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SUMMARY 

Geotechnical stability analysis is traditionally performed by a variety of approximate methods that 
are based on the theory of limit equilibrium.  Although they are simple and appeal to engineering 
intuition, these techniques suffer from a number of serious disadvantages, not the least of which is 
the need to presuppose an appropriate failure mechanism in advance.  This feature can lead to 
inaccurate predictions of the true failure load, especially for realistic problems involving layered 
materials, complex loading, or three-dimensional deformation. 

A much more rigorous method for assessing the stability of geostructures became available with the 
advent of the limit (or bound) theorems of classical plasticity in the 1950s.  These theorems can be 
used to give upper and lower bounds on the predicted collapse load (a most valuable property in 
practice), do not require assumptions to be made about the mode of failure, and use only simple 
strength parameters that are familiar to geotechnical engineers.  Although many ingenious bound 
results have been derived using analytical or numerical methods, practical application of the limit 
theorems has been restricted by the need to develop specific solution strategies for each problem.  
Over the last decade, the Newcastle Geotechnical Research Group has developed powerful new 
methods for performing stability analysis that combine the limit theorems with finite elements and 
optimisation.  These methods are very general and can deal with layered soil profiles, anisotropic 
strength characteristics, complicated boundary conditions, and complex loading in both two and 
three dimensions.  Indeed, they have already been used to obtain new stability solutions for a wide 
range of practical problems including soil anchors, slopes, foundations under combined loading, 
excavations, tunnels, mine workings, and sinkholes. 

This paper gives an outline of the new techniques and considers a number of practical applications.  
Future research developments will also be highlighted. 

1 STABILITY ANALYSIS 

Stability analysis is used to predict the maximum load that a geostructure can support without 
failing.  This load is known as the collapse load, the failure load, the limit load, or the ultimate load, 
and can be used to determine the allowable working load by dividing by a predetermined factor of 
safety.  The precise value of the factor of safety depends on the geostructural application, with 
lower values being used for slopes and higher values being used for foundations.  Rather than 
imposing a factor of safety on the limit load to obtain the allowable load, it is also possible to apply 
a factor of safety to the strength parameters for the geomaterial prior to performing the stability 
analysis. 

Once the allowable load is known, the working settlements can be obtained using some form of 
settlement analysis (e.g. elastic analysis or nonlinear finite element analysis).  In some cases, 
serviceability constraints on the deformations actually control the allowable load that can be 
imposed on a geostructure and, consequently, its load-carrying capacity is not fully utilised.  
Broadly speaking, there are four main methods for performing geotechnical stability analysis: limit 
equilibrium, limit analysis, slip-line methods, and the displacement finite element method.  In this 
paper we will focus on the first two techniques.  



1.1 LIMIT EQUILIBRIUM 

Limit equilibrium is the oldest method for performing stability analysis and dates back to the time 
of Coulomb (1773).  To estimate the limit load, this approach presupposes a failure mechanism and, 
typically, assumes that the stresses on the failure planes are limited by the traditional strength 
parameters c and φ .  The chief advantages of the limit equilibrium method are its simplicity and 
long history of use.  Its main disadvantage is the need to guess the shape of the failure surface in 
advance, with poor guesses giving poor estimates of the failure load.  For many geotechnical 
problems the likely form of the failure surface is not intuitively obvious, especially if the problem 
has an irregular geometry, is subject to complicated loading, and involves layered or fractured 
media.  Other shortcomings of the technique are (a) the resulting stresses do not satisfy equilibrium 
everywhere, (b) there is no simple means of checking the solution accuracy, (c) it is hard to 
incorporate anisotropy and inhomogeneity, and (d) it is difficult to generalise the procedure from 
two to three dimensions.  To illustrate the key features of the limit equilibrium approach, we 
consider the classical problem of a smooth strip footing resting on a deep layer of undrained clay, as 
shown in Figure 1. 
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Figure 1 Smooth strip footing on deep layer of undrained clay 

Let us first assume that failure occurs along a circular surface, whose centre is directly above the 
edge of the footing, as shown in Figure 2.  Let us further assume that the undrained shear strength is 
fully mobilised along this failure surface at the point of collapse, so that = ucτ . 
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Figure 2 Limit equilibrium failure surface for strip footing 

Taking moments about 0 we obtain 
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The critical surface geometry is the one which gives the lowest value of q, so that 
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This simple nonlinear equation in θ  can be solved to yield 66.8critθ = °  which, after substituting in 
(1), furnishes 
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This value is about 7% above the well-known exact solution of (2 ) uq cπ= + derived by Prandtl 
(1920). 

1.2 

p

LIMIT ANALYSIS 

Limit analysis is based on the plastic bounding theorems developed by Drucker et al. (1951), and 
assumes small deformations, a perfectly plastic material [Figure 3(a)], and an associated flow rule 
[Figure 3(b)].  The latter assumption implies that the plastic strain rates ijε

( )f
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surface ijσ , so that ij ij/p fε λ σ= ∂ ∂  where λ

Figure 3 

 is a non-negative plastic multiplier rate (or plastic 
multiplier).  Note that in plasticity theory it is necessary to work with velocities and strain rates, 
rather than displacements and strains, because the latter are undefined at collapse. 
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(a) Perfectly plastic material model and (b) associated flow rule 
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The lower bound theorem employs the notion of a statically admissible stress field, which is simply 
a stress field that satisfies equilibrium, the stress boundary conditions, and the yield criterion.  For a 
perfectly plastic material model with an associated flow rule, it can be shown that the load carried 
by any statically admissible stress field is a lower bound on the true limit load.  Although the limit 



load for such a material is unique, the optimum stress field is not.  This implies that it is possible to 
have a variety of stress fields that will give good lower bounds.  To illustrate the application of 
lower bound limit analysis, we again consider the smooth rigid footing problem of Figure 1.  The 
simple stress field shown in Figure 4, which consists of three distinct zones separated by two stress 
discontinuities, is statically admissible since it satisfies equilibrium, the stress boundary conditions, 
and the undrained (Tresca) yield criterion u1 3 2cσ σ− =

