
INTERNATIONAL JOURNAL FOR NUMERICAL AND ANALYTICAL METHODS IN GEOMECHANICS, VOL. 3.107-129 (1979) 

THE ANALYSIS OF FINITE ELASTO-PLASTIC 
CONSOLIDATION 

J. P. CARTER 
Department of Engineering, Unicersity of Cambridge, England 

J. R. BOOKER 
Department of Civil Engineering, Uniwrsity of Sydney, Australia 

AND 

J. C.  SMALL 

Department of Civil Engineering, University of Newcastle, Australia 

SUMMARY 

A theoretical formulation and a numerical solution method are proposed for the problem of the time 
dependent consolidation of an elasto-plastic soil subject to finite deformations. The soil is assumed to be a 
two-phase material with a skeleton which may yield according to a general yield criterion with plastic 
flow governed by a general flow law, and whose pore fluid flows according to Darcy’s Law. Governing 
equations are cast in a rate form and constitutive laws are expressed in a frame indifferent manner. The 
method of analysis is illustrated by several examples of practical interest for both a soil with an elastic 
skeleton and a soil with an elasto-plastic skeleton which obeys a Mohr-Coulomb yield criterion and a 
non-associated flow law. 

INTRODUCTION 

An important problem in foundation engineering is that of predicting the behaviour of a 
foundation resting on saturated clay. Such a material consists of two phases, 8 compressible 
solid phase (the soil skeleton) and a liquid phase (the water filling the pores). When the 
foundation is first loaded the skeleton tends to compress and so excess pore pressures develop 
and the foundation undergoes an initial settlement. The pore water then tends to flow from 
regions of higher excess pore pressure to regions of lower excess pore pressure. As this 
dissipation of excess pore pressure occurs the foundation settles and ultimately reaches a final 
settlement. 

This process of consolidation described above was first investigated by Terzaghilp2 for 
one-dimensional conditions. Subsequently B i ~ t ~ , ~  extended Terzaghi’s theory to three- 
dimensional situations. However, exact solutions to problems involving the consolidation of a 
soil are not easy to obtain. This is not surprising when it is considered that the equations of 
consolidation combine the complexities of an elastic or even an elasto-plastic problem with 
those of a diffusion process. For this reason exact solutions have been found only to problems 
in which the body under consideration has an elastic skeleton, a particularly simple geometry 
and is subject to simple boundary conditions (see, for example, Mandel,5 McNamee and 

Gibson and McNamee* and Gibson et ~ 1 . ~ ) .  
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In most practical problems it is necessary to employ numerical techniques to integrate the 
equations of Biot’s theory. Some approximate methods for the case when the soil skeleton is 
elastic have been developed by various authors (e.g., Sandhu and Wilson,” Christian and 
Boehmer,”; Hwang et al.,”; Booker13 and Booker and Small14). More recently, a theory of 
consolidation for an ideal two-phase soil with an elasto-plastic skeleton has been proposed, 
together with an approximate finite element solution technique by Small et al. I s  

In the formulations of Terzaghi and Biot the authors restricted their attention to conditions 
of infinitesimal strain and thus the theory they developed is only strictly applicable to situa- 
tions in which the geometry varies only slightly during loading. Gibson et recognized this 
limitation and were the first to develop a one-dimensional theory which accounted for such 
finite deformation. Subsequent attempts to allow for finite strain during consolidation have 
been reported by Smiles and Poulos,” Mesri and Rokhsar,’* De Simone and Viggiani” and 
Monte and Krizek.” 

In this paper the theory of finite consolidation is generalized from one- to three-dimensional 
conditions. Governing equations are cast in a rate form and the laws which determine 
deformation and pore fluid flow are presented in a frame indifferent manner. For simplicity of 
presentation a relatively simple soil model has been adopted, i.e., an ideal elastic, perfectly 
plastic material with a general yield criterion and an arbitrary flow law. Nevertheless, the 
treatment can quite readily be extended to include a more general class of ideal soils, e.g., the 
work hardening models of the so-called Cam-clay family (Schofield and Wroth,” Roscoe and 
Burland,’* and Banerjee and StiphoZ3) or those embodying the ideas of Lade and Duncan.24 A 
numerical technique is described that provides an approximate solution to the governing 
equations. The theory and solution techniques are illustrated by several examples of practical 
interest. This work is an extension of a previous method of analysis for soil with an elastic 
skeleton (Carter et ~ 1 . ’ ~ ) .  

