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1. Introduction

The critical state elastoplasticity models developed by Roscoe
and his coworkers [25–28] in the 1960s have been widely applied
in geomechanics and form the basis of a large number of later mod-
els. The modified Cam clay model of Roscoe and Burland [25] has
been particularly popular and its numerical implementation has
been dealt with quite extensively. Representative works include
[4,5,9–11,24,29,33,38]. Common to these contributions is the treat-
ment of the model by the standard paradigm of rate-independent
plasticity where the constitutive equations are integrated on the
material point level while a Newton–Raphson type scheme is used
to minimize the out-of-balance force on the structural level. Numer-
ous variants of both procedures have been proposed with the fully
implicit scheme originally due to Simo and Taylor [31] being partic-
ularly noteworthy for its elegance and computational efficiency. De-
tails of its application to the modified Cam clay model can be found
in [4,5,9,11,33]. As an alternative to this computational framework,
methods based on mathematical programming have long been rec-
ognized as a possibility [7,8,16,18,20,22,32,35,36,41]. The main idea
is here to cast the constitutive model in terms of a variational prin-
ciple, extend this principle to the spatial domain of interest, discret-
ize in space by finite elements and in time by finite differences to
eventually arrive at a mathematical program that can be solved
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using some appropriate method. In contrast to conventional
methods that iterate between a local material point local level where
the constitutive relations are resolved and a global structural level
where the out-of-balance is minimized, the mathematical program-
ming approach operates simultaneously on all governing equations,
local as well as global.

The main advantage of this approach is that certain features
that plague conventional methods can be resolved without any
additional effort. For example, using an appropriate method of
solution, no special considerations are required in connection with
yield surface singularities. Also, convergence is guaranteed regard-
less of the magnitude of the time step, i.e. the convergence behav-
ior is independent of the proximity of the initial state to the new,
unknown state. This is in contrast to the conventional approach
where yield surface singularities may impede the performance se-
verely, even if special provisions are made, either by rounding or
smoothing, or by ‘exact’ return mapping. In this regard it is worth
noting that despite a very considerable body of literature dealing
with numerical solution of Cam clay type models, the for practical
implementations essential issue of handling the case where the
yield surface shrinks to a point has so far, to our knowledge, not
been considered. Moreover, even for smooth problems, the New-
ton–Raphson scheme relies crucially on the availability of an initial
state which is close to the new state. In cases where large changes
occur over small time steps, for example as a result of localization
of deformations, the performance of the Newton–Raphson scheme
decreases markedly and divergence is often experienced. This is a
problem that has a tendency to become more pronounced as the
finite element mesh is refined.
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Fig. 1. Yield surfaces F(p,q,ji) = 0 for fixed ji > 0.
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The main drawback of the mathematical programming ap-
proach is that constitutive models of practical interest rarely admit
a variational formulation. Modified Cam clay, which operates with
a nonassociated hardening rule, is an example of this. Moreover,
softening models imply a non-convex variational principle and
thus a non-convex mathematical program for which efficient and
robust method are in relatively short supply. Again, modified
Cam clay is an example of such a model.

In this paper, these limitations are addressed by the develop-
ment of a numerical formulation of the modified Cam clay model
which is amenable to solution by standard convex programming
methods. Within the broad area of convex programming, second-
order cone programming (SOCP) turns out to be particularly rele-
vant. In the last decade or so, a number of very significant advances
have been made for such programs and algorithms capable of deal-
ing very efficiently with large-scale problems are now available.
Examples include the dedicated SOCP solver MOSEK [2] and the
more general conic programming solver SeDuMi [34]. Based on
these algorithms a new solver, SONIC, has been developed by the
authors. Applied to the modified Cam clay model, the result is a
numerical scheme with unsurpassed robustness that maintains
an accuracy and efficiency similar to conventional methods when
these operate at their best.

The paper is organized as follows. In Section 2 the modified Cam
clay model is briefly reviewed before the major contributions of
the paper are presented in Section 3. These include the formulation
of a suitable incremental variational principle as well as a proce-
dure for handling material softening without losing convexity of
the variational principle. The formulation of the resulting mathe-
matical program in terms of SOCP is then discussed in Section 4 be-
fore a range of examples are presented in Section 5 and conclusions
are drawn in Section 6. Matrix notation is used throughout with
bold upper and lower case letters representing matrices and vec-
tors respectively and with the transpose being denoted by T.

2. Cam clay elastoplasticity

The original Cam clay model was developed in the 1960s with
key contributions including those of Roscoe et al. [25–27] and
Schofield and Wroth [28]. Since then, a large number of similar
models that embody the essential concepts of the original model
have been proposed. In the following, the modified Cam clay model
developed by Roscoe and Burland [25] is considered.