Figure 4 

.  Note that each stress discontinuity is 
statically admissible because the normal and shear stresses are the same on both of its opposing 
sides, and that equilibrium is automatically satisfied everywhere in each zone because the unit 
weight is zero and the stress field is constant. 
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Lower bound stress field for strip footing 

Since the vertical principal stress in the zone beneath the footing is 1 4 ucσ = , the stress field gives a 
lower bound on the bearing capacity of . 4lowq c=

Figure 5 
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Upper bound failure mechanism for strip footing 

The upper bound theorem employs the notion of a kinematically admissible velocity field, which is 
simply a velocity field that satisfies the velocity boundary conditions and the plastic flow rule.  For 
such a field, it can be shown that an upper bound on the collapse load is obtained by equating the 
power expended by the external loads to the power dissipated internally by plastic deformation.  



Note that although the true limit load from such a calculation is unique, the actual failure 
mechanism is not.  A simple upper bound mechanism for our strip footing example is shown in 
Figure 5.  For this case, failure is assumed to occur by rigid body rotation, with all the internal 
energy being dissipated along the velocity discontinuity.  From the geometry of Figure 5, the rate of 
internal energy (or power) dissipation is 

 d ( ) (2int int
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where ω  is the angular velocity of the section about point 0 and u∆ is the tangential velocity jump 
across the discontinuity.  Equating this quantity to the rate of external work (or power) expended by 
the forces  
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 and the optimal upper bound for this mechanism as 
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Combining this result with the previous lower bound estimate we obtain 

 4 5.5u uc q c≤ ≤  

Note that the limit equilibrium and upper bound calculations give the same estimate of the collapse 
load, but this is generally not the case for more complex failure mechanisms.  Bearing in mind the 
limitations of the simple material model that they assume, the great attraction of the limit theorems 
is their ability to provide rigorous upper and lower bounds on the collapse load.  This is a major 
advantage for complex practical problems where the failure load is difficult to estimate by other 
methods, and is one of the few instances in nonlinear computational mechanics where the error in 
the solution can be estimated directly.  Although the limit theorems can be applied analytically to 
give useful bounds, numerical methods provide a more general means of harnessing their power and 
have become increasingly popular.  Of the various numerical options available, finite element 
formulations have become the method of choice for practical applications and will be the focus of 
attention in this paper.  These procedures inevitably result in some form of optimisation problem, 
the solution of which defines either a statically admissible stress field or a kinematically admissible 
velocity field.  Finite element formulations of the limit theorems inherit all the advantages of the 
finite element method, and can model complex geometries, layered soils, discontinuities, 
complicated loadings, and a wide variety of boundary conditions.  The key challenge, however, is to 
devise formulations and solution algorithms that are robust, efficient, and extendable to three 
dimensions. 

The implicit assumption of an associated flow rule in the bound theorems has resulted in some 
debate on their suitability for frictional soils.  Although it is well known that the use of an 
associated flow rule predicts excessive dilation during shear failure of such a soil, it is less clear 
whether this feature will have a major impact on the resulting limit load.  Indeed, it can be argued 
that the flow rule will have a major influence on this quantity only if the problem is strongly 
constrained in a kinematic sense (Davis, 1968).  For geomechanics problems which involve a freely 
deforming ground surface and a semi-infinite domain, the degree of kinematic constraint if often 



low and it is reasonable to conjecture that the bound theorems will give good estimates of the true 
limit load.  If we assume the plastic potential is convex and contained within the yield surface, we 
can quantify the effect of the flow rule more precisely by using the following results: (1) a 
conventional upper bound calculation gives a rigorous upper bound on the limit load for an 
equivalent material with a non-associated flow rule (Davis, 1968); and (2) a rigorous lower bound 
on the limit load for a non-associated material can be obtained by substituting the plastic potential 
for the yield criterion in the static admissibility conditions (Palmer, 1966).  Although conceptually 
useful, the bounds so obtained can be far apart if the dilatancy angle is considerably less than the 
friction angle.  In another approach, Drescher & Detournay (1993) suggest that limit loads for soils 
with non-associated flow rules can also be estimated by using rigid block mechanisms with reduced 
discontinuity strengths.  These reduced strengths are functions of the friction and dilatancy angles, 
and follow the formulas derived by Davis (1968). 

2 PROBLEM DEFINITION 

Consider a body of volume V  and boundary area A  as shown in Figure 1.  Let  and t q  denote, 
respectively, a set of fixed surface stresses (or tractions) acting on the boundary  and a set of 
unknown tractions acting on the boundary 

t A
qA .  Similarly, define g  and h  to be a system of fixed 

and unknown body forces acting over the volume V . 
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In a lower bound calculation we seek a stress distribution Τ, ,xx yy zz xy yz xzσ σ σ τ τ τ= { , , , }σ  which 
satisfies equilibrium throughout V , balances the prescribed tractions  on , nowhere violates the 
yield criterion 

t At 
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V

0

 d d
q V

Q A
Α

=  +  ∫ ∫q h  

In an upper bound calculation we search for a velocity distribution u  which satisfies 
compatibility, the flow rule, the velocity boundary conditions  on the surface area 