GOVERNING EQUATIONS 

The basic equations governing the coupled behaviour of an elasto-plastic soil skeleton and its 
pore fluid are now presented. 

Efective stress-strain behaviour 

Consider a typical increment in the motion of the consolidating body as depicted by the 
deformation mapping of Figure 1. Suppose that at some time to a consolidating soil occupies a 
region in space V, bounded by the surface So. Part of this surface SOT is subject to specified 
traction Toi while on the remainder So, the velocities are assumed to be zero. A portion of the 
surface Sop is free to drain, the remainder So, is impermeable.* At some later time t the body 
will have moved to a region V bounded by a surface S. The traction specified, velocity 
specified, and permeable and impermeable portions of S will be denoted by ST, S,, Sp, S,, 
respectively. 

Adopting a Cartesian reference frame, consider the deformation mapping 

xi  = ai + ui, i = 1 , 2 , 3  (1) 

* The extension to more complicated boundary conditions, both hydraulic and with regard to the body’s motion, is 
straightforward and will not be given here. 
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X 

Figure 1 

where ui and xi are the coordinates of a specified material point of the soil skeleton at times to 
and t, respectively, and ui represents the displacement of this solid particle in the time interval 
to to t, measured relative to the position of the body at time to. 

In a Eulerian description, the instantaneous rate of deformation may be described by the 
velocity gradient, 

-_ - lii + aij 
8 X j  

where 
a 
at 

v,i = - U i ( U k ,  t )  

d 
dt =- u ~ ( x L ,  t) ,  k = 1 , 2 , 3  

(3) 

is the velocity of the soil skeleton. 
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The symmetric deformation rate tensor lij and the skew symmetric spin tensor wij are 
defined by 

1 auSi a U s j  I . . = -  -+- 
'I 2 0 axj axi 

1 ausi aUsj  

'I 2 0 axj axi 
"..=- 

(4) 

When considering finite deformations it is necessary to employ a frame indifferent stress rate 
in the constitutive relations. There are several definitions which give an objective measure of 
stress rate (for examples see Prager26) and the difference between them consists merely of a 
linear combination of deformation rates. PragerZ6 has put forward several arguments in favour 
of the adoption of the definition dne to Jaumann2' and we shall adopt this definition in the 
present formulation. The Jaumann stress rate &ij is given by 

(6)  
1 .  

(T. .=ff  -(T. w . - ( T . w .  I] 11 rk ki Ik k]  

where uij denotes the Cauchy total stress field at time t with tensile stresses reckoned positive, 
and the superior dot represents material differentiation with respect to time. 

A general linear relationship between the objective stress rate and the deformation rate 
(i.e., the effective stress-strain law) can be written in the form 

&..+pa.. = D..  1 
ri 11 ilk1 kl 

where 
(7) 

p is the pore pressure at time t (taken positive when compressive), 
6 ,  is the Kronecker delta, and 
Dijk, are the material constants for the drained behaviour of the soil. 

These 'constants' Dijkl may of course be a function of both position and time; Dijkr may also 
depend upon the history of the particular soil element, viz. its stress path. By the use of a 
piecewise linearity of their values any combination of experimentally observed and intuitively 
assumed skeleton behaviour may be analysed by this theory. Such multi-linear behaviour is 
readily incorporated into the numerical technique described later. In particular, the expression 
for Dijkl for a skeleton material which obeys a general yield criterion and an arbitrary flow rule 
are given in Appendix 1. 

An alternative form of equation (7) useful in subsequent developments is 

U i j  = D i j k l l k l  + U i k W j k  + C j k O i k  - @ i j  (8) 

Fluid flow behauiour 

It will be assumed that the movement of the fluid through the soil is governed by Darcy's 
law2' but, as observed by Gibson et some care is necessary in formulating this in a 
consistent form. Thus if the fluid has an actual velocity ufi, then the superficial velocity of the 
fluid relative to the skeleton is a ( u f i  - us;), where d is the soil porosity in the neighbourhood of 
xi at time t. This superficial velocity is proportional to  the hydraulic gradient, i.e., 
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where 

h = @/Yf)+Xkbk 

yf is the unit weight of the pore fluid, 
kij are the permeability coefficients which may depend upon position and time, and 
bk are the components of a unit vector parallel to the direction of gravity. 

