms of their nodal values u, p, u as

u=Nuu, p=Npp, u=Nuu (19)

With the use of the standard Galerkin procedure, the weak forms of Equations (13)–(16) along
with the weak forms of the corresponding natural boundary conditions can be, respectively,
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written as ( �

�t
M + �Ku − �K�

u

)
(u∗ − un) = −�C(cn+�)un+� − Kuun + LTpn + fs (20)

(
1 + �d

�t

)
Kp(pn+1 − pn) = − �

�t
Lu∗ − ��d

�t
D̂un+1 − �d

�t
Kppn (21)

M̂un+1 + 1

�
D̂Tpn+1 = 0 (22)

( �

�t
M + �Ku − �K�

u

)
(un+1 − u∗) =LT(pn+1 − pn) (23)

where

M=
∫

�
NT
uNu d�

Kp =
∫

�
(∇Np)

T(∇Np) d�

L=
∫

�
NT

p(∇ · Nu) d�

K�
u =

∫
�
NT
un2(�D0)SNu d�

Ku =
∫

�
(SNu)

T�D0SNu d�

C(cn+�) =
∫

�
NT
u (cn+� · ∇)Nu d�

D̂=
∫

�
(∇Np)

TNu d�

fs =
∫

�
NT
u�g d� +

∫
�t

NT
u t

n+�
d�

(24)

The matrix K�
u is the boundary integration term introduced by the integration by parts for the split

diffusion term, and

n2 =
⎡
⎢⎣
nx 0 0 ny 0 nz

0 ny 0 nx nz 0

0 0 nz 0 ny nx

⎤
⎥⎦ (25)

The matrix M̂ has the same integrand as that in the matrix M, but it is enlarged in its dimensions
due to the velocity shape functions defined at the essential boundary nodes involved. The steps of
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the PS-FSA can be summarized as follows:

(1) Let un+1
0 ⇐un , un+1

0 ⇐un and the number of iterations for the convective term i ⇐ 1.

(2) Compute un+�
i = �un+1

i−1 + (1 − �)un and use it to solve for u∗ by Equation (20).

(3) Let un+1
i,0 ⇐un+1

i−1 and the number of iterations for the variable un+1 j ⇐ 1.

(4) Solve Equation (21) to determine pn+1 by using u∗, pn and un+1
i, j−1.

(5) Solve Equation (22) to determine un+1
i, j by using pn+1.

(6) Check for convergence of the j th iteration for the variable un+1, if ‖un+1
i, j − un+1

i, j−1‖∞��2,

let un+1
i ⇐un+1

i, j and terminate the iteration loop, otherwise j ⇐ j + 1 and go to (4).

(7) Solve Equation (23) to determine un+1
i by using u∗, pn and pn+1.

(8) Check for convergence of the i th iteration for the convective term, if ‖un+1
i − un+1

i−1 ‖∞��,
terminate the iteration loop, otherwise i ⇐ i + 1 and go to (2).

It is remarked that two iterative procedures introduced into the PS-FSA are fulfilled to correct
the predicted values of the velocity and the additional variable u at time tn+1. Similar schemes for
introducing the iterative procedure into the fractional step algorithms have been proposed for FE
analysis in saturated soil dynamics [26] and fluid mechanics [27], respectively, resulting in saving
computational efforts in a decisive manner. In addition, it is also noted that the pressure stability
in the PS-FSA is significantly improved as compared with that in the C-FSA, see [10] for the
detailed analysis and numerical validations.

4. FREE SURFACE TRACKING AND MESH GENERATION

As indicated in Figure 1, the computational domain � for injection molding simulation is bounded
by the inlet �I, the mold boundaries �M and the moving free surface �F. We define each node
at the interior of the domain having a connection to the node on the free surface as a transition
node, symbolized by ◦ in Figure 2, and the face formed by connecting the transition nodes as the
transition face �T. As mentioned above, in the ALE method, the motions of the nodes on the free
surface are described in the Lagrangian form to accurately capture the moving free surface, while
the interior nodes, i.e. the nodes that are located neither on the free surface nor on the transition
face, are, as Eulerian nodes, fixed in space to preserve the shape of interior elements unchanged
and consequently to limit the zone to be remeshed to a minimized sub-region of �, i.e. the region
bounded by the transition and free surfaces.