T{ , , }x y zu u u=
w Aw , and 

minimises the internal power dissipation defined by 

 T dint pP V= ∫σ ε  

where ε  are the plastic strain rates.  An upper bound on the limit load is 
then found by equating  to the power expended by the external loads, which may be written as 
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To compute rigorous bounds on the collapse load, the body is discretised using linear finite 
elements.  The resulting upper and lower bound solutions can be compared directly to give the mesh 
discretisation error, which is a major benefit in practical applications where the exact solution is 
unknown and hard to estimate using conventional methods.  To give the best possible bounds, 
kinematically admissible velocity discontinuities and statically admissible stress discontinuities are 
incorporated at all inter-element boundaries for the two types of analyses.  These discontinuities 
compensate for the use of low order elements and prevent the well-known phenomenon of ‘locking’ 
for undrained (incompressible) soil models in upper bound calculations.  Rather than considering 
formulations based on yield surface linearisation and linear optimisation, we will now describe 
techniques that employ the native yield function and nonlinear optimisation.  These methods are not 
only efficient for two and three-dimensional geometries, but also allow very general types of yield 
criteria to be considered. 

3 FINITE ELEMENT LOWER BOUND FORMULATION 

We now outline a finite element lower bound formulation proposed by Lyamin & Sloan (2002a), 
with some new modifications for handling stress discontinuities.  This procedure has proved very 
successful in large-scale practical applications, and is being developed for commercial release.  The 
linear elements used to compute the statically admissible stress field are shown in Figure 6. 
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Figure 6 

3.1 

Figure 7 

Linear elements for lower bound limit analysis 

The lower bound procedure is formulated as a nonlinear optimisation problem, where the nodal 
stresses and/or element body forces are the unknowns and the objective function to be maximised 
corresponds to the collapse load.  The unknowns are subject to equilibrium equality constraints for 
each continuum element, equilibrium equality constraints for each discontinuity, stress boundary 
conditions, and a yield condition inequality constraint for each node.  Each of these aspects is now 
briefly described for the two-dimensional case (similar relations can be developed for three 
dimensions). 

OBJECTIVE FUNCTION 

The objective function corresponds to a force (the collapse load) which is to be maximised.  The 
common case of optimising the normal and shear load along a boundary segment in two-dimensions 
is shown in Figure 7. 
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Optimising the load along a boundary 



Since the stresses vary linearly, the normal and shear loads on an element edge of length  are 
given by 

L
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where the local surface stresses n  and q sq  can be expressed in terms of the Cartesian stresses at 
node k using the standard transformation equations 
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When summed over each loaded boundary edge, the contributions nQ  and sQ  give the total force 
which is to be maximised for the whole structure.  In the case of body force loading, which is most 
often due to unit weight, the objective function contribution for each element is merely the body 
force component times the element volume. 

3.2 

σ

CONTINUUM EQUILIBRIUM 

Over each two-dimensional element, the stresses vary according to the relations 
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where are the shape functions at some node k. After substituting these into the standard 
equilibrium equations for a solid 
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we obtain two equality constraints for each element.  When summed over all elements in the mesh, 
these define the global equilibrium constraints for the mesh. 

3.3 

 

DISCONTINUITY EQUILIBRIUM 

To improve the accuracy of the computed collapse load, stress discontinuities are permitted at all 
edges that are shared by adjacent elements.  Figure 8 illustrates such a stress discontinuity 
positioned between the edges of two adjacent triangles. 
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Figure 8 Statically admissible stress discontinuity 

To satisfy equilibrium, and therefore be statically admissible, the normal and shear stresses must be 
the same on both sides of the discontinuity according to the relations 
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Thus each pair of nodes on a stress discontinuity imposes two equilibrium equality constraints on 
the associated nodal stresses.  Summing over all nodal pairs on the discontinuities gives the global 

ilibrium constraints.  Recently, Krabbenhøft et al. (2005) proposed a simple 
and elegant technique for modelling discontinuities in the upper bound method which is also 
applicable to the lower bound method (Lyamin et al., 2005).  The basic idea, illustrated for the two-

imensional case in Figure 9, is to model each stress discontinuity by a p
elements and collapse certain nodal pairs to the same coordinates. 
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Figure 9 Patch-based stress discontinuity 

Lyamin et al. (2005) show that using Equations (4) and (5) to impose the standard equilibrium 
conditions over triangles 1T  and 2T , and setting 1 1 2 2( , ) ( , )x y x y=  and 3 3 4 4( , ) ( , )x y x y= , leads to the 
equilibrium relations (6).  Thus the normal and shear stresses are continuous across the 
discontinuity, but the tangential stress ssσ  can jump.  This type of formulation permits 
discontinuities to be modelled using standard continuum elements and is very simple to implement. 

3.4 STRESS BOUNDARY CONDITIONS 

To satisfy equilibrium, the transformed stresses for any boundary node must match the prescribed 
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Figure 10 Stress boundary conditions 
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With reference to Figure 10, this requirement may be expressed by the equations 
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edges where surface stresses are prescribed. 

3.5 YIELD CONDITIONS 

Since the stresses are assumed to vary linearly over an element, the yield condition ( )f σ  will be 
satisfied at every point if we impose the inequality constraint ( ) 0kf ≤σ  for each node k .  In the 
two-dimensional case, this implies that the nodal ent are subject to three 

onlinear inequality constraints. 

3.6 LOWER BOUND NONLINEAR OPTIMISATION PROBLEM 
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linear programming problem (8), which constitutes a statically admissible 
stress field, can be found efficiently by solving the system of nonlinear equations that define its 
Kuhn-Tucker optimality conditions.  The two-stage quasi-Newton solver designed by Lyamin 
(1999) and Lyamin & Sloan (2002a) for this purpose usually requires less than about 50 iterations, 
regardless of the problem size.  Because it does not require the yield surface to be linearised, this 

pe of lower bound formulation can be extended to three dimensions and us
yield criteria. 

