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Whereas phase-change problems associated with heat conduction L - been well ~*udied during the 
last three decades, very little attention has been paid to phase changes taking place in convective heat 
diffusion. Numerical methods dealing with conventional phase change problems do not directly work in 
cases where a fluid is concerned. In this paper, an enthalpy method is extended to solve phase-change 
problems associated with fluids. By using the concept enthalpy, the governing equations are first 
reformulated into a single quasi-linear partial differential equation that implicitly takes into account the 
condition of phase change. This equation together with appropriate initial and boundary conditions are 
then decomposed into two sets of equations respectively representing a convection and a diffusion 
problem. The decomposition is accomplished in such a way that no phase contradiction occurs between 
the two separate problems. The convection problem is solved by the method of step by step 
characteristics and the diffusion problem by a Galerkin finite element method. Numerical examples 
demonstrate that the numerical method produces reasonable results. 

l .  Introduction 

Numerous attempts have been made to search numerical methods solving phase change 
problems during the last three decades and, indeed, effective techniques have been developed 
for handling difficulties such as moving boundaries and non-linearity [1-5]~ However,  almost 
all of  the methods are limited to phase changes taking place in stationary media and only heat  
conduction is considered. Recent concern for e.g. freezing of channel flow under  low 
temperature  and ice forming processes in arctic rivers, calls for at temion to phase change 
problems associated with convective heat  diffusion. 

Consider a fluid flowing through a channel which risks freezing. The possibdity of freezing 
depends not only on the rate of heat  diffusion and latent heat due to phase change, but also on 
the velocity of the fluid. The faster the fluid is flowing, the longer distance it can flow before 
freezing, For a very high velocity, diffasian may even be of less importance. This can be seen 
more clearly by considering the heat conservation equation 
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C(T) O__TT =V. (K(T)VT) - V .  (vC(T)T)  + q 
Ot 

in O, but T ~ Tt,  (1) 

where t denotes the time, C the volumetric heat capacity, T the ~emperature, V the gradient 
operator that results in a vector, K the thermal conductivity tensor, ~, the velocity of the fluid, 
q the heat source, O the domv~n of interest and Tf the freezing or phase-change temperature. 
This non-linear equation has a dual nature because of the appearance of both a first and a 
second order derivative in space. When the mean value ,,C is very small compared with the 
mean thermal conductivity K, i.e. a small Peclet number, the diffusion term (V.(KVT)) 
dominates and (1) behaves as a second order differential equation. For large Peclet number, 
the convection term (V.(uCT))  dominates and the equation behaves as a first order 
differential equation. 

Without taking the phase change into account, (I) represents an ordinary convection- 
diffusion problem and can be solved either in an Eulerian system or in a Lagrcagian system 
[6-8]. In a Lagrangian system, the convection term ~,. (CVT) can be included in the material 
derivative and the eqe-ation reduces to a pure parabolic type in the case of a uniform and 
steady state velocity field. But the need to use a deforming mesh or moving coordinates can 
result in mesh tangiing where the geometry or the boundary conditions change in the flo~ 
direction. On the other hand, solving the equation in an Eulerian system may give rise to 
problems such as overshoot and numerical dispersion and, consequently, special techniques 
such as upstream weighting are needed to handle such problems [9]. 

Recently many workers have turned to Eulerian-Lagrangian methods, in which the 
unknown is first decomposed into a convection part and a diffusion part, whereafter the 
method of characteristics is used to solve the convection problem and finite element method to 
solve the diffusion problem [8, 10]. These methods use a fixed mesh and are also effective in 
eliminating numerical dispersion and overshoot. In this paper, an Eulerian-Lagrangian 
method is extended to solve convection-dif~sion problems with phase change. 

Numerical solutions to phase-change problems associated with heat conduction can be 
performed either in a fixed mesh or in an adaptive me~h [1-3]. The methods using an adaptive 
mesh refine the mesh at each time step so that the phase interface always remains on 
boundaries between elements. The condition of phase change is then satisfied along these 
internal boundaries. However, this strategy is computationally expensive and can also cause 
problems such as mesh tangling. An outstanding example of fixed mesh techniques is the 
family of enthalpy methods [4, 5]. These methods use the concept of enthalpy either as the 
main unknown instead of the temperature or for the definition of an apparent heat capacity 
that accounts for the effect of latent heat. In the family of enthatpy methods, the condition of 
phase change is satisfied implicitly in the enthalpy which experiences a jump at the tempera- 
ture of the phase change. 