Some care is also necessary in the definition of the permeability coefficients and this matter 
is discussed in Appendix 11. 

Mass flow for solid and fluid phases 

time f. Conservation of mass leads to the equation 
Consider a physical element of the soil skeleton which has unit weight and porosity ( ys, a) at 

where 

g 
8 = lii 
If it is supposed that the material of the soil skeleton is much less compressible than the soil 

is the acceleration due to gravity, and 
is the rate of volume strain. 

consisting of both the solid and fluid phases, then ys is constant, so that 

Similarly, considering the mass flow of fluid into and out of a specified physical element, with 
velocity uti and unit weight yf at time f, then it is found that 

Again, assuming that the fluid is much less compressible than the two-phase soil, then 

(13) 
a 

h f a 8  = -- {a  (Ufi - usi)) 
axi 

Equations (11) and (13) may be combined to obtain the overall volume behaviour of the soil 

Virtual work expressions 

so that at time t 
The total stress distribution within the soil must always satisfy the conditions of equilibrium, 

a - {Vij)+Fi = 0 
axj 

where F, = {ys(l -a)+ yfa}bi is the body force vector and bi indicates the direction of gravity. 
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For our purposes a more convenient form of equation (15) incorporating the stress boun- 
dary conditions is the expression of virtual work 

dlii u j i  d V - /vdv,i F, d V - lsT dvsi Ti d S  = 0 

When the rate law, equation (8), for the two-phase soil is introduced into (16) it becomes 

where 

dv,; fi  d V +  dvsi T, dS - dl,, ~ o j i  d V I, I, 
uoij, p a  are the total stress and pore pressure distributions within V, at time t, and 
dvsi are the virtual velocities of the soil skeleton, which are compatible with the virtual 

deformation rates dZij and the velocity boundary conditions on S,. 

The remaining symbols of equation (17) are as previously defined. 
Similarly the volume behaviour, equation (14), can be replaced by the integral formulation 

which on introduction of' Darcy's law becomes 

where virtual pore pressure changes are consistent with the boundary conditions on S,. 
It can be seen that, in the limit of infinitesimal deformation, equations (17) and (18) will 

reduce to those of the B i ~ t ~ , ~  theory for a soil with an elastic skeleton and to those of the Small 
et theory for a soil with an elasto-plastic skeleton. 

APPROXIMATE SOLUTION 

Equations (17) and (18) are exact expressions governing the finite consolidation behaviour of an 
elasto-plastic soil. It is not, in general, possible to find closed form solutions to these equations. 
However, numerical solutions may be found, using the finite element technique to perform the 
spatial integrations and a marching process to perform the time integration. 

Adopting the Cartesian reference frame (X, Y, Z), let the field quantities ui, vSi, ufi be the 
components of vectors u, v,, vf, respectively, where 

uT= (4, uy, uz) 

v: = ( u s x ,  %y, vsz) 

VT = (Qx, Vfy, Vfz) 

For convenience we have replaced subscripts i = 1 , 2 , 3  by x, y, z, respectively. Since uij is 
symmetric we define u, a vector of stress components, as 

aT= ( u x x ,  uyy, U Z Z ?  ax,, Uyz, a,,) 
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Noting the symmetry and skew symmetry of lij and oii we define vectors of deformation rate 1 
and o as 

I = av, 

0 = (V, 

o o a/ay o 

o a/az o a/ay a/ax 

where the operators a and 5 are given by 

a =  

and 

a/ay -a/ax o 
5= [ o a/az -a/ay 

-a/az o a/ax 

In this notation the rate law, equation (7), is expressible as 

U = Pd-Pq 

where 
dT = (lT, uT) 

qT= (1, 1717 O,O,O) 

and the matrix P is defined in Appendix I for an elasto-plastic material. 
In this notation Darcy's law takes the form 

a(vf - v,) = -KVh 

where K is the matrix of permeabilities k, (see Appendix 11). 
The governing equations of the previous section thus become 

JvdIT( 1: Pd dt - (p - p O ) q )  d V = R 

and 

{@h)=KTV(dp)+ 8 dp} d V = 0 Jv 
where 

R =  dvTFdV+ dvTTdS- dlTuodV J" I, Jv 
and T, F, uo correspond to T,, F, and uoij, respectively. 