The strategy of the local remeshing can be conceptually sketched in Figure 3 and described as
follows. As the free surface is advanced, the elements that contain nodes located on the free surface
are elongated gradually along the directions normal to the free surface; mesh refinement should be
carried out as soon as the size of one stretched edge of the element among them reaches a critical
value. A row of nodes between the transition and free surfaces is first inserted. The connections
of these nodes form a newly generated face termed as the inserted face, which divides the zone to
be remeshed into the two sub-zones bounded by the transition and inserted faces and the inserted
and free surfaces, respectively. Then the two sub-zones are separately triangulated as shown in
Figure 3(d). Finally, the inserted nodes and the inserted face become updated transition nodes and
the transition face to replace the preceding ones, respectively and the preceding transition nodes
will be cast into the set of the interior nodes. It is remarked that remeshing is only required to be
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Figure 1. Various types of boundary surfaces bounding the filled molten polymer.

Figure 2. Schematic diagram of the transition face formed with transition nodes denoted by ◦.

carried out within a minimized sub-zone near the moving free surface, which significantly saves
computational cost and yields benefits to the real-time simulation of the injection molding process.

Treating the motion of the nodes on the moving free surface strictly in the Lagrangian description
often leads to element entanglement, especially when the free surface has experienced severe
distortions. In fact, to accurately trace the moving free surface, the mesh velocity of the nodes on
the free surface is only required to satisfy the following condition [23]:

ûi ni = uini (26)

where ni is the unit vector normal to the free surface, ui and ûi are the material velocity and
mesh velocity, respectively. The above equation implies that the free surface can be effectively
captured as long as the normal components of both mesh and material velocities for the nodes on
the free surface are identical. In addition, to avoid element distortions, the locations of the nodes
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Figure 3. Schematic diagram of the mesh refinement process as the free surface is advanced. The update
of transition nodes denoted by ◦ from preceding ones ((a)–(c)) to new ones (d).

on the free surface along the directions tangential to the surface are allowed to be adjusted to
depart from those strictly determined in terms of the Lagrangian description. Therefore, one or two
additional conditions (equations) for two-dimensional and three-dimensional cases, respectively,
are, in principle, required to fully determine the motion of the nodes on the free surface. There
are different options to be taken, but with the only criterion of improving the mesh quality near
the free surface. The following briefly introduces a surface fitting technique used to determine the
motion of the nodes on the moving free surface in terms of Equation (26).

Denote In =[tn, tn+1] a typical incremental time step with step size �t = tn+1 − tn . First, let
each individual node on the free surface move in the Lagrangian manner from its original position
denoted by the spatial coordinate xn to an intermediate position x′

n+1 expressed as

x′
n+1 = xn + un�t (27)

where un is the material velocity vector. Then, a coordinate function g(x) = 0 is assumed to fit
all points denoted by x′

n+1, which are determined in terms of Equation (27) for all nodes on the
free surface at time tn . Finally, the spatial coordinate xn+1 for each node on the fitted free surface
g(x) = 0 at time tn+1 is determined in terms of x′

n+1. The criterion to adjust from x′
n+1 to xn+1

for each node on the free surface is to make them uniformly distributed along the updated free
surface g(x)= 0. It is remarked that, in the conventional Lagrangian or Eulerian method, one has
to project the numerical solution from the old mesh to the new one once the position of the nodes
is adjusted. However, in the ALE method, it is only required to modify the mesh velocity of the
adjusted nodes, and consequently the errors due to the projection are avoided. The updated mesh
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velocity can be calculated by

û= (xn+1 − xn)/�t (28)

Note that, after such an adjustment, the nodes on the free surface are no longer the Lagrangian
ones. In fact, they have already become the ALE nodes in a generic sense.

To further improve the mesh quality, the Laplacian smoothing technique is used to smooth out
the mesh. The position xi of an interior node i is repositioned based on the expression

xi = 1

n

n∑
j=1

x j (29)

where n is the number of nodes connected to node i and x j are the positions of the connected
nodes. In principle, all the interior nodes can be repositioned according to Equation (29). However,
costly computational efforts will be required for such an operation. In view of the fact that all
the interior nodes are fixed in space, which preserves the shape of interior elements unchanged,
and the mesh quality may be deteriorated only near the free surface due to its movement, the
Laplacian smoothing may be carried out locally and only limited to the transition nodes defined
in Section 4; thus, considerable CPU time will be saved. Also, after the Laplacian smoothing, the
transition nodes are no longer Eulerian and they have become the general ALE nodes.