Besides the usual additive decomposition of the total strain into
elastic and plastic components, the modified Cam clay model com-
prises four key ingredients: (i) an elastic law, (ii) a yield function,
(iii) a flow rule, and (iv) a hardening law. In the following, these
four components are briefly summarized with respect to the stress
invariants:

p ¼ �1
3ðr11 þ r22 þ r33Þ;

q ¼ 1
2ðr11 � r22Þ2 þ 1

2ðr22 � r33Þ2 þ 1
2ðr33 � r11Þ2 þ 3r2

12

h
þ3r2

23 þ 3r2
31

�1
2:

ð1Þ

The critical state line q = Mp, with M being a friction coefficient, thus
defines a Drucker–Prager surface in six-dimensional stress space.
Note that p is positive in compression while the usual sign conven-
tions are maintained for the Cauchy stresses rij. Similarly, the volu-
metric strain conjugate to p is defined by ev = �(e11 + e22 + e33),
where the usual sign conventions are maintained for the strains
eij conjugate to rij.

2.1. Elastic law

The elastic law is given by
ee
v ¼

ce

v ln p;

ee
s ¼

1
3G

q;
ð2Þ

where ep
v and ep

s are the plastic volumetric and shear strains respec-
tively, ce is the recompression index, v = v0 exp(�ev) with v0 being a
reference value, is the specific volume, and G is the elastic shear
modulus. In many cases G is related to a tangent or secant bulk
modulus defined via the relation between volumetric strains and
pressure. This issue is discussed in more detail in Section 3.

2.2. Yield function

The yield function is given by

Fðp; q;jÞ ¼ q2 �M2pðj� pÞ; ð3Þ

where j is a stress-like hardening variable, usually referred to as
the preconsolidation pressure. For fixed j = j0 > 0, the yield crite-
rion F(p,q,j0) = 0 defines an ellipse in p–q space with the critical
state line, q = Mp, passing through the top point (see Fig. 1).

While the yield surface is smooth for j > 0, it becomes singular
for j = 0. In this case it shrinks to a point and the gradient is unde-
fined. This singularity (as well as the high curvature associated
with small but finite values of j) may seriously impede the perfor-
mance of conventional Newton–Raphson based computational
plasticity procedures.

2.3. Flow rule

The flow rule is taken to be associated:

_ep
v ¼ _k

@F
@p
¼ _kM2ð2p� jÞ;

_ep
s ¼ _k

@F
@q
¼ _k2q;

ð4Þ

where _k P 0 is a plastic multiplier. This flow rule implies zero plas-
tic volume change, _ep

v ¼ 0, at the critical state, q = Mp.

2.4. Hardening rule

The basic requirements to the hardening rule is that the yield
surface should expand (harden) for q < Mp, contract (soften) for
q > Mp, and undergo no further changes for q = Mp. These require-
ments can be satisfied by letting the hardening variable j depend
on the plastic volumetric strain, for example:

lnj ¼ v
cp � ce

ep
v ; ð5Þ

where a new parameter, the compression index, cp, has been intro-
duced. This hardening rule leads to a bilinear relation between vev
and ln p in isotropic compression (q = 0, j = p) as shown in Fig. 2.



Fig. 2. Stress–strain behavior in isotropic compression (q = 0). The reference
pressure is usually taken as pref = 1 kPa.
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3. Variational formulation

In the following, a time-discrete variational principle that repro-
duces the material-point governing equations is first developed.
This principle is then extended to the entire domain and discretized
is space using finite elements to eventually arrive at a time-discrete
finite-dimensional mathematical program that is amenable to solu-
tion by standard nonlinear programming algorithms.

3.1. Time discretization

The governing equations summarized in the previous section
are approximated in time in a fully implicit manner. In the follow-
ing, subscripts n and n + 1 refer to the known and new, unknown,
states respectively while DXn+1 = Xn+1 � Xn.

Assuming that the term ce/v remains constant [9], the volumet-
ric part of the elastic law is approximated as

ðDee
vÞnþ1 ¼

ce

v lnðpnþ1=pnÞ ¼ K�1
s Dpnþ1; ð6Þ

where

Ks ¼
v
ce

pnþ1 � pn

lnðpnþ1=pnÞ
ð7Þ

may be interpreted as a secant bulk modulus. Using this bulk mod-
ulus, an associated secant shear modulus may be defined by

Gs ¼
3
2

1� 2m
1þ m

Ks; ð8Þ

where m is Poisson’s ratio. We then have

ðDee
sÞnþ1 ¼

1
3Gs

Dqnþ1: ð9Þ

It is well known [42] that this incremental law is non-conservative
in the sense that it may not conserve energy in a closed cycle of
stress. It remains, however, widely used in practice [10,24,29,40]
and is often preferred over more elaborate hyperelastic models that
inevitably, if the shear modulus is to be pressure dependent, lead to
a coupling between shear stress and volumetric strain.

The yield function is enforced at time tn+1:

Fnþ1 ¼ q2
nþ1 �M2pnþ1ðjnþ1 � pnþ1Þ: ð10Þ

The flow rule is approximated as

ðDep
vÞnþ1 ¼ knþ1

@F
@p

����
nþ1
¼ Dknþ1M2ð2pnþ1 � jnþ1Þ;

ðDep
s Þnþ1 ¼ Dknþ1

@F
@q

����
nþ1
¼ Dknþ12qnþ1:

ð11Þ
Finally, the hardening rule is approximated as

lnðjnþ1=jnÞ
jnþ1 � jn

Djnþ1 ¼
v

cp � ce
ðDep

vÞnþ1; ð12Þ

where we again have assumed that ce/v and cp/v remain constant.

