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SUMMARY 

This paper describes a technique for computing rigorous upper bounds on limit loads under conditions of 
plane strain. The method assumes a perfectly plastic soil model, which is either purely cohesive or cohesive- 
frictional, and employs finite elements in conjunction with the upper bound theorem of classical plasticity 
theory. 

The computational procedure uses three-noded triangular elements with the unknown velocities as the 
nodal variables. An additional set of unknowns, the plastic multiplier rates, is associated with each 
element. Kinematically admissible velocity discontinuities are permitted along specified planes within the 
grid. The finite element formulation of the upper bound theorem leads to a classical linear programming 
problem where the objective function, which is to be minimized, corresponds to the dissipated power and is 
expressed in terms of the velocities and plastic multiplier rates. The unknowns are subject to a set of linear 
constraints arising from the imposition of the flow rule and velocity boundary conditions. It is shown that the 
upper bound optimization problem may be solved efficiently by applying an active set algorithm to the dual 
linear programming problem. 

Since the computed velocity field satisfies all the conditions of the upper bound theorem, the correspond- 
ing limit load is a strict upper bound on the true limit load. Other advantages include the ability to deal with 
complicated~loading, complex geometry and a variety of boundary conditions. Several examples are given to 
illustrate the effectiveness of the procedure. 

INTRODUCTION 

The upper bound theorem of classical plasticity theory, which assumes a perfectly plastic soil 
model with an associated flow rule, is a useful tool for predicting the stability of problems in soil 
mechanics. It states that the power dissipated by any kinematically admissible velocity field can be 
equated to the power dissipated by the external loads, and so enables a strict upper bound on the 
true limit load to be deduced. A kinematically admissible velocity field is one which satisfies 
compatibility, the flow rule and the velocity boundary conditions. To provide solutions that are 
useful in practice, the upper bound theorem is often used in tandem with the lower bound theorem. 
The latter also assumes a perfectly plastic soil model with an associated flow rule, and states that 
any statically admissible stress field (which satisfies equilibrium and the stress boundary 
conditions, and nowhere violates the yield criterion) will furnish a lower bound estimate of the true 
limit load. By using these two theorems, the exact limit load can often be bracketed with an 
accuracy which is sufficient for design purposes. 

The upper bound theorem is often used to assess the stability of undrained problems by 
modelling the soil with a Tresca yield condition and postulating a number of rigid block 
mechanisms. In these mechanisms, power is assumed to be dissipated solely at the interfaces 
between adjacent blocks, and the geometry is optimized to yield the minimum dissipated power. 
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The mechanism which gives the least dissipated power is used to compute the best upper bound 
estimate of the limit load. For drained stability calculations, the soil is often assumed to be 
cohesive-frictional and to obey the Mohr-Coulomb yield criterion. Upper bound computations 
are more difficult for this case because the dilation dictated by an associated flow rule often 
precludes the use of simple rigid block mechanisms. Comprehensive discussions of the application 
of the upper bound theorem to both drained and undrained soil mechanics problems are given by 
Davis' and Chen.' 

Other ways of computing rigorous upper bounds on limit loads, in which finite elements are 
employed to yield a classical linear programming problem, have been investigated by a number of 
authors including Anderheggen and K n ~ p f e l , ~  and Bottero et aL4 These formulations permit 
localized plastic deformation to occur along velocity discontinuities, but also allow for volumetric 
plastic deformation of the soil mass. Both purely cohesive and cohesive-frictional soils may be 
modelled, and many of the usual advantages of the finite element method apply; namely the ability 
to deal with complex geometries, complicated loading and a variety of boundary conditions. In 
this paper, we follow the formulation of Bottero et 111.4 and employ three-noded linear triangles to 
model the velocity field. Each node has two unknown velocities, and each triangular element is 
associated with a specified number of unknown plastic multiplier rates which are non-negative. 
The power dissipated throughout the finite element grid can be expressed in terms of the nodal 
velocities and plastic multiplier rates, both of which are subject to a set of linear constraints arising 
from the flow rule and velocity boundary conditions. For a given set of prescribed velocities, the 
dissipated power is minimized and equated to the power dissipated by the external loads so as to 
yield a strict upper bound on the true limit load. To ensure that the finite element formulation 
leads to a linear programming problem, it is necessary to express the yield surface as a linear 
function of the stresses. For the Tresca and Mohr-Coulomb criteria, the yield surface is linearized 
by using a polygonal approximation. The polygon is defined to circumscribe the parent yield 
surface so that the solution obtained is a strict upper bound. 