Special treatment is needed when the free surface is very close to the mold boundaries. In
general, the time step �t can be modified to �t ′ to prevent the penetration and to let only one

Figure 4. Schematic diagram of the strategy to prevent penetration by adjusting time step size.

Figure 5. Schematic diagram of splitting a free surface.
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node just contact to a mold boundary in the incremental step as indicated in Figure 4. Once more
than two nodes on a free surface �F lie on the mold boundary, �F is split into two fronts �F1 and
�F2 as indicated in Figure 5. More sophisticated techniques can be developed to cope with the
contact of the free surface to the mold boundaries for general cases, see [28] for details.

5. SPATIAL DISCRETIZATIONS: ADAPTIVE COUPLED ALE FE AND MF METHOD

Suppose that there exist two sets I � and I h of nodes defined in the domain �⊂ Rn . For each node
i denoted by its coordinates xi |i ∈ I � an MF shape function N�

i (x) is assigned, while for each
node j denoted by its coordinates x j | j ∈ I h an FE shape function Nh

j (x) is assigned. It is noted

that the point x j | j ∈ I h must be a node of the FE mesh generated within the domain �. Then the
unknown function v(x) can be approximated with a blending interpolation, which combines both
the FE and the MF interpolations and is expressed as

ṽ(x)= ∑
i∈I �

N�
i (x)vi + ∑

j∈I h
Nh

j (x)v j =NTv ∀x∈ � (30)

where Nh
j (x) takes the form of the usual FE shape function, N�

i (x) is defined by [25]

N�
i (x)= pT(xi )wi (x)a(x) (31)

In the above, wi (x)=w(x − xi ) is a weight function (positive, even and with a compact support)
which characterizes the MF method. In this paper, we consider the following quartic spline [29]:

wi (x)= wi (s) =
{
1 − 6s2 + 8s3 − 3s4 s�1

0 s>1
(32)

where s = s/r , r is the radius of the domain of influence measuring the size of the support,
s =‖x − xi‖ the distance between x and the node xi . p(x) in Equation (31) is the vector of inter-
polation base functions, which usually constitutes a complete basis of the subspace of polynomials.
For example, a linear basis in the two-dimensional case is provided by

pT(x)= [1 x y] (33)

The vector v in Equation (30) lists all the nodal values vk |k ∈ I � ∪ I h of the unknown function v(x),
N lists the shape functions defined at nodes k ∈ I � ∪ I h , in which Nk = N�

k + Nh
k , ∀k ∈ I � ∩ I h ,

Nk = Nh
k ,∀k ∈ I h − (I � ∩ I h) and Nk = N�

k , ∀k ∈ I � − (I � ∩ I h).
The unknown vector a(x) in Equation (31) is now determined by using the reproducibility

condition [25] for the approximation defined in Equation (30). That is

p(x) = ∑
i∈I �

p(xi )N
�
i (x) + ∑

j∈I h
p(x j )N

h
j (x) ∀x∈ � (34)

which can be re-written as∑
i∈I �

p(xi )N
�
i (x)=p(x) − ∑

j∈I h
p(x j )N

h
j (x) ∀x∈ � (35)
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Substitution of Equation (31) into Equation (35) gives

A(x)a(x)=p(x) − ∑
j∈I h

Nh
j (x)p(x j ) ∀x∈ � (36)

where

A(x)= ∑
i
p(xi )pT(xi )wi (x) (37)

is identical to that used in the standard MLS procedures [30]. Therefore, in comparison with the
standard MLS approximations, the extra effort for constructing the continuous blending approxi-
mations defined by Equation (30) is no more than the inclusion of the contribution of the FE base
to the right-hand side of Equation (36) used to determine the unknown a(x).

Let �� and �h denote the sub-domains where N�
i (x) and Nh

j (x) have their influences to the
approximation, respectively, i.e.