3.2. Local variational principle

The Cam clay model outlined above operates with an associ-
ated flow rule which is a necessary prerequisite to arrive at a
variational formulation. However, the hardening rule is nonassoci-
ated in the sense that the evolution equation for j cannot be de-
rived from a potential using the standard tools of variational
calculus [12,13]. Consequently, we opt for an incremental ap-
proach where a new, approximate, variational principle is con-
structed at the beginning of each time step. A relevant form of
such a principle is given by

maximize
ðr;jÞnþ1

rT
nþ1De� 1

2DrT
nþ1StDrnþ1 � 1

2H�1
t Dj2

nþ1

subject to Fðrnþ1;jnþ1Þ 6 0;
ð13Þ

where the strain increment De is assumed given, St is a tangent
elastic compliance modulus and Ht is a tangent hardening modulus.
The above principle generalizes von Mises’s principle of maximum
plastic dissipation which appears as the special case where St ¼ 0
and H�1

t ¼ 0.
The optimality conditions associated with the above program

may be derived as follows [13,18]. The inequality constraint is first
converted into an equality by addition of a positively restricted
variable sn+1. Next, the inequality on sn+1 is handled by introducing
a penalty term in the objective function:

maximize
ðr;jÞnþ1

rT
nþ1De� 1

2DrT
nþ1StDrnþ1 � 1

2H�1
t Dj2

nþ1 þ l ln snþ1

subject to Fðrnþ1;jnþ1Þ þ snþ1 ¼ 0; ð14Þ

where l > 0 is a sufficiently small constant. The inclusion of the
penalty term effectively imposes the non-negativity requirement
on sn+1. This is a common technique widely used in the optimization
literature [6,23,37] where the l lns is known as the logarithmic bar-
rier function.

Next, the Lagrangian is constructed as

L ¼ rT
nþ1De� 1

2DrT
nþ1StDrnþ1 � 1

2H�1
t Dj2

nþ1 þ l ln snþ1

� Dknþ1 Fðrnþ1;jnþ1Þ þ snþ1½ �; ð15Þ

after which the first-order Karush–Kuhn–Tucker optimality condi-
tions follow as

@L
@rnþ1

¼ De� StDrnþ1 � Dknþ1rrFnþ1 ¼ 0;

@L
@jnþ1

¼ �H�1
t Djnþ1 � Dknþ1rjFnþ1 ¼ 0;

@L
@knþ1

¼ Fðrnþ1;jnþ1Þ þ snþ1 ¼ 0;

@L
@snþ1

¼ l
snþ1
� Dknþ1 ¼ 0) Dknþ1snþ1 ¼ l:

ð16Þ

These are the governing equations. The first condition is the incre-
mental stress–strain relation incorporating the elastic law and the
associated flow rule. The second equation specifies the hardening
rule while two last equations restate the yield condition and define
the loading/unloading conditions, i.e. Fn+1 6 0, Dkn+1Fn+1 = 0,
Dkn+1 P 0, the two latter of which are recovered by letting l ? 0+.
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3.2.1. Tangent elastic modulus
In the approximate governing Eq. (16), the tangent elastic mod-

ulus, St , is required. This modulus follows from the secant modulus
(7) by letting pn+1 � pn tend to zero. We then have

Ks ¼ Kt ¼
v
ce

pn; Gs ¼ Gt ¼
3
2

1� 2m
1þ m

Ks ð17Þ

and thus

St ¼ 1
9K�1

t � 1
6G�1

t

� �
eeT þ G�1

t I � 1
2E

� �
; ð18Þ

where I is the unit matrix and

e ¼ ð1;1;1;0;0;0ÞT; E ¼ diagðeÞ: ð19Þ
3.2.2. Tangent hardening modulus
Replacing the tangent hardening modulus in (16) by a secant

modulus, Hs, and comparing to (12), we identify

Hs ¼
v

cp � ce

jnþ1 � jn

lnðjnþ1=jnÞ
2pnþ1 � jnþ1

pnþ1
: ð20Þ

In analogy with the tangent elastic modulus, the tangent hardening
modulus appears by letting jn+1 � jn tend to zero and evaluating p
at time tn:

Ht ¼
v

cp � ce
jn
pn
ð2pn � jnÞ: ð21Þ
3.3. Material softening

The hardening modulus Ht (21) may potentially become nega-
tive corresponding to material softening. Although this does not
invalidate the basic variational formulation it does make the math-
ematical program (13) nonconvex. Depending on the algorithm
used, this may cause numerical problems and is in any case an
undesirable feature. One way to circumvent this situation and
maintain a convex program at all times is via the following proce-
dure. Suppose that a solution (pn,jn) making Ht negative has been
computed. Instead of using this negative modulus in the next time
step, we set Ht = 0, solve the problem and then update jn+1 accord-
ing to the plastic volumetric strain thus determined:

jnþ1 ¼ exp ln jn þ
v

cp � ce
ðDep

vÞnþ1

h i
: ð22Þ

This procedure tends to underestimate the actual amount of soften-
ing in a given time step. However, by using sufficiently small steps
the error eventually becomes negligible (see Section 5.1 for
examples).