The linear programming problem that arises from the finite element formulation may be solved 
efficiently by applying an active set a l g ~ r i t h m ~ . ~  to the dual linear programming problem. The 
active set algorithm has also proved effective in solving the linear programming problems 
corresponding to a numerical implementation of the lower bound t h e ~ r e m , ~  and is thus 
appropriate for general limit analysis. 

Several examples are given to illustrate the utility of the procedure for computing rigorous 
upper bounds. Detailed timing statistics are presented to establish its efficiency and, where 
possible, the upper bounds are compared with exact solutions or rigorous lower bounds. 

THEORY 

The three-noded triangle used for the upper bound limit analysis, following Bottero et a1.: is 
shown in Figure 1. Each element is associated with six nodal velocities and p plastic multiplier 
rates ( p  is the number of sides in the linearized yield polygon, to be discussed below). The velocities 
are assumed to vary linearly throughout each triangle according to 

3 3 

i =  1 i =  1 
U =  1 N~u,, U =  Niui 

where ui and ui are the nodal velocities in the x and y directions, respectively, and Ni are linear 
shape functions. The Ni are given by 

N ,  = 5 1  + V , X + i l Y ,  N2 = 5 2  + V , X + C , Y ,  N3 = 5 3  + V 3 X + L Y  (2) 
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Figure 1. Three-noded triangle for upper bound limit analysis 

and 

is twice the element area. A simple mesh for a rigid footing which includes a single velocity 
discontinuity is shown in Figure 2. For a grid with E triangles and N nodes, the total number of 
unknowns is p E  + 2N.  Nodes on either side of a velocity discontinuity have identical co-ordinates, 
and the triangles are arranged to form quadrilaterals, Each quadrilateral consists of four triangles, 
with the central node lying at its centroid. This type of element arrangement is necessary to enable 
the three-noded triangle to model the incompressibility condition under conditions of plane 
strain.*P9 

Flow rule constraints for triangles 

In order to invoke the upper bound theorem, we assume a rigid, perfectly plastic soil model with 
an associated flow rule. The plastic strain rates throughout each triangle are constant and are 
given by 

i > O  t . au .aF 
ay aoy 

& =-=A- (4) 

xy ax au ay au * aZxy aF 1 y =-+-=A- 
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RIGID FOOTING, V = - 3  

VELOCITY DISCONTINUITY 
(ZERO THICKNESS) 

4 TRIANGLES/QUADRILATERAL 
WITH CENTRAL NODE AT CENTROID 

16 NODES 
16 TRIANGLES 
1 DISCONTINUITY 

”I 
Figure 2. Simple footing mesh for upper bound limit analysis 

where the superior dot denotes a derivative with respect to time, i is a non-negative plastic 
multiplier rate and F is the yield function. Under conditions of plane strain, the Mohr-Coulomb 
yield criterion may be expressed as 