�� = {x∈ �|∃i ∈ I �, N�
i (x) �= 0} (38)

�h = {x∈ �|∃ j ∈ I h, Nh
j (x) �= 0} (39)

According to the continuous blending approximations defined by Equation (30), the whole com-
putational domain � is partitioned into the following three sub-domains, i.e. �= �1 + �2 + �3:

(1) In the sub-domain �1 = �h − (�h ∩ ��), where the FE base is complete,∑
j∈I h

Nh
j (x)p(x j ) =p(x) ∀x∈ �1 (40)

Substitution of the above into Equation (36) leads to a(x) = 0, ∀x∈ �1 that further, from
Equation (31), results in

N�
i (x)=pT(xi )wi (x)a(x) ≡ 0 ∀x∈ �1 ∀i ∈ I � (41)

which indicates that the MF shape functions N�
i (x)defined at all the nodes i ∈ I � have

no influence on the approximation at any point x∈ �1. Therefore, the standard (usual) FE
approximation is employed in �1.

(2) In the sub-domain �2 =�� − (�� ∩�h), where the FE shape functions Nh
j (x) defined at

all the nodes j ∈ I h have no influence on the approximation,

Nh
j (x)≡ 0 ∀x∈ �2 ∀ j ∈ I h (42)

Substituting Equation (42) into Equation (35) gives∑
i∈I �

N�
i (x)p(xi ) =p(x) ∀x∈ �2 (43)

Thus, the standard MLS approximation is employed in �2.
(3) In the coupling region �3 =�� ∩ �h where influences of both FE and MF shape functions on

the approximation coexist, the mixed approximation defined by Equation (30) is employed.
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Figure 6. Types of elements to which different spatial interpolation approximations
are applied (� denotes a node to which the FE shape function is assigned): (a) finite

element; (b) meshfree; (c) coupled; and (d) coupled.

The generalized MF shape functions are calculated in terms of Equations (31) and (36), i.e.
the contribution of the FE shape functions should be reckoned into the approximation.

The question now is, in practice, how to form the three sub-domains (�1, �2, �3) defined
above for a given domain �. To discuss this question, it should be noted that the term ‘element’
mentioned below in this section only implies a grid and, particularly in the two-dimensional case,
a polygon or a triangle in this paper configured by a number of nodal points linked with the same
number of edges, and does not mean an FE in the FE context. Let us assume that a computational
mesh, for instance, has been generated over the domain � as shown in Figure 2. Note that the
type of the interpolation approximation actualized within each individual element �e ∈ � can be
identified in terms of the number of nodal points, to which the FE shape functions are assigned,
of the element, i.e.

(1) If FE shape functions are assigned to all the three nodes of the element, as depicted in
Figure 6(a), the FE base is complete in �e; therefore, �e ⊂ �1.

(2) If none of the FE shape functions are assigned to all the three nodes of the element, as
depicted in Figure 6(b), FE shape functions will have no influence on the approximation in
�e; therefore, �e ⊂�2.

(3) If FE shape functions are assigned to some nodes less than three of the elements as
depicted in Figure 6(c) and (d), both FE and MF shape functions have their influences on
the approximation in �e; therefore, �e ⊂ �3.

It is clear that, for a given mesh, the whole computational domain � can be partitioned into the
three sub-domains �1, �2, �3, provided that whether an FE shape functions is assigned has been
specified to each of all the nodal points of the mesh.

Even though the specification can be carried out by manual work, it often imposes a sub-
stantial burden on numerical analysts. Furthermore, it is almost impossible to carry out this
operation by manual work for adaptive coupled ALE FE and MF analyses for injection mold-
ing processes, where the real-time updates of the partition of � into �1, �2, �3 are frequently
required.

In this paper, a procedure for self-adaptive re-partition of the domain � into �1, �2, �3 is
proposed. The triangular mesh of the domain is assumed. The criterion for updating whether an
FE shape function is assigned to a nodal point is based on the mesh quality of the triangle element
taking the nodal point as one of the three nodes of the element. The mesh quality of a triangle
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element is measured by

	 = 2
r

R
(44)

where r and R are the radius of the inscribed circle and the circumradius of the triangle element,
respectively. The larger the 	 is, the better the quality that the element possesses. The maximum
value of 	= 1 corresponds to an equilateral triangle element. As the critical value 	crit of the
element mesh quality index is specified, the procedure to update the partition of � can be briefly
stated as follows:

(1) Let FE shape functions be initially assigned to all the nodes of the computational mesh, i.e.
we have �=�1.