The problem described by equations (21) and (22) can be solved approximately as follows: 
(i) suppose that the deforming body is represented by a number of finite elements and that 

the continuous displacement and pore pressure fields can adequately be described by their 
values at the connecting nodes 1,2, . . . , N and let 
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The subscripts in the above definitions refer to values at a particular node and q=q(f) 
represents the nodal pore pressures at time f while S=s( f )  represents the total nodal dis- 
placements in the time interval (0, t); 

(ii) suppose that the continuous fields v, and p can be adequately approximated in terms of 
nodal values so that 

V, = A A ~  = AS (234 

p = aTq (23b) 

where the form of A and a depends upon the particular type of element used and will in 
general depend upon its current configuration; 

(iii) in terms of nodal quantities, the velocities and pore pressure gradients may be written 

d=Bd 

1=cS 
6 = NTS 

Vp=Eq 
1 

Vh=-Eq+i, 
Yf 

where 

B = ( ~ ) A , c = ~ A , N T = + c  

and & is the vector containing the terms bi; 
(iv) equations (21) and (22) can now be approximated by 

where 

ddT IvCT{ llPB6 d f) d V - dST LTAq = dtTm 

-dqT L6 - dqTQrq = dqT n 

Aq = d f )  - QUO) 

LT= NaTdV Iv 
Yf 'I v 

m=J-v 
a=- ETKTEdV 

(ATF - CTao) d V + ATT dS 

n = Jv ETKTig d v 
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Equations (25) and (26) apply for arbitrary dhT and dqT; hence the set of approximating 
equations becomes 

[;PBSdt}dV-L'q=m (27) 

-a-m=n (28) 

Numerical method 

Equations (27) and (28) are a set of differential-integral equations and they may be 
integrated from to to f to obtain the following approximation: 

where 

Q = I (CTPB) d V ,  At = t - to, qo = q(to) 

The superior bar denotes that the quantity is evaluated for some average or representative 
value, integrations being performed over some representative configuration. It can be seen 
from equation (29) that if the solution is known at a time to it can be marched forward to 
obtain the solution at to+At; however, it should be noted that since 0, E,&,m,ii may all 
contain average quantities it may be necessary to solve equation (29) iteratively for each time 
step. 

V 

The parameter p corresponds to the approximation 

J-; @qdt-~h(qo+PAq)At 

In order to ensure stability of the marching process it is necessary to choose p 2 f (Booker and 

EXAMPLES 

A number of examples are now presented to illustrate the foregoing theory. The finite 
consolidation of two separate classes of soil is considered. In the first instance the soil is 
considered as an elastic two-phase continuum and in the latter it is assumed that the skeleton is 
an ideal elasto-plastic material obeying a Mohr-Coulomb yield criterion and a non-associated 
flow rule. In both cases the soil is assumed to be isotropic and homogeneous with regard to 
both deformation and flow properties. Both one- and two-dimensional examples are 
presented. 

Finite elastic consolidation 

(i) One-dimensional Fnite elastic consolidation. The problem of the one-dimensional consol- 
idation of an elastic soil is analysed for the situation in which the traction q is applied 
instantaneously to the soil surface at time t=O and thereafter held constant with drainage 
occurring only at the surface (see Figures 2(a), 2(b) and 2(c)). Under these conditions a 
solution for the settlement as a function of time f can be seen to depend on the following 
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Figure 2 

dimensionless parameters: 4/E’; yfH/E’;  v’; eo and S,, where E’ and v’ are the drained 
Young’s modulus and Poisson’s ratio, respectively, for the soil; H is the initial depth of the 
layer; yf is the unit weight of the pore fluid; eo is the initial void ratio of the soil, assumed 
uniform; k is the soil permeability; and S, is the specific gravity of the solid particles. 