F = (a, - ay)’ + ( 2 ~ ~ ~ ) ~  -(2c cos$ -(a, + ay) sin$)’ = 0 (5 )  

where tensile stresses are taken as positive. Since we wish to formulate the upper bound theorem as 
a linear programming problem, it is necessary to approximate (5 )  by a yield surface which is a 
linear function of the stresses. In order to preserve the bounding property of the solution, it is 
necessary for the linearized yield criterion to circumscribe the parent yield criterion in stress space. 
By letting X = 0, - ay, Y = 2zXy and R = 2c cos$ -(a, + ay) sin$, the Mohr-Coulomb criterion 
may be expressed as X 2  + Y = R2,  which is the equation of a circle, as shown in Figure 3. The 
Mohr-Coulomb criterion is circumscribed by an exterior polygon with p sides and p vertices. The 
X and Y co-ordinates of the kth and (k+ 1)th vertices are 

where p=n/p and ak=2kp. These define the kth side of the polygon according to 

( y k - y k + ~ ) ( a x - a . y ) + 2 ( x k + ~ - x k ) ~ x y + ( ~ k ~ k + 1 - ~ k + 1  y k ) = o ,  k= l ,2 ,  v * .  9 p 

Substituting for xk, Yk, xk+ and Yk+ from (6) and rearranging furnishes the linearized yield 
function as 

(7) F k  = Akb, + Bka, + C k Z x y  - 2c cos$ = 0 
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Figure 3. 

LINEARISED MOHR-COULOMB 
Y I E L D  FIJNCTION 

t 
x=o,- uy 

/ 
K= 1 

\ I 
MOHR-COULOMB YIELD FUNCTION \ I  \ 

\ X 2  + Y 2  = R 2  ‘L 
‘K= 2 

R = 2c.cosO - (ox + u )sin+ Y 

External linear approximation to Mohr-Coulomb yield function ( p  = number of sides in yield polygon = 3) 

where 

For the linearized yield criterion, the associated flow rule of equation (4) gives the plastic strain 
rates as 

where i k  is the plastic multiplier rate associated with the kth side of the yield surface. 
Differentiating the expressions for the linear shape functions and using equations (4) and (9), we see 
that the flow rule leads to a set of equality constraints of the form 

[A; 11 (u“>+ “4;21 (i.>= (0) (10) 
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where 
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yll 0 yl2 0 y13 0 

il yll (2 r 2  i 3  y13 

-A1 - A 2  . . .  - A ,  

- B ,  -B, . . .  - B P I  
-cl -c2 . . .  -c, 

{u"}'={u; u; u; v; u; u ; } ,  

{i"}'={i., i., . . . i.,}, i & O ,  k = l ,  2, .  . . , p 

The values of q i  and ii are given by (3),  and A,,  B,  and C,  are given by (8). Thus the flow rule 
imposes three equalities on the nodal velocities and plastic multiplier rates for each triangular 
element. Each plastic multiplier rate is also subject to a non-negativity constraint. 

Flow rule constraints for discontinuities 

absolute value of the limiting shear stress z as 
For a plane which is subject to a normal stress on, the Mohr-Coulomb criterion gives the 

(71 = c - a, tan 4 
where again tensile stresses are taken to be positive. This may be viewed as a limiting yield 
envelope in z -a, space: 

F(z ,  a,) = I z I + a, tan 4 - c 

where yielding takes place when F(z ,  on)=O. If u, and V ,  denote the jumps in the tangential and 
normal velocities across a discontinuity, we have for an associated flow rule 

Iu,J = i ldF/dzl= 

v, = il)F/l)a, = i tan 4 

u, =tan 4 lull (11) 
or 

A typical segment of a velocity discontinuity, defined by the nodal pairs (1 , 2) and (3,4), is shown in 
Figure 4. For this arrangement we have at the nodal pair (1, 2) 

u,=cos 0(u2 - u,)+sin 0(v2 -u1), V ,  =sin O(ul - u 2 )  +cos 0(u2 - u l )  

Similar expressions hold for the nodal pair (3, 4). 
In order to preserve a linear constraint matrix in the numerical formulation, it is necessary to 

specify a sign for each discontinuity, s, such that Iu,I = su,. Since the velocities are assumed to vary 
linearly along the segment, the sign condition is satisfied everywhere along the discontinuity if we 
enforce the constraint su,>O at both nodal pairs. Thus, for an arbitrary nodal pair (1, 2) on a 
discontinuity, the sign condition leads to an inequality constraint of the form 