(2) Evaluate 	 for each element according to Equation (44); if 	<	crit for a particular element,
remove the FE shape functions assigned from all nodes of the element, provided that they
do not lie on the essential boundaries.

(3) Check each element �e to identify whether �e ⊂ �1 or �e ⊂ �2 or �e ⊂ �3 according to
the number of nodal points, on which the FE shape functions are assigned, of the element.

(4) Finally, form the re-partition of � into �1, �2, �3.

It is noted that, to properly and efficiently prescribe essential boundary conditions in the proposed
adaptive coupled ALE FE and MF method, the FE shape function is compulsively assigned to
the node on an essential boundary in spite of the value of 	 at the local element. It should also
be pointed out that the criterion used in this paper to govern the self-adaptive re-partition of the
computational domain into three sub-domains using the FE, the MF, and the mixed FE and MF
interpolation approximations is based on the mesh quality. Different options for the self-adaptive
criterion may exist, such as the error-estimator-based criterion, and can also be implemented into
the proposed method.

6. OUTLINE OF THE PRESENT ALGORITHM FOR THE SIMULATION
OF INJECTION MOLDING

In summary, the algorithm of the proposed adaptive coupled ALE FE and MF method for the
simulation of injection molding can be summarized by the following steps for a given typical time
step from tn to tn+1:

(1) Move the nodes on the free surfaces at tn to new positions using un in a Lagrangian manner
and modify the time step, if necessary, to prevent penetration.

(2) Delete the free surface if all of its nodes reach a boundary of the mold cavity.
(3) Terminate the simulation if the number of the free surfaces equals null, which indicates

that the mold cavity has been filled up.
(4) Split the free surface if more than two of its nodes lie on a boundary of the mold cavity

(as shown in Figure 5).
(5) Adjust the node list on each of the free surfaces. Add new nodes to or remove the existing

nodes on the surface from the node list, and reposition all the nodes on the surface uniformly
by surface fitting if necessary.
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(6) Refine the mesh if the distance between a free surface and its corresponding transition face
is larger than a critical value.

(7) Reposition the interior nodes on each transition face by Laplace smoothing and calculate
the mesh velocity û.

(8) Perform the self-adaptive process to re-partition the computational domain � into �1, �2
and �3, within which FE, MF and coupled FE and MF interpolation approximations are
utilized, respectively, depending on the mesh quality.

(9) Solve the incompressible N–S equations with associated boundary conditions to determine
un+1 and pn+1 in terms of un , pn and û.

(10) n ⇐ n + 1 and go to step (1).

7. NUMERICAL EXAMPLES

In the following two examples, equal low-order interpolations are used to approximate the veloc-
ity and the pressure fields. For the FE approximation, the standard three-node triangle element
is used. For the MF approximation, the interpolation base function takes the linear form, i.e.
pT(x)=[1 x y]. Since MF shape functions are much richer than the FE shape functions, high-
order quadrature schemes are generally required to perform the numerical quadrature in the MF
method. Let �e and Nq denote the region over which the quadrature is performed and the number
of quadrature points assigned to the region, respectively. For the following two examples, Nq = 4
for �e ⊂ �1 (i.e. FE approximation region) and Nq = 16 for �e ⊂ �2 or �e ⊂ �3 (i.e. MF or
coupled FE and MF approximation regions) are adopted.

7.1. Plane Poisseuille flow problem

As the first example, a plane Poisseuille flow problem with the geometry of the cavity and the
computational mesh shown in Figure 7 is considered to demonstrate the significance of the proposed
coupled FE and MF method. The material parameters of the fluid are � = 1000 kg/m3, � = 100 Pa s.
No slip conditions are prescribed at boundaries AB and CD, i.e. the fluid is assumed to stick itself
to the boundaries and thus all velocity components on the boundaries ux = uy = 0. The tractions
are prescribed to be zero at the exit boundary BC of the mold cavity. For the plane Poisseuille flow
problem, uy = 0 and hence �uy/�y = 0 at the exit can be assumed, by which the incompressibility
condition and the traction-free condition at the exit lead to p= 0 there. The velocity components
at the entry boundary AD are prescribed as uy = 0 and ux (0, y)= 
y(Y0 − y) with a parabolic
distribution along this boundary, in which 
 is the coefficient to normalize the fluid flux equal to
unity at the entry, and Y0 is the height of the cavity. The transient solutions with time step size
�t = 0.05 s are regarded as a device to obtain the steady-state solution.