3.4. Global variational principle

The local material-point principle (14) is extended to a domain
of a finite size, i.e. a structure, by considering the strain e a variable
in its own right. A relevant variational principle can then be formu-
lated as

min
unþ1

max
ðr;jÞnþ1

Z
V
rT

nþ1$ðDunþ1ÞdV

�
Z

V
bTDunþ1dV �

Z
S

tTDunþ1dS

� 1
2

Z
V

DrT
nþ1StDrnþ1dV

� 1
2

Z
V

H�1
t Dj2

nþ1dV

subject to Fðrnþ1;jnþ1Þ 6 0; ð23Þ
where strains have been related to the displacements by e ¼ $u,
with $ being the usual linear strain–displacement operator, b are
the body forces acting in the volume V, and t are the tractions acting
on the boundary S.

3.4.1. Euler–Lagrange equations
Following the treatment of the material point principle, the Eu-

ler–Lagrange equations are derived by first constructing the fol-
lowing functional:

J ¼
Z

V
rT

nþ1$ðDunþ1ÞdV �
Z

V
bTDunþ1dV �

Z
S

tTDunþ1dS

� 1
2

Z
V

DrT
nþ1StDrnþ1dV � 1

2

Z
V

H�1
t Dj2

nþ1dV

þ
Z

V
l ln snþ1dV �

Z
V

Dknþ1 Fðrnþ1;jnþ1Þ þ snþ1½ �dV : ð24Þ

The governing equations then follow as by taking functional deriv-
atives (see e.g. [30,39]):

dJ
dunþ1

¼ rTrnþ1 þ b ¼ 0; in V ;
NTrnþ1 ¼ t; on S;

(

dJ
drnþ1

¼ $Dunþ1 � StDrnþ1 � knþ1rrFðrnþ1;jnþ1Þ ¼ 0;

dJ
dknþ1

¼ �½Fðrnþ1;jnþ1Þ þ snþ1� ¼ 0;

dJ
djnþ1

¼ �H�1
t Djnþ1 � knþ1rjFðrnþ1;jnþ1Þ ¼ 0;

dJ
dsnþ1

¼ �knþ1 þ ls�1
nþ1 ¼ 0) snþ1knþ1 ¼ l; ð25Þ

where the static boundary conditions have been recovered via inte-
gration by parts and the kinematic boundary conditions are as-
sumed to hold a priori.

3.5. Finite element discretization

The variational principle (23) is discretized in space by intro-
ducing finite element approximations to the state variables r, j
and u. Using standard finite element notation, we have

rðxÞ � NrðxÞr̂;
jðxÞ � NjðxÞĵ;
uðxÞ � NuðxÞû; ru � BuðxÞû;

ð26Þ

where Bu ¼ $Nu. In standard finite formulations, the stress shape
functions in Nr are chosen as being continuous within the elements
and discontinuous between elements while Nu in addition are con-
tinuous between elements and usually one polynomial degree high-
er than Nr. The hardening variable is interpolated in the same
manner as the stresses. Substituting the above approximations into
the variational principle (23) leads to the following discrete
principle:

min
ûnþ1

max
ðr̂;ĵÞnþ1

DuT
nþ1BTr̂nþ1 � 1

2Dr̂T
nþ1SDr̂nþ1

� 1
2DĵT

nþ1
eHDĵnþ1 � DûT

nþ1p
subject to Fjðr̂nþ1; ĵnþ1Þ 6 0; j ¼ 1; . . . ;n; ð27Þ

where the yield function has been enforced at a finite number of
points and



Table 1
Cam clay parameters used in Examples 1, 3, and 4.

Compression index ce 0.008
Recompression index cp 0.07
Poisson’s ratio m 0.3
Friction angle (Eq. (49)) / 24�
Specific volume v 1.5
Soil unit weight c 20 kN/m3
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B ¼
Z

V
BT

u Nr dV ;

S ¼
Z

V
NT

rStNrdV ;

eH ¼ Z
V

NT
jH�1

t Nj dV ;

p ¼
Z

V
NT

u bdV þ
Z

S
NT

u t dS:

ð28Þ

The minimization part of this problem may be solved first to yield

BTr̂nþ1 � p ¼ 0: ð29Þ

These discrete equilibrium equations are included as constraints in
the remaining maximization part of the problem to finally give

maximize � 1
2Dr̂T

nþ1SDr̂nþ1 � 1
2DĵT

nþ1
eHDĵnþ1

subject to BTr̂nþ1 ¼ p
Fjðr̂nþ1; ĵnþ1Þ 6 0; j ¼ 1; . . . ;n: ð30Þ

This form of the problem is the one actually solved. In doing so, the
displacement increments are recovered as the dual variables (La-
grange multipliers) to the discrete equilibrium equations.