CAI1 {u4> G (0) (12) 

where 
[A'$] =[s c o d  s sin0 -s cos0 --s sin01 and { u ¶ } ~ =  {ul o1 u2 u 2 }  
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Figure 4. Velocity discontinuity 

Similarly, the flow rule given by equation (1 1) leads to one equality constraint of the form 

CAI 1 (Uq 1 = (0) (13) 

where 

CA9I=C-a1 -a2 a, a21 

a, = s tan4 cos 8 + sin 8, 

a2 = s tan4 sin 8-cos 8 

{Uq>T={U1 01 u2 0 2 1  

Thus, overall, each pair of nodes on a velocity discontinuity generates two constraints on the 
nodal velocities. 

Boundary condition constraints for nodal velocities 

The final type of constraint on the unknowns arises from the imposition of the velocity 
boundary conditions. Each boundary condition generates a single equality constraint of the form 
ui = 6, or v i  = 6, at node i. These constraints are easily incorporated into the overall constraint 
matrix, and have the general form 

[ A t 1  {.'> = {S1> (14) 

where {u'} is the u or v velocity that is prescribed, {S'} is its value and [A: ]  is a unit matrix. 
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Power dissipation in discontinuities 

The power dissipated along a velocity discontinuity of length L may be written as 

Pd = [/w, 1 + on u,] dL J: 
Using the flow rule given by (11) and the Mohr-Coulomb criterion for a plane, this may be 
written as 

Pd = jL cI u,( dL =sc jL u, dL 

where s =  
integration can be performed analytically to give 

1 is the specified sign of the discontinuity. Since the velocities vary linearly, the 

~ d = ~ s c ~ [ c o s 8 ( u , + u 4 - u ,  -u,)+sin8(u,+u,-u,-~~)] 

where it is assumed that the discontinuity is defined by the nodal pairs (1,2) and (3,4), as shown in 
Figure 4. The above may be written as 

Pd = {c? )T{ud} (1 5 )  

where 

{ ~ ~ } ~ = + s c L [ - c o s 8  -sin8 cos8 sin8 - c o d  -sin8 cos8 sin81 

b d ) T = I U 1  u1 u2 u2 u3 V 3  u4 u4) 

Power dissipation in triangles 

In the numerical implementation of the upper bound theorem, we permit power to be dissipated 
by plastic deformation throughout each triangle. Let the stresses at any point within a triangle 
be ox, cry and z x y ,  and the corresponding plastic strain rates iX, 8, and j,,. Noting that the stresses 
may be defined arbitrarily, the power dissipated by plastic flow throughout a triangle is 

* 
P" = J ( 0 ~ 8 ,  + oYiy + z x y j x y )  dA 

A= 

Substituting the expressions for the plastic strain rates from (9) gives 

If plastic flow occurs inside a triangle, then at least one (but not more than two) of the i, is greater 
than zero, and the corresponding Fk = 0 in equation (7). Thus the dissipated power may be written 
as 

P 

k =  1 
Pe=2ccosd)AP 1 i k  

where it is assumed that the soil properties c and d )  are uniform over a triangle. Alternatively, we 
may write 
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where 

{ c " , ~ = { ~ c c o s ~ ~ A ~  2ccosq5A". . . 2ccos4A") 

{1;"}T={k i., . . . lit;} 
Assembly of the constraint equations and objective function coeficients 

All the steps involved in formulating the upper bound theorem as a linear programming 
problem have now been outlined. The only remaining task is to assemble the various equations 
and objective function coefficients for the mesh. Using equations (10) and (12)-(16) with the finite 
element formulation leads to the following linear programming problem: 

where 

and 

In the above E is the number of triangles, N the number of nodes, D the number of discontinuity 
segments, L the number of velocities prescribed by the boundary conditions and Q the number of 
nodal pairs defining the velocity discontinuities. Note that the inequalities introduced by the sign 
conditions on the velocity discontinuities (equation (1 2)) have been converted into equalities by 
the addition of non-negative slack variables, and that [I] denotes the identity matrix. 