The theoretical solution for the velocity in the x-direction and the pressure of the steady-state
Poisseuille flow problem are given as [10, 27]

ux = 
y(Y0 − y) (45)

p = 2�
(X0 − x) (46)
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Figure 7. Geometry and computational mesh of the plane Poisseuille flow problem.

Figure 8. Schematic diagram of introducing local non-uniformity to the computational mesh.

where X0 is the maximum length of the cavity. In this example, we have X0 = 3m and Y0 = 1m.
The accuracy of the numerical solution for the problem is measured by the relative error � defined
in the form of L2 norm:

� =
(∑N

i=1 (aCi − aTi )2∑N
i=1 (aTi )2

)1/2

(47)

where aTi and aCi are the theoretical and computational values of the corresponding scalar variable
at node xi , respectively, N is the total number of the nodes to be taken for evaluating the error.

To demonstrate different performances of FE, MF and coupled FE and MF methods in modeling
the flow problem with increasing mesh distortions, the local mesh distortion is introduced to the
original mesh shown in Figure 7 by moving node K toward node M along the line KM as illustrated
in Figure 8. Note that the mesh quality of the triangle element JKL as shown by the shaded area in
Figure 8 deteriorates as node K approaches node M. It is noted that as the MF method performs the
example, CBM [24] is used to properly impose the essential boundary conditions. As the coupled
FE and MF method is used to perform the example, FE shape functions are assigned to all nodes of
the computational mesh except nodes J, K and L, so that the MF shape functions are automatically
dismissed from the interpolation approximation over most of the computational domain and the
computational efficiency for the example is ensured; on the other hand, the MF and coupled FE and
MF interpolation approximations are only limited at the local domain meshed with the distorted
element and its surrounding area to effectively suppress the influence of element distortions to the
accuracy of numerical solutions. To construct the MLS approximation, the radius r of the domain
of influence measuring the size of the support is defined as r = 1.5h, where h denotes the typical
element size of the computational mesh and h = 0.2m is taken for this example.
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Figure 9. Comparison of ratios of the x-velocity error against the quality index of the element JKL.

Figure 10. Comparison of ratios of the pressure error against the quality index of the element JKL.

Let �u0 and �p
0 denote the numerical errors of the x-velocity and pressure, respectively, at the

local point K resulting for the regular mesh. Once node K is moved with the pattern described
above, errors �u and �p increase. Figures 9 and 10 illustrate variations of the ratios �u/�u0 and
�p/�p

0 , respectively, against the mesh quality index 	 of the element JKL. It is observed that
the error ratios obtained for the FE method increase rapidly as the quality of the element JKL
deteriorates, indicating strong dependence of its numerical performance on the mesh quality.

Contrary to the performance of the FE method shown above, the error ratios resulting from the
MF and coupled FE and MF methods, respectively, always remain near one with respect to the
variation of the mesh quality index 	, which illustrates superior performances of both the methods
against the mesh distortion over the FE method.

Figure 11 shows the CPU times consumed against the mesh quality index 	 of the element
JKL for the three methods. It is observed that although the FE method requires the least CPU
time among the three methods, the computational efficiency of the coupled FE and MF method
is comparable to that of the FE method, whereas the coupled FE and MF method behaves much
better than the FE method in accuracy, and robustness, of the numerical solutions against the mesh

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 73:1153–1180
DOI: 10.1002/nme



ADAPTIVE COUPLED ARBITRARY LAGRANGIAN–EULERIAN FE AND MF METHOD 1171

Figure 11. Comparison of the CPU times spent by the different computational models.

Figure 12. Geometry of the mold cavity to be filled.

distortion as shown in Figures 9 and 10. Numerical results given by the example demonstrate the
significance of the proposed coupled FE and MF method and its superiority over the independent
FE and MF methods in overall performance, including efficiency and accuracy.