4 A FINITE ELEMENT UPPER BOUND FORMULATION 

We now outline the finite element upper bound formulation first proposed by Lyamin & Sloan 

ty ed with a wide range of 

(2002b), with a new patch-based method for modelling velocity discontinuities (Krabbenhøft et al., 
2005).  This procedure, which is the first to incorporate velocity discontinuities in three dimensions 
with general types of yield criteria, is applicable to large-scale problems and is also being 



commercialised.  The elements used to compute the kinematically admissible velocity field, shown 
in Figure 11, use a linear variation of the velocities and constant stresses. 
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Figure 11 Linear elements for upper bound limit analysis 

The upper bound procedure is formulated as a nonlinear optimisation problem, where nodal 
velocities and element stresses are the unknowns and the objective function to be minimised is the 
internal power dissipation.  To satisfy the requirements of the upper bound theorem, the unknowns 
are subject to constraints arising from the flow rule, the velocity boundary conditions, and the yield 
condition.  Each of these aspects is now briefly described for the two-dimensional case (similar 
relations can be developed for three dimensions). 

4.1 OBJECTIVE FUNCTION 

In the finite element upper boun ds to the internal d formulation the objective function correspon
dissipated power.  This quantity is minimised and equated to the work expended by the external 
loads to give the limit load.  Noting that the stresses and plastic strain rates are constant over each 
element, and summing over all the elements, the internal power dissipation may be written as 

 T Td ( )int p p e

e
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For each  that relates the (constant) plastic strain rates to the nodal 
velocities according to 

 element there exists a matrix eΒ
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eΒ  is the strain-displacement matrix from conventional finite element analysis, multiplied by the 
lement volume.  Inserting Equation (10) into Equation (9) gives

for the mesh, in terms of the unknowns stresses and velocities, as 

where  is a global vector of element stresses,  is a global vector of nodal velocities, and 
e= ∑Β . 

4.2 CONTINUUM FLOW RULE 

or a two dimensional element, the 
flow rule conditions may be written as 

e  the total internal dissipated power 
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To be kinematically admissible, and thus give an upper bound on the limit load, the velocity field 
must satisfy the constraints imposed by an associated flow rule.  F
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where λ  is the plastic multiplier.  Combining Equations (10) and (11), the flow rule constraints for 
each element may be expressed as 

where 

  (12) ( ), 0, ( ) 0e e e ef fα α α= ∇ ≥ =B u σ σ

eVα λ= .  Thus, for the two-dimensional case, the flow rule generates four equality 
straints and one inequality constraint on the velocity field per element.  Since the yield function 
ot linearised, all the equality constraints are generally nonlinear. 

.3 DISCONTINUITY FLOW RULE 

 procedure is identical to that discussed previously for the lower 
bound method, with each discontinuity being modelled by a collapsed patch of standard continuum 
lements.  For the two-dimensional case, shown in Figure 12, each

triangles and has 6 unknown stresses. 

 Patch-based velocity discontinuity 
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Velocity discontinuities can be incorporated using the patch-based formulation of Krabbenhøft et 
al. (2005).  The concept behind this
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Figure 12

If we let the discontinuity width 0δ → , it may be shown (Krabbenhøft et al., 2005) that the local 
strains in each triangle approach the following values 
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where ( , )n su u∆ ∆  are finite velocity jumps in the normal and tangential directions which are related 
to the Car city jumps by 
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From Equation (13) we see that the strains become infinite as 0δ → , but the strains times the 
lement volume remain finite according to e
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where h is the out-of-plane element thickness.  The above relations confirm that discontinuous 
rule 

∆
× = × = ∆  (14) 

velocity jumps can be modelled by merely imposing the flow constraints (12) over each 
triangle and setting 1 1 2 2( , ) ( , )x y x y=  and ( , ) ( , )3 3 4 4x y x y= .  This s discontinuity elements to 
be treated in exactly the same way as contin

allow
uum elements and is simple to implement.  Moreover, it 

is extendable to three dimensions and permits general types of yield criteria to be modelled. 

.4 VELOCITY BOUNDARY CONDITIONS 

As shown in Figure 13, the transformed velocities must match the prescribed velocities for any 
boundary node. 

 
itions 

 
2

,n n n nu w u w⎧ ⎫ ⎧ ⎫ ⎧ ⎫ ⎧ ⎫
= =  

s

uu
u

β β

4

w

2
sw 2

nw

1
nw

1
sw

1

2
x

ns
β

Figure 13 Velocity boundary cond

In two dimensions, this requirement may be expressed by four equality constraints 
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where, for some node k, the transformed nodal velocities are given by standard relations 
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ties. 

4.5 YIELD CONDITIONS 

ld condition

These constraints must be applied to all boundary nodes that have prescribed veloci

 ( )f σThe yie  can be satisfied at every point in the mesh if we impose the inequality 
constraint ( ) 0ef ≤σ  for each element e .  In two-dimensions, this implies that the stresses for each 

4.6 UPPER BOUND NONLINEAR OPTIMISATION PROBLEM 

After assembling the objective function coefficients and constraints for a mesh, the upper bound 
nonlinear optimisation problem can be expressed as 

triangular element are subject to one nonlinear inequality constraint. 
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where  is a global vector of unknown element stresses,  is a global vector of unknown nodal 
velocities, B  is a global compatibility matrix, Tσ B u ipated power, A is a matrix of 
equality con traint coefficients, b e

σ

σ u
 is the diss

s  is a known vector of coefficients, α  is the plastic multiplier 
mes the volume for element e , and ( )ef σ  is the yield function for elemen
quation (15) constitutes a ki issible velocity field and  b

treating the system of nonlinear equations that define the Kuhn-Tucker optimality conditions.  
Interestingly, these optimality conditions do not involve e

ti t e .  The solution to 
E e found efficiently by nematically adm  can

α  
included as unknowns.  The two-stage quasi-Newton solver proposed by Lya in (1999) and 
Lyamin & Sloan (2002b) usually requires less than about 50 iterations, regardless of the problem 
size, and results in a very efficient formulation. 

btained are rigorous upper and lower bounds on the 
true collapse load.  This means that the difference between the bounds gives a direct measure of 
the mesh d cient 
to base a design on the lower bound solution, with the upper bound solution providing an 

(3) Apart from providing an accuracy check, the bounding property of the methods provides some 

(4) sotropic and 
inhomogeneous soil properties. 