SOLUTION PROCEDURE 

The characteristics of the constraint matrix, such as its sparsity and ratio of rows to columns, have 
an important influence on the efficiency of linear programming algorithms. Before describing 
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methods for solving (17), it is instructive to examine the general structure of the overall constraint 
matrix. 

For the problem defined by equation (17), there are 2N unknown nodal velocities, pE unknown 
plastic multiplier rates and Q unknown slack variables. Hence the total number of columns, n, in 
the constraint matrix is equal to 2N + p E  + Q. The total number of constraints is 

m= mi + m2 + m3 + m4 

where m ,  = 3E is the number of triangle flow rule equalities, m2 = Q the number of discontinuity 
sign inequalities, m3 = Q the number of discontinuity flow rule equalities and m4 = L number of 
prescribed velocities. Thus the maximum number of nonzero coefficients is equal to (4+ p)m, 
+ 5m2 + 4m, + m4. If the density of the constraint matrix is defined as 

number of nonzero coefficients 
'= number of rows x number of columns 

it follows that 
3E(4+p)  + 9Q + L 

'= (3E + 2Q + L)(2N + pE + Q )  

For a fine mesh of triangles covering a planar area, it may be shown that N % i E .  Assuming that 
Q < E and L < E ,  which is a valid assumption for a fine mesh with only a few discontinuities, the 
density of the constraint matrix may be estimated as 

0 + 4  

Thus, for a refined grid, the overall constraint matrix is very sparse. A grid with 500 triangles and a 
12-sided yield polygon, for example, has a constraint matrix with a density of approximately 0.002. 
Another feature of the constraint matrix is that it generally has many more columns than rows. 
Indeed, for a relatively fine grid, analysis similar to the above indicates that 

number of columns n 1 
number of rows m 3 

= - % - ( p +  1) 

Typically, the ratio of columns to rows is greater than four. 

The revised simplex and active set algorithms 

Comprehensive descriptions of the revised simplex and active set algorithms, together with 
FORTRAN code, may be found in Reference 5. A detailed discussion of these techniques will not 
be repeated here, but it is worth noting that they may both be used to solve the upper bound linear 
programming problem efficiently. 

When applying the revised simplex algorithm, it is usually necessary to express the problem in 
the following canonical form: 

Minimize {c*}'{x*} 

Subject to [A*] {x*} = (b*} 

{x* I 2 (01 
The problem stated in (17) may be written in this form by defining 
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{x l l={X; l -{xJ ,  {x:l7 Wl, { X Z L  {X3)>{OJ 

As the revised simplex method manipulates a basis matrix of dimension equal to the number of 
rows, it is most efficient for problems where the overall constraint matrix has more columns than 
rows. Applying the revised simplex algorithm directly to (18) would thus lead to a reasonably 
efficient solution procedure, since [A*] typically has more columns than rows. 

An alternative approach to solving (17) is to employ duality theory in conjunction with the 
active set algorithm. The active set method, which was recently published by Best and Ritteqs has 
been modified by Sloan6 to improve its convergence and fully exploit sparsity. An advantage of the 
active set method is that it is also ideally suited to solving the linear programming problems that 
arise from the finite element formulation of the lower bound t h e ~ r e m . ~  Unlike the revised simplex 
method, the active set algorithm is most efficient for problems where the constraint matrix has 
more rows than columns. This is because it manipulates an active constraint matrix of dimension 
equal to the number of columns. The canonical form required by the active set procedure is6 

Minimize {c*}'{x*} 

Although the original (or primal) linear programming problem defined by (17) may be written in 
the above form, it is much more efficient to solve its dual. The dual linear programming problem is 
easily shown to be 
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Note that for the dual problem defined by (20), the overall constraint matrix now has many more 
rows than columns. Moreover, the dual form corresponds exactly to the canonical form required 
by the active set algorithm, and is thus particularly convenient. Once the solution to the dual 
problem is obtained, it is a trivial process to extract the solution to the primal problem defined by 
(1 7) (see e.g. Reference 5). 