3.6. Undrained conditions

So far, no distinction has been made between total and effective
stresses. However, under conditions where significant excess pore
pressures are possible, the constitutive relations should be formu-
lated in terms of effective stresses. In the following, we use the
most common definition of effective stress:

r0 ¼ r� ew; ð31Þ

where r are total stresses, w is the pore pressure, and e is given by
(19). With this definition of stress, undrained conditions can be ac-
counted for via the following modification of the variational princi-
ple (23):

min
unþ1

max
ðr;jÞnþ1

Z
V
ðr0nþ1 þ ewÞT$ðDunþ1ÞdV

�
Z

V
bTDunþ1dV �

Z
S

t0TDunþ1dS

� 1
2

Z
V

Dr0Tnþ1StDr0nþ1dV

� 1
2

Z
V

H�1
t Dj2

nþ1dV

� 1
2

Z
V

DwT
nþ1K�1

w Dwnþ1dV

subject to Fðr0nþ1;jnþ1Þ 6 0; ð32Þ

where Kw is the bulk modulus of the pore fluid and t0 are the ‘effec-
tive tractions’, i.e. tractions due to effective rather than total
stresses.

Besides the fact that the constitutive equations are formulated
with respect to effective stresses, the main differences between
the resulting governing equations and those of the drained case
(25) is that the equilibrium equations now read:

rTðr0nþ1 þ ewÞ þ b ¼ 0; in V ;

NTr0nþ1 ¼ t0; on S:
ð33Þ

Moreover, by taking functional derivatives as in the previous sec-
tion, an equation relating the volumetric strain to the pore pressure
is obtained:

eT$Dunþ1 ¼ K�1
w Dwnþ1; ð34Þ

where fully incompressible conditions are attained for K�1
w ¼ 0.
Assuming that w is interpolated in the same way as the stresses,
the final optimization to be solved in each step is given by

maximize � 1
2Dr̂0Tnþ1SDr̂0nþ1 � 1

2DĵT
nþ1
eHDĵnþ1

subject to BTr̂0nþ1 þ ATŵnþ1 ¼ p;
Fjðr̂0nþ1; ĵnþ1Þ 6 0; j ¼ 1; . . . ;n;

ð35Þ

where AT
i ¼ BT

i ei and fully incompressible conditions ðK�1
w ¼ 0Þ have

been assumed.

3.7. Fixed-point iteration scheme

While the use of tangent elastic and hardening moduli may
necessitate rather small time steps, some improvements could be
expected by use of the corresponding secant moduli, (7) and (20)
respectively. Indeed, use of these moduli in place of St and Ht in
the time-discrete governing equations reproduces a fully implicit
time discretization which is known to be reasonably accurate
when applied to realistic boundary value problems. The obvious
limitation to using them in the scheme described above is that they
depend on the unknown state at time tn+1. Although it in principle
is possible to estimate the unknown state by extrapolation, we
have found this approach to be unreliable and, on average, less
accurate than simply using the tangent moduli.

Another option, which has been used with more success, is to
first compute a solution using the tangent moduli, use this solution
to estimate the secant moduli and then recompute a new solution
with the tangent moduli replaced by secant moduli. This procedure
may be carried out a number of times, for example until the solu-
tion, measured in some objective way, converges, i.e. does not
change significantly between one iteration and the next. In partic-
ular, we have used the following convergence criterion successfully

jwjþ1
nþ1 � wj

nþ1j
wjþ1

nþ1

< TOL; ð36Þ

where subscript n + 1 refers to the time step, superscripts j and j + 1
refer to two subsequence predictor–corrector solutions, and

wJ
nþ1 ¼ 1

2ðr̂
jþ1
nþ1 � r̂nÞTSJ

nþ1ðr̂
jþ1
nþ1 � r̂nÞ

þ 1
2ðĵ

jþ1
nþ1 � ĵnÞT eH J

nþ1ðĵ
jþ1
nþ1 � ĵnÞ: ð37Þ

A value of TOL = 0.01 usually leads to satisfactory solutions in one to
three iterations.

4. Second-order cone programming

The finite-dimensional optimization problem (30) may be
solved in a number of ways using both general [14,21] and more
specialized methods. A relatively recent approach is to cast the
problem in terms of a second-order cone program (SOCP), which
can be solved very efficiently by means of dedicated algorithms.
A noteworthy feature is the straightforward handling of yield sur-
face singularities, in contrast to most general convex programming
solvers which assume (implicitly or explicitly) that the inequality
constraints are smooth. Most solvers operate with a standard form
given by
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minimize cTx
subject to Ax ¼ b;

xj 2 Kj; j ¼ 1; . . . ;n;

ð38Þ

where it is assumed that the variable vector x can be decomposed
into n subvectors such that x = (x1, . . . ,xn)T, where each subvector
contains elements x1, . . . , xm, with m potentially being different
for each subvector. For each subvector a single conic constraint is
imposed. The two most common forms of conic constraints involve
the quadratic cone:

Kq : x1 P
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

2 þ � � � þ x2
m

q
ð39Þ

and the rotated quadratic cone:

Kr : 2x1x2 P x2
3 þ � � � þ x2

m; x1; x2 P 0 ð40Þ

both of which have proved to be very useful in optimization based
computational plasticity schemes [16].