(5) 

(6)  fields.  This means that they can 
model jointed media and soil-structure interfaces in a natural manner.  It also means that, even 

(7) Compared with the traditional incremental finite element method, the procedures are very fast 
and straightforward to use. 

, so these quantities do not need to be
m

5 KEY FEATURES OF FINITE ELEMENT LIMIT ANALYSIS 

The upper and lower bound methods described in the preceding sections have a number of 
important advantages that make them very attractive for geotechnical analysis.  These include: 

(1) The limit load is given directly, without the need to perform a complete incremental analysis.  
This is a major advantage in large scale three-dimensional applications, where stability analysis 
using the conventional finite element method is both difficult and time consuming. 

(2) For the material model assumed, the loads o

iscretisation error in the solution.  For many practical problems it is often suffi

accuracy check as well as insight into the failure mechanism. 

insurance against operator error.  

The methods can handle complex boundary and loading conditions, as well as ani

No assumptions are needed in advance about the shape of the failure surface (unlike limit 
equilibrium calculations). 

The methods permit discontinuities in the stress and velocity

with a modest number of elements, the computed solutions are often quite accurate. 



6 IMPLICATIONS OF AN ASSOCIATED FLOW RULE 

For a Mohr-Coulomb material the strength is governed by the cohesion  and friction angle c′ φ′ , 
while the volume change during plastic shearing is controlled by the dilatancy angle ψ ′ .  With an 
associated flow rule we assume ψ φ′ ′= , whereas for a real soil we often observe that ψ φ′ ′< .  
Figure 14 shows the dilation predicted by these two different assumptions for plastic shearing along 
a planar failure surface.  For the same shear displacement increment (velocity jump) su∆ , the 

ociated flow rule case gives a larger normal displacement increment (velocity jump) nuass ∆ , and 
ce a larger volume change in the material. hen

e shown that, under a general state of stress, the 

 
Figure 14 Dilation during shearing on a planar failure surface 

Defining tensile strains as positive, it may b
volumetric plastic strain rate is related to the maximum principal strain rate by the relation 

2
1(tan (45 / 2) 1)p p

vε ψ ε′= ° + − .  This implies that, for a plot of p
vε  versus 1

pε , the slope is zero when 
0ψ ′ =  and greater than zero when 0ψ ′ > .  The limitations of an associated flow rule are shown in 

Figure 15, which illustrates typical results for drained triaxial tests on real soils. 

 
Figure 15 Drained triaxial test behaviour of real soils 

Note that the flow rule is of little consequence for undrained soil behaviour, where all plastic 
deformation takes place at constant volume ( 0u uψ φ= = ).  For drained behaviour, however, the 
implicit assumption of an associated flow rule in the bound theorems causes frequent debate about 
their suitability for predicting limit loads.  Although the use of an associated flow rule predicts 
excessive dilation during shear failure of frictional soils, it is unclear whether this feature will have 
a major impact on the resulting limit load.  Davis (1968) argued that the flow rule will have a major 
influence on this quantity only if the problem is strongly constrained in a kinematic sense.  For 
problems which involve a stress-free ground surface and a semi-infinite domain, the degree of 
kinematic constraint is often low and it is reasonable to conjecture that the bound theorems will give 
good estimates of the true limit load.  This conclusion is supported by the fact that, for many 
practical examples, identical limit loads can be obtained from very different failure mechanisms. 
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To illustrate the influence of the flow rule on the collapse load, consider the drained compression of 
a plane strain block of length L and D, shown in Figure 16.  Provided 

/ tan(45 / 2)L D
diameter 

ψ ′> ° + , an inclined failure plane is free to form across the specimen and the exact 
collapse pressure is given by 2 tan(45 / 2)uq c φ′ ′= ° + .  For a shorter specimen with / 1L D = , finite 
element limit analysis with an extremely fine mesh (4096 elements, 12288 nodes, 6086 
discontinuities) and an associated flow rule gives lower and upper bounds on the exact collapse 
pressure as 4.47 4.55uc q c′ ′≤ ≤ . 

uq

rough platen

rough platen

θ

 
Figure 16 Compression of plane strain block 

The nonlinear finite element computer program SNAC (Abbo & Sloan, 2001) is used to analyse this 
problem for two different /L D  ratios (1 and 3) with two different flow rules (associated and non-
associated).  This code has a number of key refinements for predicting the fully plastic response of 
geostructures accurately, including automatic stress integration, automatic load stepping, and high 
order elements such as the highly successful quartic triangle first proposed by Sloan & Randolph 
(1982).  The mesh employed for the case of / 1L D = , shown in Figure 17, exploits the symmetry 
inherent in the problem by considering one quarter of the body and comprises 200 quartic elements. 
A similar mesh is used for the case of / 3L D
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= , except that the mesh is repeated three times in the 

vertical direction, giving a total of 600 quartic elements. 
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Figure 17 Finite element mesh for compression of plane strain block ( ) 

0yu =

/ 1L D =



 