Implementation of the active set method 

For the finite element formulation of the upper bound theorem to be viable, it is necessary that 
the corresponding linear programming problem be solved efficiently. An active set method for 
solving large, sparse linear programming problems, which is a heavily modified version of the 
algorithm published by Best and Ritte~-,~ has been described by Sloan.6 The algorithm is especially 
suited to problems with unbounded variables and constraint matrices which have more rows than 
columns. A complete description of the technique is given in Reference 6, and will not be repeated 
here, but its most important features are as follows: 

(i) Only the nonzero coefficients in the constraint matrix are stored and operated on. 
(ii) The active constraint matrix is factorized and updated using the algorithms discussed by 

Reid.'O These codes exploit the sparsity of the constraint matrix in a most efficient way, and 
have proved to be very stable. 

(iii) A steepest-edge search is used at each iteration. When compared with the Best-Ritter' search 
procedure, this greatly reduces the number of iterations required to locate the optimal 
solution. 

(iv) A simple crash procedure is used prior to phase one. This exploits the canonical form of the 
active set method and is particularly effective in dealing with equality constraints. 

The algorithm described in Reference 6 has been implemented in standard FORTRAN 77 and 
uses double-precision arithmetic when running on a machine with a 32 bit word length. Because of 
the small storage requirements of the sparse linear programming code, very large analyses may be 
conducted incore. 

APPLICATIONS 

This section illustrates some applications of the finite element formulation of the upper bound 
theorem. To begin with, the numerical upper bounds for two footing problems are compared with 
known exact solutions in order to gain some insight into the potential accuracy of the method. The 
sensitivity to mesh refinement and approximation of the yield surface is investigated, and detailed 
timing statistics are given to illustrate the practicality of the technique. The method is also applied 
to a problem for which the exact collapse load is unknown-a trapdoor in a purely cohesive soil. 
The numerical upper bounds are compared with the numerical lower bounds obtained from a 
finite element formulation of the lower bound t h e ~ r e m . ~  It is shown that the upper and lower 
bounds from the finite element formulations give a significant improvement on existing analytical 
bounds, and bracket the exact collapse load quite closely. The validity of the predicted bounds is 
verified by elastoplastic finite element analysis. 

Undrained loading of a smooth rigid strip footing 

The exact collapse pressure for a smooth rigid strip footing resting on a purely cohesive soil is 
given by the well-known Prandtl solution as 4f = NccU, where c, is the undrained shear strength 
and N C = 2 + n .  The meshes used to analyse this problem are shown in Figure 5, and the 
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h e +  

COARSE MESH 

64 NODES 

96 TRIANGLES 

1 DISCONTINUITY 

VELOCITY DISCONTINUITY 

FINE MESH 

222 NODES 

384 TRIANGLES 

1 DISCONTINUITY 

Figure 5 .  Meshes for smooth rigid strip footing on purely cohesive soil (4" =0) 

Table I. Results for smooth rigid strip footing on purely cohesive soil ($,=O) 

Percentage 
error in 

Mesh P n m i t Nc NC 

Coarse 6 329 709 228 12 5.63 9.5 
Fine 6 1227 2757 1243 241 5.50 7.0 

Coarse 12 329 1285 326 20 5.44 5.8 
Fine 12 1227 5061 1729 389 5.31 3.3 
Coarse 24 329 2437 537 38 5-39 4.9 
Fine 24 1227 9669 2582 732 5.27 2.5 

p = number of sides in linearized yield polygon. 
n = number of columns in constraint matrix. 
rn = number of rows in constraint matrix. 
i =  total number of iterations for active set algorithm. 
t = CPU time (s) for VAX 8550 with optimizing FORTRAN 77 compiler. 
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corresponding results given in Table I. For this example the upper bound predictions are quite 
insensitive to the mesh refinement; even with a crude approximation of the Tresca yield surface, 
the coarse mesh gives an upper bound which is within 10 per cent of the exact collapse pressure. 
The errors arising from the approximation of the Tresca criterion seem to be negligible provided at 
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- - - PRANDTL MECHANISM 