For the results presented the following material properties were chosen: eo = 10; Y’ = 0.3; 
and Sg=2.65. Figures 3 and 4 show some solutions for the degree of settlement IJ as a 
function of the dimensionless parameters q/E’ and ?,HIE’ and the dimensionless time 
T = c,t/H2 where c, is the usual one-dimensional consolidation wemcient. The curves 
indicate that shallow stiff layers exhibit a consolidation behaviour more like the Terzaghi 
prediction than do deeper, less stiff layers. For any given soil a further departure from the 
classical behaviour is observed as the magnitude of the consolidating pressure is increased. 
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Figure 3 

Note that to obtain the Terzaghi solution it is necessary for both of the parameters yfH/E’ and 
q/E’ to approach zero. Numerical agreement with this solution is shown in Figure 4. 

Not only is the degree of settlement with time of interest in this problem, but so is the 
magnitude of the final settlement. In Figure 5 the relationship between the applied traction 
and the final settlement S,  is shown. For the range of traction magnitudes considered, i.e., 
O S q / E ’ S l - O ,  it was found that the parameter yfH/E’ had no appreciable effect on the 

C” ’ r= ~ 

H2 
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I 1 I 
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s 
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1 
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4 ./ 
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magnitude of S,, even for the large initial value of void ratio eo = 10. This is consistent with the 
fact that the saturated density of the soil, given by 

changes by only about 3 per cent (trom 1-13 -yf to I - L I  yf) when the void ratio changes trom IU 

to 5 as it does in the extreme case examined here (q/E’= 1.0). The density parameter will of 
course have a greater effect when q/E’ >> 1 but such a range of values is considered unrealistic. 

An exact solution for the ultimate settlement can be found for the case yfH/E’=O, 
(Carter29). Excellent agreement was found between this exact solution and the numerical 
solution of Figure 5. 

(ii) Two-dimensional finite elastic consolidation-a rigid footing. The plane strain problem 
of the finite consolidation of a rigid, permeable strip footing resting on the surface of a 
saturated clay layer is described in the inset to Figure 6. As with the one-dimensional 
problem the solution for the settlement, A, with time can be shown to depend upon amongst 
others, the parameters Q/2BG and yfB/G. G is the shear modulus for the soil, B is the 
footing half width and Q is the total applied load per unit length of footing. 

To approximate an instantaneous loading the vertical force on the footing was increased 
linearly with time from zero at T = 0 to its ultimate value at T = 0.0001 over a number of 
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steps. The dimensionless time T is given in the problem as T = c,t/D2 where D is the layer 
depth at t = 0. To model a rigid footing the load was applied as a series of nodal forces to 
several very stiff (compared to the soil) footing elements. 

Some results for the footing settlement A as a function of the dimensionless time T are given 
in Figure 6 for the case yrB/G = 0.1, eo = 10, Y'  = 0.3 and S, = 2.65. The curves show that the 
settlement behaviour is less like the small strain prediction for larger values of the parameter 
Q/2BG (i.e., as either the load is increased and/or less stiff soils are loaded). According to the 
finite theory a settlement equal to the layer depth would be approached as Q/2BG approaches 
an infinite value. This is not the case for infinitesimal theory where physically impossible 
settlements are predicted at finite load levels (see, for example, the curve for Q/2BG = 10 of 
Figure 6). 

Figure 7 shows the configuration of the finite element mesh at various times for the case 
Q/2BG = 5. For large values of the parameter 0 / 2 B G  severe distortion of elements occurs, 
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(a) T = O  (b) T=O.OOOl 

(c) T = 0.ot (d) T=lO 

Figure 7 

particularly near the edge of the footing. This may render the calculation unrealistic, especially 
if numerically the void ratio becomes zero in any element. 

Finite elasto -plastic consolidation 

In the previous examples attention has been restricted to the case of a soil with an elastic 
skeleton. The following examples examine soild in which plastic yielding of the skeleton may 
occur. The skeleton behaviour is governed by drained elastic parameters E', v' and drained 
cohesion c', friction angle 4 and dilation angle 4 (Davis3'). The shear modulus for such a 
soil is given by 

E' 
2( 1 + v') G=- 

Small et al.15 noted that the undrained behaviour of such a material will be governed by the 
undrained parameters 

3E' 
E,=-  

2( 1 + v') 
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and when 

where E,, v,, c, are the undrained Young's modulus, Poisson's ratio and cohesion, respec- 
tively, and arlo and are the major and minor principal stresses in the soil at t = 0. The 
constant N+ is given by 

1 +sin + 
' - 1 -sin 4 N -  (35) 

The time varying response of a porous elasto-plastic soil is dependent upon the rate of loading 
w. Here we define w to be 

where T = c,t/H2 as before. Small et al." point out that at very slow loading rates the soil 
behaves in a drained fashion. As the load rate is increased the behaviour becomes more like 
that of the undrained response. 