4.1. Elastoplasticity in SOCP standard form

The first step in bringing the incremental elastoplastic problem
(30) on SOCP standard form is to cast the yield inequalities in
terms of second-order cones. This can be done in a number of
ways, for example using a single rotated quadratic cone. This re-
quires the introduction of a set of new variables, namely
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x1 ¼ M2p ¼ �1
3M2ðr11 þ r22 þ r33Þ;

x2 ¼ j� p ¼ jþ 1
3ðr11 þ r22 þ r33Þ;

x3 ¼ 1ffiffi
2
p ðr11 � r22Þ;

x4 ¼ 1ffiffi
2
p ðr22 � r33Þ;

x5 ¼ 1ffiffi
2
p ðr33 � r11Þ;

x6 ¼
ffiffiffi
3
p

r12;

x7 ¼
ffiffiffi
3
p

r23;

x8 ¼
ffiffiffi
3
p

r31:

ð41Þ

The original yield inequality (3) may then be cast in terms of a ro-
tated quadratic cone of the type (40).

Secondly, the problem of minimizing a quadratic function as in
(30) can be recast as a minimization of a linear function subject to
a quadratic constraint. Consider the following problem:

maximize cTx� 1
2xTQx ð42Þ

or, in terms of minimization:

minimize 1
2xTQx� cTx: ð43Þ

This is equivalent to:

minimize t � cTx

subject to 1
2xTQx� t 6 0;

ð44Þ
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where t is an auxiliary variable. The inequality will here be satisfied
with equality at the optimal solution. Furthermore, a second auxil-
iary variable may be introduced to arrive at the following form:

minimize t � cTx

subject to xTQx� 2tu 6 0;
u ¼ 1:

ð45Þ

Introducing a new set of variables y ¼ Q
1
2x, we have

minimize t � cTx

subject to 2tu P yTy;
u ¼ 1;

y ¼ Q
1
2x:

ð46Þ

The inequality is here recognized as a rotated quadratic cone and
the original quadratic programming problem (42) has thus been
brought on SOCP standard form (38). When this methodology is ap-
plied to the problem (13), it is worth paying attention to the fact
that the quadratic objective function in most cases can be written
as a sum of quadratic functions, for example:

1
2DrSDr ¼

Xn

j¼1

1
2DrjSjDrj: ð47Þ

Since the matrix square root of the coefficient matrix S is required,
very significant savings may result from paying due attention to the
fact that S in many cases is block-diagonal. Moreover, if possible, it
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Fig. 4. Undrained
is generally advantageous to split cones containing a large number
of variables into a number of cones containing a smaller number of
variables. For the above case, it is convenient to let these smaller
cones correspond to each submatrix Sj so that each rotated qua-
dratic cone of the type (46) contains at most 8 or 9 variables (6
stresses, 2 auxiliary variables and possibly a hardening variable if
S and eH are combined).

4.2. Algorithm

The basic principle behind any SOCP algorithm is to solve the
optimality conditions associated with (38). These are given by
[1–3,6,34]

Ax ¼ b;

ATy þ s ¼ c;
SXe ¼ 0;
xj; sj 2 Kj; j ¼ 1; . . . ;n;

ð48Þ

where e is a vector and S and X are block-diagonal matrices that all
depend on the type of cone.

In the present study an algorithm based on the homogeneous
interior-point method (see e.g. [2,34]) has been developed. This
solver, SONIC, which will be detailed elsewhere, attempts to take
advantage of the particular structure of problems arising from fi-
nite element discretizations and has proven to be highly efficient,
both for general SOCPs as well as those arising in computational
plasticity. The typical iteration count varies between 15 and 30,
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independent of the problem size and characteristics (e.g. material
model, parameters, etc.). In each iteration, the majority of the com-
putational effort is spent on solving a positive-definite system of
linear equations given by AHAT with H being a block-diagonal
matrix. Applied to elastoplasticity, this system is dominated by
the term BTDB with D being a block-diagonal matrix that can be
thought of as an algorithmic elastoplastic modulus. Each iteration
in SONIC is thus roughly equivalent to an iteration in a conven-
tional Newton based scheme for elastoplasticity.
Fig. 5. Biaxial test (N = 4).

Table 2
Cam clay parameters for biaxial test.

Compression index ce 0.0005
Recompression index cp 0.0015
Poisson’s ratio m 0.3
Friction angle (Eq. (49)) / 28�
Specific volume v 1.5
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5. Examples

In the following, a series of examples demonstrating the capa-
bilities of the new SOCP formulation of Cam clay elastoplasticity
is given. In all examples, the slope of the critical state line, M, is
related to a Coulomb friction angle, /, by matching the Drucker–
Prager criterion to the Mohr–Coulomb criterion for plane strain:

M ¼ 3 sin /ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ sin2 /

q () sin / ¼ M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3� 1
3M2

s
: ð49Þ

Also, in all calculations, the specific volume is assumed constant
and the initial earth pressure coefficient is K0 = r11,0/r22,0 = r33,0/
r22,0 = 1.0 where applicable.

5.1. Example 1: triaxial material point tests

We begin by considering a single material point and perform
conventional drained and undrained compression test simulations.
In all cases, the initial confining pressure is p0 = 200 kPa. Two differ-
ent overconsolidation ratios OCR = j0/p0 are considered: OCR = 1,
and OCR = 10. The material parameters are given in Table 1.