7.2. Filling a typical mold cavity

The geometry of the mold cavity to be filled with the molten polymer is shown in Figure 12. By
symmetry, only one half of the mold cavity with increasing mass of the filled molten polymer
is taken and discretized. The coordinates of the points which characterize the geometry of the
mold cavity are A(0, 0), B(2.0m, 0), C(2.0, 2.6m), D(3.0, 2.6m), E(3.0, 3.2m), F(1.0, 3.2m),
G(1.0, 1.2m), H(0, 1.0m), as shown in Figure 12. The material parameters of the molten polymer
are �= 1000 kg/m3 and �= 2× 104 Pa s. Slip-wall boundary conditions are assumed to simulate
wall-slip phenomenon at the solid boundaries, where the shear stresses may frequently surpass the
critical threshold and fluid slippages at the solid boundaries occur. Except the restriction of non-
permeability in the direction normal to the solid boundaries, i.e. uini ≡ 0, Navier’s slip condition
[31, 32]

�i {
�i j n j + (ui − ubi )} = 0 (48)

is assumed to govern fluid slippages of the molten polymer relating to the solid boundaries,
where ni and �i are the components of the unit direction vector normal and tangential to the
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Figure 13. The positions of moving free surfaces and corresponding meshes at
different time levels in the filling process: (a) t = 0.69 s; (b) t = 1.17 s; (c) t = 1.47 s;

(d) t = 1.95 s; (e) t = 2.17 s; and (f) t = 2.35 s.
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Figure 14. The pressure contours within the filled molten polymer domains at: (a) t = 0.69 s; (b) t = 1.17 s;
(c) t = 1.47 s; (d) t = 1.95 s; (e) t = 2.17 s; and (f) t = 2.35 s.
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Figure 15. The velocity distributions within the filled molten polymer domains at: (a) t = 0.69 s;
(b) t = 1.17 s; (c) t = 1.47 s; (d) t = 1.95 s; (e) t = 2.17 s; and (f) t = 2.35 s.
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Figure 16. The positions of moving free surfaces and corresponding meshes at the time level t = 1.9 s
given by the proposed method using three different mesh densities characterized by typical mesh sizes h:

(a) h = 0.2m; (b) h = 0.125m; and (c) h = 0.0625m.

solid boundary, respectively, and ui and ubi are the velocities of the fluid particle and the solid
boundary. For this example, we have the slip coefficient 
 = 5× 10−4 m3/(Ns). The injection
velocities of the molten polymer at the entry of the mold are prescribed as ux = 2.0m/s and
uy = 0. The time step size �t = 0.01 s and the typical element size of the computational mesh
h = 0.125m are used. The radius r of the domain of influence used for the MF interpolation
approximation is defined as r = 1.8h. The proposed adaptive coupled ALE FE and MF method
is employed for spatial approximations, and the tolerance value of the mesh quality index is set
as 	crit = 0.5. Figures 13–15 illustrate the evolutions of the mesh, the pressure contours and the
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Figure 17. The pressure contours at the time level t = 1.9 s given by the proposed
method using three different mesh densities characterized by typical mesh sizes h:

(a) h = 0.2m; (b) h = 0.125m; and (c) h = 0.0625m.

velocity distributions over the zones filled with molten polymer in the mold cavity at different
discrete time levels t = 0.69, 1.17, 1.47, 1.95, 2.17, 2.35 s, which clearly demonstrate the ability
of the proposed method for simulating injection molding processes.

As there are no analytical solutions and existing digital referential results available in the
literature for the present molding problem, to show the performance, particularly the accuracy and
the efficiency, of the proposed method in numerical simulations for mold-filling problems with
moving free surfaces, three computational meshes with increasing mesh densities characterized by
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Table I. Comparisons of the relative errors of the injected volume and the averaged pressures at
the entry obtained by the proposed method using three different mesh densities characterized

by typical mesh sizes h = 0.2, 0.125, 0.0625m, respectively.

Mesh 1, h = 0.2m Mesh 2, h = 0.125m Mesh 3, h = 0.0625m

Relative error of the
injected volume, �v 5.53% 1.58% 0.53%
Averaged pressure at the
entry pen (× 105 Pa) 2.78 2.51 2.44

Table II. Comparisons of the relative errors of the injected volume, the relative
errors of the averaged pressures at the entry obtained and the CPU time spent by
finite element, meshfree and the proposed adaptive coupled FE and MF methods,

respectively, with typical mesh size h = 0.125m.