In this paper, the convection-diffusion equation is first reformulated using enthalpy, so that 
the phase-change condition is implicitly taken into account in a single quasi-linear partial 
differential equation. This equation together with appropriate initial and boundary conditions 
is then decomposed, in a manner without creating any phase contradiction, into two sets of 
equatio~,s representing a convection problem and a diffusion problem, respectively. The 
convection problem is first solved analytically by studying the associated characteristics. The 
solution is used as the initial condition for the diffusion problem which is solved by a Gaterkin 
finite element method. 
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2. Reformulation based on enthalpy 

In a multi-phase system, the convective-diffusion equation (1) is valid within each phase but 
not on the phase interfaces. On a phase interface, the following partial differential equation 
governing the phase change must be satisfied: 

:ri aT dS 
K aT - K  On r~f=b 0-'7' T = T  r, (2) 

where S denotes the phase interface, n the outward uni~ normal of S and L the latent heat. 
Equation (2) expresses an internal boundary condition and the boundary S is determined a 
posteriori from the teraperature field. A numerical soiutior iaat explici:.ly satisfies (2) requires 
mesh refinement at each time step, in order to track the moving boundary S. This is 
computationally very expensive and also inconvenient where a fluid is concerned. Therefore, 
in this paper only an implicit satisfaction of the phase change condition is considered, To 
achieve this, the concept enthalpy has to be utilized. 

Enthalpy is defined as the sum of sensible beat and latent heat. If a phase change takes 
place at a specific temperature, the enthalpy exhibits a jump at that point due to the latent 
heat released from the phase change. This discontinuity may cause difficulties in evaluating the 
enthalpy values at those nodal points having the phase change temperature. Thus, it is often 
assumed that the phase change takes place within a small temperature interval [Tf~, Tf2 ] and 
the enthalpy H is defined continuously as [11] 

f; H = C(T) d T ,  
r 

( T  

H =  J C ( T ) d T  + L ,  
Y r 

where T~ is a 
defined as 

T < T. , (3) 

Tfl ~< T < Tr.., (4) 

reference temperature. By use of the enthalpy, an apparent heat capacity C is 

C = d H / d T  . (6} 

A direct evaluation of C according to (6) is possible only when the phase change interva! 
[T. ,  Ttz] is fairly large. Otherwise, this direct evaluation may cause the risk of skipping the 
phase change interval in a single time step [12]. In order to avoid this risk, the averaging 
technique suggested by Lemmon [131 is used, which gives 

= ( V H ' T H ]  ~I2 
y r .  wr  t (7) 

In the finite element method discussed below, the enthalpy H is approximated in terms of the 
same shape function as used for the temperature T. When linear elements are used, the 



22 D. Sheng et al., Convective heat diffus'ion with phase ch,, ~ge 

gradients of bt,~h H and T are constants and thus (7) need only be performed once. The nodal 
va~tles of t ;  are evaluated at each time step according to integrals (3)-(5).  For higher degree 
basis functions as ~n isoparametric elemem~, ndmerical integration is needed. The gradients in 
(7) are no longer constant in an element. In this case, the gradient~ as well as the apparent 
heat capacity can be evalaate3 at the integration points. As a result, inhomogeneity of 
elements has to be dealt ~vith. 

With the definition of the appar,.nt heat capacity, the coupled equations (I)  and (2) can be 
rewritten in a weak form as 

OT 
~ -  = V-(KVT) - V .  (~,CT) + q .  (8) 

This quasi-linear equation is assumed to be valid within the entire temperature range. This 
together with the following initial and boundary conditions completes a well-posed problem: 

T(x, 0)=  T0(x), in O ,  (9) 

(vCT) .  m, + cr ; (T-  7~,) = Q, , on Fj , (I0) 

( -KVT).  m 2 + a 2 ( T -  T~2 ) = Q2, on/'2,  (11) 

where x is a vector defining space coordinates, F~ and ~ are the boundaries of the domain gP, 
m 1 and mz are the outward unit normals of F~ and Q, respectively, and T 0, T~L, T~2, a 1 , a 2, Q, 
and Q2 are prescribed functions. Both (10) and ( t i )  contain three types of boundary 
conditions, i.e. Dirichlet when a ~ ,  Neumann when c~ = 0 and Cauchy when 0 < a < oo. 