5.1.1. Drained tests
In these tests, a stress state r1 = r2 = r3 = p0 is first imposed

after which the axial strain, e1, is increased while r2 = r3 are kept
constant. This implies a stress path given by _q= _p ¼ 3 where p and
q are given by (4). The results for OCR = 1 and OCR = 10 are shown
in Fig. 3. The predictor–corrector scheme has here been used to
generate the results for 20 and 100 increments. For both initial
conditions, OCR = 1 and OCR = 10, the new scheme produces re-
sults that are in good agreement with the exact solution. The re-
sults for OCR = 10, which involve a considerable softening, are
particularly encouraging.

5.1.2. Undrained tests
In these tests, an initial state characterized by p0 = p00 = 200 kPa

is first established. The vertical strain, e1, is gradually increased
while maintaining incompressibility, ev = 0. This leads to the gener-
ation of pore water pressures as shown in Fig. 4. Again, the agree-
ment between the numerical and exact solutions is satisfactory for
both overconsolidation ratios.

5.2. Example 2: biaxial test

Next, a standard biaxial test is considered. A prismatic sample
(see Fig. 5) is first subjected to a uniform horizontal and vertical
pressure, r3 = 200 kPa. The vertical stress, r1, is then increased
while the horizontal stress is kept constant.

The material parameters used are shown in Table 2. A classical
limit analysis solution gives a ultimate vertical stress equal to

r1=r3 ¼ tan2 45� þ 1
2/

� �
: ð50Þ
However, this solution assumes a flow rule associated with the crit-
ical state line. In contrast, the modified Cam clay model operates
with a flow rule that implies a state of zero dilation at the ultimate
limit state. Assuming that the deformations are homogeneous, it
can be shown [15,17] that the limit solution is given by

r1=r3 ¼ tan2 45�þ 1
2/h

� �
; ð51Þ

where

sin /h ¼ Mh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3� 1
3M2

h

s
; ð52Þ

with

Mh ¼
Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 1
9M2

q : ð53Þ

For the friction angle in question, / = 28�, we have /h = 26.9�, and
thereby a slight reduction in limit load from r1/r3 = 2.77 to
(r1/r3)h = 2.66.

The full load–displacement solution is shown in Fig. 6 for a nor-
mally consolidated soil, OCR = 1. We here see that the response is
strictly hardening, i.e. the stress path is always below the critical
Fig. 6. Load–displacement curves for biaxial test.



Fig. 7. Evolution of effective shear strain.

Table 3
Solution statistics for biaxial test example showing the number of horizontal subdivisions according to Fig. 5 (N), the number of six-node elements (Elem), the number of
displacement degrees-of-freedom (DOF), the number of variables in the SOCP (nA), the number of linear equality constraints (mA), the number of conic constraints (nK), the density
of the linear equality constraint matrix A (dA = number of non-zeros divided by nA �mA), the mean number of iterations for 50 load steps (Iter), and the computational time per
load step in seconds (CPU) for a 2.3 GHz Pentium processor.

N Elem. DOF nA mA nK dA Iter. CPU

8 192 850 10,419 7,762 1,151 3.97e�4 18.2 1
16 768 3,234 41,517 30,882 4,608 1.00e�4 17.9 2
32 3,072 12,610 166,083 177,202 18,432 2.51e�5 19.4 8
64 12,288 49,794 663,939 492,162 73,728 6.28e�6 20.1 42

128 49,152 197,890 2,654,979 1,967,362 294,912 1.57e�6 20.8 192
256 196,608 788,994 10,617,859 7,866,882 1,179,648 3.93e�7 21.0 1,170
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state line. This solution has been computed on the basis of a single
patch of two triangular elements.

Next, we compute numerical solutions using finite element
meshes of the type shown in Fig. 5. A weak element with
ce

weak ¼ 100ce and cp
weak ¼ 100cp is introduced close to the center

of the sample. This weakness should not have any influence on
the ultimate limit load and, as the mesh is refined, the global re-
sponse prior to this state should also be unaffected. However, this
is not what is observed. Indeed, as seen from Fig. 6, beyond some
magnitude of loading corresponding to a displacement of u/
B ’ 0.08, the response begins to deviate quite significantly from
that of the homogeneous solution to eventually converge to a load
level well below that of the homogeneous solution.

On examining the evolution of the effective shear strain, Fig. 7,
we see that the deviation between the two solutions coincides
with the development of a highly localized mode of deformation
Fig. 8. Strip footing.
which in this case is defined by a shear band aligned along the
diagonals of the mesh at an angle h = 53.1� with the horizontal.

This result, that shear banding with an accompanying softening
can take place under conditions of plane strain even for OCR = 1,
was first pointed out in [19]. Thus, even though the stress path
associated with the homogeneous problem implies a positive-def-
inite acoustic tensor at all times, the imperfection introduced in
the finite element model, together with the ability of Cam clay to
soften, leads to a situation where a global bifurcation is possible.
Finally, it should be noted that in this example, the load-deforma-
tion behavior was quite insensitive to the mesh density, in contrast
to what usually is observed in finite element calculations involving
softening models.