(i) One-dimensional finite elasto-plastic consolidation. Consider first the one-dimensional 
problem described in Figures 2(a) and 2(b). A layer of initial height H is subject to a 
proportional loading which commences at t = 0. At time t later, when the consolidating 
pressure is q, the layer depth is pH. 

The numerical technique already described was used to determine the effect of loading rate 
on the finite deformation response of two types of soil, uiz. one with a purely frictional 
skeleton c' = 0, v'= 0-2, q5 = 30" and $ = O", and one with a cohesive-frictional skeleton 
G / c r  = 10, v' = 0-2, q5 = 30" and II, = 0". The curves in Figures 8 and 9 show that an increase in 
loading rate o produces behaviour more like the immediate or undrained response (no 
immediate settlement in the one-dimensional case). At slower loading rates the response is 
more like the drained solution. The exact drained response for the case when y f H / G  + 0, 
shown on Figures 8 and 9, was obtained by Carter.29 In addition, it was found that over 
the loading range O ~ q / G s 5  examined, the parameter y f H / G  had no effect on these 
solutions (the numerical range tested was 0 s  y f H / G s  lo3) but care in choosing a load step 
size must be observed in order to obtain accurate results at large values of this parameter. 

(ii) Two-dimensional finite elusto-plustic consolidution-a rigid footing. The application of 
the numerical technique to a problem of two-dimensional consolidation is now presented. We 
consider the problem of a perfectly rough and rigid strip footing resting on a layer of soil which 
overlies a smooth rigid base. In order to completely define the problem it is assumed that there 
is no resultant horizontal force on any vertical section (see the inset to Figure 10). This 
problem is similar to that solved by Small et al.," who obtained infinitesimal strain solutions 
for a perfectly flexible footing.) 

In the present problem only the case when y,B/G+O is examined, i.e., the density effect is 
ignored. In addition, the material of the layer was assumed to have the following drained 
properties: v r  = 0.3; + = 30" and $ = 0". Initially the problem for a material with E r / c r  = 200 is 
examined and a number of constant load rates w were used in the analysis. Figure 10 shows the 
results of the numerical analyses. Consider first the results of infinitesimal deformation theory. 
Notice that in one extreme case, when w = 143-0, the load settlement curve is asymptotic to 
the analytic collapse load for = 0" (Booker3'), while in the other extreme, when w = 0.143, 
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the solution asymptotes to the analytic collapse load for a material with C$ = 30" and 1(1= (b 
(Booker31). For the intermediate loading rate, w = 1.43, the solution asymptote is between the 
drained and undrained collapse loads. This is a further example in infinitesimal theory of the 
phenomenon described by Small et uLi5 that as the loading rate is increased there is a 
transition from drained failure to undrained failure. For this problem the soil skeleton behaves 
in a drained manner when the loading rate is less than about 0.143 and in an undrained 
manner when the loading rate is greater than about 143.0. 

The results of a finite deformation analysis €or this problem are also shown on Figure 10. It 
can be seen that both small and large strain predictions are almost identical until very near the 
small strain collapse loads, where for all loading rates examined, the finite deformation curve 
then lies slightly below the infinitesimal result. This discrepancy is small and we cannot be 
certain if it is numerical or if it represents a true difference. Indeed, if this is a true feature, then 
it is certainly not general, but problem dependent. There are instances where the load 
deflection curve from finite deformation theory lies above the prediction of infinitesimal 
theory (e.g., see Carter el aL3*). 

This problem has also been analysed for a less stiff material, one with E'/c' = 20, and the 
results are shown in Figure 11. The preceding discussion is also applicable to these results. The 
finite element representation of the deformation history and the yielded regions of the 
material are given in Figure 12 for a loading rate w = 0.143. 