3. Decomposition and solution of convection 

In a Lagrangian coordinate system, (8) takes the form 

where 

DT  
C' -I)~ =V. (KVT) - CT(V./.,) + q ,  (12) 

D a 
D--t = b-~ + j' .V (13) 

denotes the material derivative. We now decompose the temperature T into the two parts, i.e. 
a convection part T and a diffusion part T, 

+ (14) 

where T satisfies the following initial value problem: 

= ,-: + v .v#= o, (15) 
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~(x, o) = T(x, 0) = To(x), 

(vCTY).m,+al(T-T~l)=Q1 on F I. 

23 

(16) 

(17) 

By subtracting (15) from (12), we obtain the following diffusion problem: 

- D T  C(~)t D~)~)=V.(K~T)-CTV. v+ q (18) 

subject to the initial and boundary conditions 

r(x, o) - ~( . ,  o) = o ,  (19) 

( -KVT) .m  2+a2(T-  T~)=Q~, on ~ .  (20) 

The set of equations (15)-(17) represents a convection problem and the set of equations 
(18)-(21)) a diffusion problem. The convection problem can be solved analytically by the 
method of characteristics and the diffusion problem numerically by, for example, the finite 
element method. 

One remaining question on the decomposition of the temperature is that phase contradic- 
tion may appear if any phase change in the convection problem is inconsistent with that in the 
diffusion problem. In fact, the temperature of a material particle should never pass the 
phase-change temperature during the convection, since the only parameter that accounts for 
the effect of latent heat, i.e. the apparent heat capacity C, does not appear in the convection 
problem. To make sure that the convection problem involves no fake phase change, we have 
to inspect the analytical solution of the convection problem. The differential equation (I5) has 
constant solutions along the family of characteristic curves defined by 

dx = ~'(x, t, T) .  (2l) 
dt 

In the case of a uniform steady state velocity field, (21) represents a femily of parallel lines in 
the x-t  space. Considering the initial condition (16), we have 

f(x,  t) = L ( x -  v 0 .  (22) 

In the case where the velocity u is explicitly only a function of the temperature, the associated 
characteristics are [14] 

x = ,,(To(h)) + h ,  (23) 

where h is an arbitrary coordinate vector. Equation (23) defines h = h(x, t) implicitly as a 
function of x and t; the solution of the convection problem is then given by 

7"(x, t)= To(h(x , t)) . (24) 
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t--t~ 

repeat for  next step 

t = ~ + A t  
i~ ;itia" solution by convection 

v 
t = tn + t~t 

final solution after diffusion 

rN 
Fig, 1, Schematic diagram of the decomposition in the case of a uniform and steady state velocity fi-ld. 

Both the solutions (22) and (24) represent a translation of the temperature field in the flow 
direction. The translation by (22) is uniform over the entire domain but that by (24) varies 
according to particular temperatures. 

On the boundary F~, T is forced to be 

l?= Qt + alto, 
4, m,) " (25) 

This inflow boundary usually contains only one phase, i.e. a liquid phase. 
In general, it has been shown that no phase change is involved in the convection problem. 

Phase changes take place only in tlae diffusion problem and hence no phase contradiction is 
created from the decomposition. 

The schematic view of the decomposition in the case of a uniform and steady state velocity 
field is shown in Fig. I. We assume that the temperature distribution at the time level t, is 
known as 7", and we search for the temperature distribution T,,+I at the time level t,+l = 
t, + At. We first let 7~, be the iniual condition of the convection problem and find the 'initial 
solution' 1",+l due to convection. This process is actually equivalent to translating a fictitious 
particle from each node backward to its position at t,, according to the velocity field. The heat 
diffusion during this translation is then computed by a finite element method to give the final 
solution T~+ l at t ,+ 1. 

4. Finite element method for tile diffusion problem 

The diffusion problem described by (18), (19) and (20) can be solved by a Galerkin finite 
element method. We multiply (18) by an arbitrary test function ~b and integrate over the 
domain ~. By using Green's theorem, the integral equation 
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f = - (KVT)-V~, dO + (K gT ) ,  m20 dF 
1"2 

- fo t~T(V-v)O d,O + £, qOd~ (26) 

is obtained. Let the unknown T be approximated by 

N 

T(x, t) = ~,, q,(x) Ti(t ) , 
i = 1  

(27) 

where ~g are ordinary shape functions defined piecewise element by element, T~ temperatures 
at nodal points and N the number of nodal points. 