Regarding the ultimate residual level of the localized solution, it
can be shown that the kinematics of the shear band (which is as-
sumed to be of zero thickness), imposes a constraint on the stress
state such that the ultimate limit solution is given by [15,17]:

r1=r3 ¼ tan2 45� þ 1
2/l

� �
; ð54Þ

where

sin /l ¼ Ml

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3� 1
3M2

l

s
; ð55Þ

with

Ml ¼
Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4
9M2

q : ð56Þ

For the material parameters used in this example, we have
/l = 24.4� and thereby (r1/r3)l = 2.41 or (r1 � r3)l = 281 kPa. This
solution corresponds to a shear band inclination angle of
hl ¼ 45� þ 1

2/l ¼ 57:2� and the computed solution shown in Fig. 6
which corresponds to an inclination following the diagonals of the
mesh at h = 53.1� is thus somewhat above this level. We also note
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some slight oscillations similar to those observed for the Mohr–
Coulomb model in [15,17] where they were shown to stem from
slight reorientations of the shear band past the point of initial
bifurcation.

Regarding the computational time, some solution statistics are
shown in Table 3. As seen, the largest problem solved contained
some 200,000 six-node triangles corresponding to almost
800,000 displacement degrees-of-freedom. In all cases, solution
of the SOCPs defining the problems was realized in about 20 itera-
tions regardless of the problem size, localization characteristics,
etc. In contrast, conventional Newton methods tend to be some-
what unreliable for problems where large changes occur over a
small time interval such as during localization.

5.3. Example 3: strip footing

The next example concerns the strip footing shown in Fig. 8. The
mesh contains approximately 2,500 quadratic displacement/linear
stress elements giving rise to a total of some 10,000 displacement
degrees-of-freedom. The strip footing problem is a demanding one
due to the singularity at the footing edge and the principal stress
rotations in its vicinity. It is similar to the well-known Nc problem
which is known to be particularly difficult to deal with using con-
ventional methods, both in terms of obtaining accurate solutions
and in terms of convergence of Newton–Raphson type schemes. In-
deed, for this example, it is crucial to be able to deal effectively
with the situation where the stresses and the hardening variable
are zero and the yield surface shrinks to a point.

We consider undrained conditions, i.e. the load is applied at a
rate much greater than the characteristic pore water pressure dis-
sipation time. Again, the analyses are carried out for OCR = 1 and
OCR = 10.

The fixed-point iteration scheme described in Section 3.7 is ap-
plied for 5 and 10 equal size displacement increments. The results
shown in Figs. 9 and 10 agree well with a 1000 increment reference
solution, even for the coarsest time step. Regarding the computa-
tional effort, it should be noted that the fixed-point iteration
scheme requires the solution of a sequence of problems within
each time step. For the 5 increment calculations, the total number
of solutions thus amounted to 14 (for OCR = 1) and 10 (for
OCR = 10). Similarly, the 10 increment calculations, required a total
of 19 (for OCR = 1) and 15 (for OCR = 10) solutions. The SOCP iter-
ation counts were similar to those of the previous example.

5.4. Example 4: excavation

The last example concerns the excavation sketched in Fig. 11.
Undrained conditions are assumed and the overconsolidation ratio
is set to OCR = 2. To simulate the excavation, the elements are
deactivated in either one single stage or in several stages starting
from the ground surface. The deactivation is realized by imposing
a zero state of stress and pore water pressure in the excavated ele-
ments. The results, in terms of the downward vertical displace-
ment of the excavation crest (point A in Fig. 11) are shown in
Fig. 12. Four different excavation sequences were used. Initially,
the excavation was carried out in a single stage (Dd = 10 m) and
then by removing the material from the ground surfaces in stages
of Dd = 5, 2, and 1 m. As seen from Fig. 12, the results appear to
converge for Dd = 1 m. It is, however, of interest to note that a sin-
gle stage furnishes reasonable results as long as the response is pri-
marily elastic (below a depth of about 5 m).

6. Conclusions

A second-order cone programming formulation of modified
Cam clay has been developed. Compared to conventional schemes,
the new formulation has unsurpassed robustness. Indeed, conver-
gence in each time step is in practice virtually guaranteed and we
have not once encountered the opposite using both SONIC as well
as MOSEK and SeDuMi. In terms of accuracy, the new scheme is on
par with most conventional schemes and although the number of
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global Newton–Raphson type iterations required by the new
scheme is somewhat higher than with conventional methods
(when they perform at their best), we believe that this is more than
made up for by the robustness of the new scheme.

Besides this tangible advance in dealing with a very common
and widely applied soil model, the paper also demonstrates that
there appears to be very few limitations to the kinds of constitutive
models that can be dealt with using the type of variational/math-
ematical programming framework presented in Section 3. The for-
mulation of softening plasticity in terms of a strictly convex
program is particularly noteworthy in this regard. It has further
been demonstrated that large-scale problems can be handled with-
out excessive time consumption or deterioration of algorithmic
performance. These results point to an alternative numerical
framework with the same generality as those already in existence,
notably the common implicit scheme [30,33].
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