ZONE OF PLASTIC Y I E L D I N G  

Figure 6. Zones of plastic yielding for smooth rigid strip footing on purely cohesive soil (+.=O, fine mesh) 

Figure 7. Velocity field for smooth rigid strip footing on purely cohesive soil (+.=O, fine mesh) 

least 12 sides are used in the linearized yield polygon. For a fixed type of grid, the computation 
time is almost directly proportional to the number of sides used in the linearization, whilst for a 
fixed linearization the computation time grows roughly as the square of the number of elements. 
All the upper bounds presented in Table I are strict upper bounds, since their corresponding 
velocity fields are kinematically admissible. It is important to note that the special grid 
arrangement, in which four triangles are coalesced to form a quadrilateral with the central node 
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lying at the centroid, allows the incompressibility condition C., + iy = 0 to be satisfied throughout 
each triangle. The constant volume constraint is a direct consequence of the Tresca yield criterion, 
and may not be satisfied if an arbitrary arrangement of triangles is 

The zone of plastic yielding for the fine mesh is shown in Figure 6,  with the corresponding 
velocity field shown in Figure 7. The region of plastic deformation is quite localized, and its extent 
is closely predicted by Prandtl's mechanism. 

In designing a mesh for the upper bound method, we follow principles which are similar to those 
used for the traditional displacement finite element method and concentrate the elements where 
the strain gradients are likely to be the highest. In general, the mesh need only be large enough to 
accommodate all of the plastic deformation (if the mesh is made too small, the upper bound on the 
collapse load is still valid, but is merely too high). Provided a fine mesh is used, computational 
experience suggests that the estimate of the collapse load is not strongly influenced by the location 

3 8  I 
38 

COARSE MESH 

64 NODES 

96 TRIANGLES 

1 DISCONTINUITY 

FINE MESH 

2 2 2  NODES 

384 TRIANGLES 

1 DISCONTINUITY 

Figure 8. Meshes for smooth rigid strip footing on cohesive-frictional soil (4'=20") 
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of the velocity discontinuities. This is because the formulation permits plastic deformation within 
the triangular elements, and thus allows smeared discontinuities to develop. Specifying the 
locations of any discontinuities judiciously will, of course, help to predict the true velocity field 
more closely. 

Drained loading of a smooth rigid strip footing 

be written as 
The exact collapse pressure for a footing resting on the surface of a cohesive frictional layer may 

qf = Ncc' 

where 

N , =  [exp(n tan&)tan2(&++4')- l]cot& 

Various upper bound results for the meshes shown in Figure 8 and a variety of yield surface 
approximations are given in Table 11. The upper bounds are not especially sensitive to the choice 
of mesh but, due to the dependence of the Mohr-Coulomb criterion on hydrostatic stress, are 
inaccurate for crude approximations to the yield surface. For a linearization with 24 sides, the 
coarse and fine meshes overestimate the exact collapse pressure by 14.7 and 7.0 per cent 
respectively. It would appear that at least 24 sides are necessary to linearize the Mohr-Coulomb 
criterion with sufficient accuracy. As for a footing on a purely cohesive soil, the computation time 
is almost directly proportional to the number of sides used in the yield surface approximation. 