 
Figure 18 Collapse of plane strain block 

The results from the various displacement finite element analyses are shown in Figure 18.  For the 
case of / 3L D = , where the failure plane can form freely across the specimen without intersecting 
the loading platens, the ultimate load is unaffected by the flow rule and agrees precisely with the 
theoretical value of / 2 tan(45 / 2)uq c φ′ ′= ° + .  Indeed, the load-deformation plots for the examples 
with 30ψ φ′ ′= = °  and 0, 30ψ φ′ ′= = ° are indistinguishable.  This confirms the suggestion that, for 

tic constraint is low, the flow rule will not have a major influence 
k contrast to those for the short specimen with 

/ 1L D = e is unable to form without intersecting the end platens, the 
ation field is kinematically more constrained, and the limit load for the non-associated flow 
terial is about 14% lower than that for the associated case.  Unfortunately it is not always 

possible to quantify the effect of the flow rule in this manner, as non-associated computations for 
frictional materials with the displacement finite element method are frequently prone to numerical 
failure, especially when 

cases where the degree of kinema
on the collapse load.  These results are in star

 where the previous failure plan
deform
rule ma

ψ φ′ ′  (de Borst & Vermeer, 1984). 

7 APPLICATIONS 

The finite element limit analysis formulations described above are fast and robust and can model
cases which include inhomogeneous soi g, natural discontinuities, 

giving a
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ls, anisotropy, complex loadin

complicated boundary conditions, and three dimensions.  They not only give the limit load directly, 
without the need for an incremental analysis, but also bracket the solution from above and below, 
thereby n exact estimate of the mesh discretisation error.  These features greatly enhance 
the practical utility of the bounding theorems, especially in three dimensions where conventional 
incremental methods are often expensive and difficult to use.  Early versions of the finite element 
limit thods, which were based on linearised yield surfaces and linear optimisation 
(Sloan, 1988; Sloan, 1989; Sloan & Kleeman, 1995), are suitable for small to medium sized 
problems and have been used successfully to predict the stability of tunnels (Assadi & Sloan, 1991; 

 Assadi, 1991), slopes (Yu et al., 1998), foundations (Merifield et al., 1999; Ukritchon et 
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al., 1998), anchors (Merifield et al., 2001), braced excavations (Ukritchon et al., 2003), and 
longwall mine workings (Sloan & Assadi, 1994). Later versions of the methods, based on the 
nonlinear optimisation methods described in this paper, have been used to study sinkhole collapse 
(Augarde et al., 2003a), tunnel stability (Lyamin & Sloan, 2000), mine stability (Augarde et al. 
2003b), foundation bearing capacity (Shiau et al., 2003; Salgado et al., 2004; Hjiaj et al., 2004, 
Hjiaj et al. 2005), and anchor capa  (Me ). city rifield et al., 2003, 2005

In this Section we describe some applications of the finite element limit analysis methods to 
illustrate the types of cases they can model and the results that can be obtained. 

7.1 UNDRAINED STABILITY OF A CIRCULAR TUNNEL 

The undrained stability of a circular tunnel in clay is an important practical problem that has been 
studied previously by Davis et al. (1980) and Sloan & Assadi (1992).  Here we consider the case of 
a shallow tunnel, of diameter D  and cover H , in a soil whose shear strength increases linearly with 
depth (Figure 19).  This idealised problem models a bored tunnel in soft ground where a rigid lining 
is inserted as the excavation proceeds and the unlined heading, of length L , is supported by an 
internal pressure tσ .  Collapse of the heading is triggered by the action of the surcharge sσ  and the 
soil unit weight γ .  Although the assumption of plane strain is valid only when L D , the stability 
for this case is more critical than that of a three-dimensional tunnel heading and, therefore, yields a 
conservative estimate of the loads needed to initiate collapse.  For design purposes, the stability of 
the tunnel is described conveniently by the two dimensionless load parameters 0( ) /s t ucσ σ−  and 

0/ uD cγ .  In practice, as the tunnel is excavated, the unlined heading is supported by either 
compressed air or clay slurry.  This means that, in most design situations, the dimensionless 
quantities /H D /D c, 0uγ , D c/ 0uρ are known and it is necessary to be t the value of  able to predic

0( ) /s t ucσ σ−  at incipient collapse. 

 
tability of circular tunnel in undrained clay 

eshes that were used

Figure 19 S

Figure 20 shows typical m  for the lower and upper bound limit analysis 
calculations.  In the former case, special extension elements are attached around the border of the 
grid to extend the statically admissible stress field over the semi-infinite domain.  This “completes” 
the stress field and ensures that the lower bound results are truly rigorous.  No such extension is 
necessary for the upper bound analyses.  In both the lower and upper bound grids, discontinuities 
are present at all edges between adjacent elements, and more than one node can share the same 
physical co-ordinates. The problem is analysed by fixing c , 0u ρ , γ , H , D  and sσ , and then 
optimising the value of tσ− (i.e. the tensile stress on the face of n 
is employed to model the behaviour of the clay. 

the tunnel).  A Tresca yield criterio
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Figure 21 shows plots of 

 
Figure 20 Meshes for circular tunnel in undrained clay 
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Figure 21 Stability bounds for circular tunn

0( ) /s t ucσ σ  as a function of c−  D 0/ uγ  and 0/ uD cρ  for tunnels with 
/ 2, 4H D = .  The upper and lower bounds on these stability charts differ by less than 1%, and 

 the ability of the techniques to provide accurate estimates of the limit load.  Each analysis 
required less than 10 seconds on a desktop machine.  Figure 22(a) and Figure 22(b) illustrate, 
respectively, the velocity field and power dissipation at collapse for two tunnels with the same 
over and unit weight, but different strength profiles.  The failure mechanism for the increasing 

strength with depth case is clearly  mechanism for the 
uniform strength case, and reflects the fact that the soil will always fail in the weakest zones so as to 
minimise the energy dissipation.  The power dissipation contour plots provide a useful insight into 
the mode of failure, as they highlight the zones where high rates of internal plastic shearing occur. 
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Figure 22 Undrained failure mechanisms for circular tunnel 