Finite element Meshfree Adaptive coupled

Relative error of the
injected volume, �v 3.95% 1.32% 1.58%
Relative error of the averaged
pressure at the entry,  9.43% 3.69% 2.87%
CPU time (s) 15.67 158.97 22.20

typical mesh sizes h = 0.2, 0.125, 0.0625m, respectively, are further considered. Figures 16 and
17 illustrate the positions of moving free surfaces and corresponding meshes, and the pressure
contours at the time level t = 1.9 s in the filling process given by the proposed method as the three
different mesh densities are adopted. It is observed from Figures 16 and 17 that the numerical results
obtained for the three different mesh densities agree well with each other and illustrate superior
convergence of the proposed method in the space domain with increasing mesh densities. Good
performance of the proposed method in the convergence, i.e. stable convergence with increasing
mesh densities, is further indicated, as shown in Table I, by means of the averaged resulting
pressure pen at the entry of the mold and relative error �v of the injected volume of melt polymer
defined by

�v = |Vm − Vt|
Vt

(49)

where Vt is the theoretical value of the injected volume computed in terms of the velocities
prescribed at the entry of the mold and Vm is the injected volume measured according to the
position and geometry of the moving free surface. Indeed, the results provided in Table I explain,
to ensure both accuracy and efficiency in the present numerical simulation, why we may adopt the
typical mesh size h = 0.125m for the proposed method to simulate the present problem.

To demonstrate the advantages of the proposed method over independent FE and MF methods
in both accuracy and efficiency in the present simulation, the present mold-filling problem is also
performed using existing FE and MF methods. Table II gives comparisons of the values of �v and
the relative error  of pen computed at t = 1.9 s and the CPU times spent for running the example
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till t = 1.9 s by using FE, MF and proposed adaptive coupled FE and MF methods, respectively,
as typical mesh size h = 0.125m is adopted. Here  is defined and calculated by

 = |pen − prefen |
prefen

(50)

where prefen is the averaged pressure at the entry of the mold obtained at t = 1.9 s by using the
proposed method with refined typical mesh size h = 0.0625m and is regarded as more accurate than
those obtained by the three methods using h = 0.125m, and is, therefore, taken as the reference
value for the approximation of the unknown exact value of pen. It is noticed that the standard FE
method provides the results with much lower accuracy in both � and  than that of the results
obtained by the proposed adaptive coupled FE and MF method, while the CPU times spent by
the two methods are comparable. On the other hand, the proposed adaptive coupled FE and
MF method, performing with accuracy similar to that of the standard MF method exhibits much
higher efficiency than that of the MF method. Hence, the superiority of the proposed method over
the independent FE and MF methods in overall performance, particularly in both accuracy and
efficiency, is clearly demonstrated by numerical simulations of the present mold-filling problem.

8. CONCLUSIONS

Numerical modeling of moving free surface flows governed by incompressible N–S equations with
acceptable levels of overall performance in stability, efficiency, accuracy and robustness is still an
open subject, in terms of satisfying the requirements of real-time analysis of injection molding
processes and the computer-aided manufacturing of polymer products with complex configurations.
The present work is an effort toward this objective.

In this work, an adaptive method that couples the ALE FE and MF methods is presented for the
numerical simulation of injection molding processes. The proposed method adequately exploits
the respective strong points of both the ALE FE (FE) and MF methods applied in their own
frameworks, but avoids their respective weak points.

A self-adaptive strategy is devised to automatically re-partition the sub-domains, where the FE,
the MF and the mixed FE and MF interpolation approximations are utilized, respectively, with
continual advance of moving free surfaces. Therefore, both computational efficiency and accuracy
can be optimized.

The significance of the proposed method and its superiority over the independent ALE FE and
MF methods in terms of the overall performance, such as efficiency, accuracy and robustness, are
addressed and demonstrated through numerical simulation of moving free surface flow problems.

With regard to the numerical solution of initial and boundary value problems governed by the
incompressible N–S equations, the PS-FSA proposed in the MF context [10] is extended to the
proposed adaptive method, which allows equal low-order u − p interpolations violating the LBB
condition to be used for the mixed FE and MF interpolation approximation without numerical
oscillations.

Finally, it is worth pointing out that the Hele–Shaw approximation is abandoned so that the
proposed method can be applied to numerical simulation of injection molding processes in thick-
walled molds.
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