Undrained loading of a trapdoor 

One of the classical stability problems in soil mechanics, for which the exact collapse load is 
unknown, is that of a purely cohesive soil layer resting on a trapdoor. The problem, defined in 
Figure 9, has been studied by a number of authors, including Davis' and Gunn." The soil above 
the trapdoor may fail in either an active or a passive mode. In the former case the pressure 
supporting the trapdoor resists failure, and the overall stability is then summarized by the 
quantity N = ( q + y H - q f ) / c , ,  where c, is the undrained shear strength and y is the unit weight. 
This stability number is a function of H / B .  For H / B =  5, the best analytical bounds have been 
obtained by Gunn," who found an upper bound of N = 6.53 and a lower bound of N = 4.61. The 
meshes employed for the upper and lower bound calculations are shown in Figures 10 and 1 1 ,  
respectively. Since we are modelling a layer of infinite extent, an extended mesh is also used for the 

Table 11. Results for smooth rigid strip footing on cohesive frictional soil (#=20"); for 
key to headings see Table I 

Mesh 

Percentage 
error in 

P n m i t N c  N C  

Coarse 
Fine 
Coarse 
Fine 

Coarse 
Fine 

6 329 709 312 18 18.94 27.7 
6 1227 2757 1535 389 17.89 20.6 

12 329 1285 403 25 17.49 17.9 
12 1227 5061 2565 641 16.16 9.0 

24 329 2437 788 59 17.01 14.7 
24 1227 9669 4179 1449 15.87 7.0 
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Figure 10. Upper bound mesh for Trapdoor in purely cohesive soil (4" =0, HIE = 5 )  
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Figure 11 .  Lower bound meshes for trapdoor in purely cohesive soil (4” =0,  H / B  = 5 )  

Table 111. Results for trapdoor in a purely cohesive soil (&=O); for key to 
headings see Table I 

Analysis P n m i t N 

Lower bound 6 1422 4096 550 291 5.24 
Upper bound 6 2122 4828 2749 975 6.84 
Lower bound 12 1422 6940 683 366 5.63 
Upper bound 12 2122 8884 4209 1671 6.47 
Lower bound 24 1422 12628 765 465 5.71 
Upper bound 24 2122 16996 5943 3070 6.38 

lower bound calculation to check that the stress field can be extended without affecting the 
collapse load. 

The results for the upper and lower bound analysis are given in Table 111. For a 24-sided 
approximation of the Tresca yield criterion, the numerical upper and lower bounds on the stability 
number are N =  6.38 and N = 5.71. Thus the exact collapse load is bracketed to within 12 per cent, 
a substantial improvement on the analytical bounds of Gunn.’ The lower bound collapse load is 
almost identical for the extended mesh, indicating that the lower bound is likely to be valid for an 
infinite soil layer. As a further check on the bounds produced by the linear programming 
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formulations, the limit load for the trapdoor problem has also been estimated using elastoplastic 
finite element analysis. 

The mesh used for this analysis, shown in Figure 12, consists of 56 cubic strain triangles and 493 
nodes. These elements are known to predict incipient collapse ac~urately,~ and furnished the 
pressuredisplacement response shown in Figure 13. In this analysis the soil was assumed to be 
weightless and the trapdoor displaced uniformly downwards. To avoid singularities, the element 
immediately adjacent to the trapdoor was given a linear displacement profile, with its bottom 
right-hand node fixed. The average pressure acting on the trapdoor, qr , was computed by 
summing the appropriate nodal forces. From Figure 13 we see that the finite element analysis gives 
a stability number of approximately 6.05, thus validating the numerical upper and lower bounds. 
The CPU time for the finite element computation, which required 100 displacement increments 
and employed the stress-strain integration scheme described in Reference 12, was around 1200 s 
on a VAX 8550. 

CONCLUSIONS 

A method has been described for computing rigorous upper bounds on limit loads which uses 
finite elements and linear programming. Computational experiments suggest that the technique is 
sufficiently accurate for practical calculations, and may be used in tandem with a numerical 
formulation of the lower bound theorem to provide useful bounds on the exact collapse load. The 
active set algorithm permits the upper bound linear programming problem to be solved efficiently, 

Figure 12. Mesh for finite element analysis of trapdoor in purely cohesive soil (d,=O, H / B = 5 )  
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Figure 13. Pressure-displacement response for trapdoor in purely cohesive soil (I$” =0, H / B = 5 )  

and the method is competitive with a displacement finite elehent formulation in terms of 
computational effort. 
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