The detailed centrifuge exp ducted by Mair (19 vide a tunity to compare 
o haviour against the predictions of limit analysis.  Some of Mair's results, for the case of 
a zero surcharge and a clay with a uniform undrained shear strength, are shown in Figure 23.  The 
stability bounds predicted by limit analysis are in excellent agreement with the experimental 
observations, which show surprisingly little scatter. 
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Figure 23 Comparison of theory with centrifuge experiment 

7.2 STABILITY OF A SQUARE TUNNEL IN COHESIVE-FRICTIONAL MATERIAL 

We now consider g unsupported squ e-frictional Mohr-
Coulomb material, as shown in Figure 24.  The tunnel, of dimension D and cover H, is subject to
the action of a uniform internal p
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ressure tσ  and self weight γ .  The material properties are assumed
to be uniform and, for the sake of si licity, the ground surcharge is taken as zero.  Under 

 
mp

conditions of plane strain, which are appropriate for a long horizontal tunnel, the stability 
characteristics are described by the dimensionless quantity /t cσ ′ .  This stability number is a 
function of the friction angle φ′  and the dimensionless parameters /H D  and /D cγ ′ .  The 



problem is analysed by fixing c′ , φ′ , γ , H  and D , and then optimising tσ−  (the tensile stress on 
the face of the tunnel). 

 

 
Figure 26 

Figure 24 Square tunnel in cohesive-frictional material 
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Figure 25 Meshes for square tunnel in cohesive-frictional soil 

Roof collapse mechanism for square tunnel in cohesive-frictional soil 
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Typical meshes for the upper and lower bound analyses are shown in Figure 25, while Figure 26 
illustrates a simple rigid block failure mechanism.  The latter is appropriate for materials with high 
friction angles, and predicts upper bounds on the limit load that are independent of the tunnel depth 
(H/D).  Indeed, equating the rate of work done by the external forces to the internal power 
dissipated in the two discontinuities gives the upper bound 

 / (1 ( / 4 ))cott c D cσ γ φ′ ′ ′− = −  (16) 

where we assume that the apex of the failure mechanism does not breach the ground surface so that  
/ cot / 2H D φ′≥ .  Figure 27 shows plots of / ctσ ′−  as a function of /D cγ ′  and /H D r tunnels  fo

with 10 , 40φ′ = ° ° .  On average, eac alysis requires hine and 
yield ower bounds that ket the exact solution quite closely.  For the cases where 

/ 1H D ≥  and 30

h an
 brac

about 30 seconds on a desktop mac
s upper and l

φ′ ≥ ° , the stability number is largely independent of the tunnel c  
ed ation (16) are accurate to within a few percent.  This illustrates the benefit 

of using simple rigid block calculations, not only to check the predictions of numerical methods, but 
also to provide an understanding of the dominant failure mechanism for a wide range of cases.  

 
Figure 27 Stability bounds for square tunnel in cohesive-frictional soil 

 
Figure 28 Power dissipation for square tunnel in cohesive-frictional material 
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Figure 28 illustrates the power dissipation contours at collapse for tunnels with the same unit weight 
and cohesion, but different friction angles and covers.  For shallow tunnels with / 1H D = , 
increasing the friction angle from 10°  to 40°  alters the failure mode dramatically, with the latter 
case exhibiting a roof collapse mechanism which is very similar to that shown in Figure 26.  This 
type of failure is also clearly evident for a deeper tunnel with / 1H D =  and 40φ′ = ° . 

7.3 STABILITY OF AN UNSUPPORTED CIRCULAR EXCAVATION 

We now consider the stability of an unsupported circular excavation, of height H  and radius R , in 
a cohesive-frictional Mohr-Coulomb material (Figure 29).  This problem is axisymmetric, but is 
analysed using a three-dimensional 15°  slice as shown in the typical lower bound mesh of Figure 
30.  Upper bound meshes are similar to those for the lower bound calculations, except that the 
extension elements are no longer necessary.  The governing stability number for this case, /H cγ ′ , 
is a function of both φ′  and /H R .  To perform the bound calculations, the latter quantities are 
fixed and the former quantity is found by optimising the unit weight. 
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/H cγ ′Limit analysis solutions for the stability number , shown in Table 1, give upper and lower 
bounds which differ by a maximum of 2.5%.  For the case of a shallow excavation where / 1H R = , 
the agreement is even better with a difference of less than 1%. 

Table 1. Stability numbers for unsupported circular excavation 

 Stability number c/sN Hγ ′=  
 / 1H R =  / 2H R =  / 3H R =  

φ′  LB UB LB UB LB UB 
0° 5.16 5.19 6.00 6.07 6.65 6.78 
10° 6.57 6.60 7.95 8.05 9.11 9.27 
20° 8.46 8.53 9 13.10 10.73 10.93 12.7

Figure 31 plots the lower and upper bound results and, for the purely cohesive case, compares them 
with those of Britto & Kusakabe (1982), Pastor & Turgeman (1979), and Pastor (1981).  Britto & 
Kusakabe’s upper bounds were obtained from an axisymmetric mechanism, while the others were 
found from finite element formulations of the limit theorems based on linear programming.  This 
comparison confirms the ability of the new methods to provide accurate solutions in three 
dimensions. 