CONCLUSIONS 

The problem of the time dependent consolidation of an elasto-plastic soil has been investi- 
gated. Governing equations have been presented for the case in which no restriction was 
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placed on the magnitude of the deformations. Because of the high degree of non-linearity 
involved a numerical procedure for solution of these equations was suggested. This utilized 
the finite element technique for spatial discretization and a marching process for the time 
variation. 

From the example problems solved emerges a broad and rather obvious conclusion. The 
need to take account of finite deformations arises when the soil has a very large voids ratio 
prior to consolidation, and when the magnitude of the consolidating pressure is large 
compared with typical deformation moduli of the soil. These conditions are likely to occur in 
cases such as the loading of peats and very loose sediments. 

APPENDIX I 

It is convenient here to derive expressions for the matrices P and D used in the constitutive 
laws of equations (7) and (19). Such equations may be written as 

6 +oq = DI (37) 

where the matrix D corresponds to the tensor Dijk, of equation (7) and other symbols are as 
previously defined. In three-dimensional terms the Jaumann stress rate 6 may be expressed as 

6 = u + M d  

where d is the vector of deformation rates defined by equation (19) and 

M =  

Thus the rate law, equation (37), may be written as 

6 = P d - @ q  

where 

P = H - M  

and 

(38) 

(39) 

H =  [ D, (6x3) O I  

An expression is now presented for the matrix D, for an elasto-plastic material. A full 
derivation is not given as this may be found in previous works (e.g., Carter et aL3’). Assume 
that the material yields according to a general yield criterion, expressible as 

f (a) = 0 (40) 
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and that there exists a plastic potential function g which determines the plastic flow. The 
constitutive matrix D of equation (39) is then given as 

where 

and DE is the matrix containing the ‘constants’ which determine the elastic behaviour of the 
material. We note that only when g =f is associated flow implied. 

APPENDIX I1 

The permeability matrix 

Presented here is the derivation of the matrix K of equation (20) for the general case of 
three-dimensional consolidation. 

Consider an element of soil with centre Po(a, b, c) which deforms from an initial position A 
at time to to an adjacent position B with centre P(x, y ,  z )  in a time interval dt, as shown 
schematically in Figure 13. Initially the flow properties are characterized by 

k,, k x y  k x z  

k x z  kyz k z z  
?b= lxy k,, k y ]  

so that Darcy’s lzw at A may be written as 

ao(vro-v,o) = -KoVoho (42) 
where ho, a. are the head and porosity in the vicinity of Po, respectively, and ( V ~ ~ - V , ~ )  is the 
vector of velocity components (measured with respect to x, y ,  z axes) of the fluid phase relative 
to the solids at Po. The quantity Voho is given by 

Voho = (2.2, $)T  (43) 

The question now arises as to the form of Darcy’s law when the element of soil is in position 
B. One reasonable assumption is that the form of any flow anisotropy is intrinsic to the 
element so that 

a($ - v:) = -KV‘h (44) 

where h, a represent the same quantities as before, only measured at P at time to + dt, and 
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Figure 13 

The vector (v;-v:) contains the components of the relative velocity at P but measured with 
respect to rotated axes (8, 7,c). The relationship between (vi-v;) and (vf-vs), the relative 
velocity vector at P measured with respect ,to (x ,  y, z), is given by 

(v; - v:) = R(vf - v,) (46) 

where R is the matrix which corresponds to the appropriate rotation of coordinate axes (e.g., 
for plane deformations 

cosy - s h y  
R = [  sin y cosy I 

where y is the angle of rotation between (x, y) and (5,~)). 
Considering (x, y, z )  as the independent variables then 

V'h =RVh 

where 

ah ah ah T V h =  --- 
(ax. ay7 az> 

Equation (44) may thus be transformed to give Darcy's law at B in the form 

a(Vf-V,)= -KVh 

(47) 
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where 
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K = RTKoR 

K thus remains symmetric during the rotation. It is interesting to note that, according to the 
above assumption, as an element rotates the form of Darcy’s law (referred to the initial set of 
axes) changes. Thus a material which is anisotropic, but whose initial anisotropy is homo- 
geneous, develops an inhomogeneity of anisotropy as different elements rotate by different 
amounts. Of course this does not occur (according to this formulation) if the material is initially 
isotropic, and in such a case 

a(v,-v,)=-kVh (49) 

where k is the isotropic permeability. 
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