 

Soil anchors are c e uplift or lateral 
resistance, such as trans ost plate 
anchors are usually square, circular or pe, existing solutions typically assume a 
condition of plane strain for simplic y.  th case of strip anchors in clay have been 
obtained by Merifield et al. (2001), who applied earlier versions of the finite element limit analysis 
methods described in this paper.  Rigorous solutions for mo neral a r shapes are rare, with a 
notable exception being the treatm hors b tin & lph (2   Following 
Rowe & Da 982), r beh  may be divided into two distinct categories; namely those 
of "immediate breakaw nd "n kawa  the iate ay c is assumed 
that, under loading, the bottom face of the anchor separates from the surrounding soil and the 
associated vertical stress is reduced to zero.  This corresponds to the situation where there is no 
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Figure 31 Stability bounds for circular excavation 

7.4 UPLIFT CAPACITY OF RECTANGULAR PLATE ANCHORS IN CLAY 

ommonly used as foundation systems for structures that requir
mission towers, sheet pile walls, and buried pipelines.  Although m
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adhesion or suction between the soil and the anchor.  In the no breakaway case the opposite is 
assumed, with the soil/anchor interface sustaining adequate tension to ensure the anchor remains in 
contact with the soil at all times.  This models the case where a substantial adhesion or suction 
exists between the anchor and the soil.  The field behaviour of an anchor is likely to fall somewhere 
between these two extremes, but it is more conservative to assume that immediate breakaway 
occurs. 
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Figure 32 Shallow and deep anchor behaviour 

 
Figure 33 Rectangular plate anchor in clay 
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A further complication of anchor behaviour is that it can be classified as either shallow or deep, 
depending on the mode of failure (Figure 32).  An anchor is classified as shallow if, at ultimate 
collapse, the observed failure mechanism reaches the ground surface.  The uplift capacity in this 
case increases with increasing embedment depth.  In contrast, deep anchor behaviour is 
characterised by localised shear failure around the anchor, so that the uplift capacity becomes 
independent of the embedment depth.  The depth at which the transition between shallow and deep 
behaviour occurs is known as the critical embedment depth, and is a key design quantity.  Burying 
anchors below the critical embedment depth gives no increase in uplift capacity, but can 
dramatically increase construction costs. 

u uQ q BL=

B

L

H
Unit weight   γ=
Undrainedshear strength   uc=



We consider here the undrained uplift capacity of a rectangular plate anchor, of width B and length 
L, buried in clay at a depth H (Figure 33).  The soil is modelled using the Tresca yield criterion with 
a uniform shear strength c  and unit weight u γ .  To be conservative, immediate breakaway 
underneath the anchor is assumed.  Under these conditions, the ultimate uplift capacity of the 
anchor may be written as 

 u c uq N c Hγ= +  (17) 

where the breakout factor 0( / )c u uN q c γ ==  is a function of 

 versus  for various aspect ratios 

( / , / )H B L B . 

 
Figure 34 Illustrative mesh for analysis of rectangular anchor in clay 

Figure 34 shows an illustrative mesh for the three-dimensional limit analysis calculations (the actual 
meshes used were much finer than this). 

 
Figure 35 Breakout factors for rectangular anchors 

Figure 35 (a) shows plots of /L B  with 0cN /H B γ = . For the 
c unds bracket the exact breakout factors to ase of a strip anchor ( /L B = ∞ ), the upper and lower bo
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within a few percent.  The bounds are less good for the cas nce of square a hor, however, where there 
is a 25 percent difference at larger embedment depths.  This discrepancy is caused by the 2 GB 
memory limit on our Windows machine, which restricted the number of elements that could be used 
in the upper and lower bound calculations.  Figure 35(b) shows plots of N  versus /H B  for 

/ 2L B =  and / 3L B = , and compares the theoretical predictions with the ex ental r  
 the two is reasonably good for shallow embedment depths, but 

is less good for deeper cases.  One possible cause for this discrepancy is the large uncertainty 
ith controlling and measuring the undrained shear strength in laboratory chamber tests. 

c
perim esults of

Das (1980).  The agreement between
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Figure 36 Influence of self weight on breakout factor 

To examine the effect of self-weight, Equation (17) can be re-written in the form 

 u c uq N cγ=  

where /c c uN N H cγ γ= + .  This indicates that a plot of cN γ  versus / uH cγ  should have a slope of
unity.  This is confirmed in Figure 36, which shows lower bound results for a square anchor at 
various depths with various soil unit weights.  Note that the uplift capacity does not increase
indefinitely and reaches a maximum value * 11.90cN

 

 
=  once the anchor develops a deep failure 

mode. 

To compute the limiting breakout factor *cN  for a rectangular footing with an arbitrary /L B  ratio, 
it is sufficiently accurate to use linear interpolation between the values for a square and a strip 
(Merifield et al., 2003).  Assuming that / 10L B =  gives similar behaviour to that of a strip, this 
gives 
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As discussed by Merifield et al. (2003), the results from finite element limit analysis can be used to 
derive simple design procedures that are based on rigorous theory.  For the case of a rectangular 
anchor in undrained clay, one such procedure is as follows: 

 from design charts for a given ratios of  and 

(2) Com u

cN /L B /H B . (1) Compute 

pute /c cN N H cγ γ= + . 

(3) Compute  for given *cN /L B . 

(4) If  then anchor undergoes a deep mode of failure and u*c cN Nγ ≥ *u cq N c= . 

(5) If  then u*c cN Nγ < u cq N cγ=  

8 CONCLUSIONS 

New methods for performing stability analysis in two and three dimensions have been described.  
The techniques are based on the limit theorems of classical plasticity, finite elements, and nonlinear 
optimisation, and can be applied to a wide variety of geotechnical problems.  Unlike limit
equilibrium methods, no assumptio  need to be made in 
advance.  Moreover, because the numerical solutions fulfil all the conditions of the limit theorems, 

ate of the mesh 
discretisation error. 
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