In the Galerkin method, the test function 0 is set to be identical with the shape func6on ~pj. 
Substituting (27) and (20) into (26) and replacing 0 by q~j yields a system of ordinary 
differential equations, 

where 

~ ( D T ,  DT,) N 
~=1 Dt Dt A'4 = ~=, ~ T,B,,j + F i ,  (28) 

A,4  = ~a d~pj  d/2, (29) 

( i" 

F~=£~ q~i da2 + .if., (Q~ - a, L2),pi dF .  

(30) 

(3!) 

By use of matrix notation, (28) can be written as 

A - ~  N = B T + F .  (32) 

The time derivatives of the temperatures are approximated by the finite differences 

DT T,,+l - T, DT /:,+l - T, 
Dt At and Dt At (33) 

where Tn+l can be computed by (22) or (24) from T., or by (25) on the inflow boundary F~. 
Now using an Euler-backward scheme, the matrix equation (32) is solved by iteration, 

A,,+ (T,,+~ - T,,+I ' ~t ) = B.+,T.,+, + F,,+,. (34) 

So far, we have discussed the problem in general terms. Let us now apply the suggested 
solution technique to two space dimensions, use triangular elements with linear shape 
functions q~, and assume a piecewise uniform velocity field, isotropie heat diffusion and 
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constant thermal properties within each phase. With these assumptions, an explicit and three 
level time stepping scheme can be used ~-stead or t . e  implicit scheme (34). 

where 

/ r . + l  -- 

T.+I(x) = T. , (x-  ~, At) ,  ( x -  v a t )  in O ,  

(35) 

(36) 

and 

Q, + ~ iTs [  i 
T~+,(x) = ] , ( x -  v a t )  out o f . O ,  (37) 

+ ( v C ) .  ,° 

l".(x) = T ._ l (X -  2U At ) . ( x -  2u At) in J2, (38) 

Q t + a I T ~ t  [ . ( x - 2 ~ , A t )  o u t o f ~ .  (39) 

Equations (36) and (38) are the analytical solutions of the convection problem at the time 
level t,+ 1, by particle tracking for one step and two steps backwards, respectively. Equations 
(37) and (39) result from the fact that the temperatures of those new particles flowing into Y2 
during At and 2At, respectively, are controlled by the inflow boundary condition (17). 

In (35), tbe matrices A and B as well as the vector F are evaluated based on the 
temperature vector T,÷~. If we know the temperature distributions at two time levels t ,_l and 
t, ,  we can solve (35) explicitly for T~+ 1 at t,÷ 1 . 

5. Numerical example 

The example deals with the freezing of a short channel flow. Suppose that a l~ngth of 20 m 
of a channel is exposed to an air temperatmc of -z , ,  . . . . .  ,~. ~,.,.~i ,~ ~.-"~,~,~l~_. ~=~ 5 m wide and the 
water in it is 0.5 m deep, The water flows with an initial temperature 10 °C. The material 
properties are 
- water: K w = 0.6 W/InK, C w = 4.18 MJ/m3K; 
- ice: K i = 2.2 W/mK,  C i = 1.93 MJ/m3K; 
- latent heat of water-ice phase change: L -- 333 MJ/m3;  
-freezing temperature interval: [-0.001, 0.001] °C; 
-heat  transfer coefficient of the air-water interface: a = 20 W/m2K. 
If it is a laminar flow and both phases flow with exactly the same velocity, we need only 
consider the heat diffusion in a cross-section and follow this section in the flow direction. The 
phase distribution is stabilized at the time the cross-section reaches the cod of the channel. 
However, this Lagrangian solution does not suit the case where ice stays stationary since 
formation. In this case, we have to consider the problem in the plane parallel to the flow 
direction, as shown by Fig. 2. 

Assuming that 
- t h e  velocity of the liquid phase is uniform and stable both in direction and in magnitude, 
- t h e  solid phase stays stationary since formation, 
-phase change occurs within the temperature interval [0.001, -0.001] °C, 
- t h e  heating effect from the base is negligible, 
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-20 °C 

{ ' , l l l l l~ ' , : i i t f l i i l ' ,  . . . . . . . . . . . . . . . . . . . . .  . , , . r , .  . lk' 
c r o s s  s e c t i o n  . . . . . . . . . . . . . . .  I"'I . . . .  , ,  . , , ~ N  | U t  . . . .  I I I  

~ 1 1  ~ 1 t  I t l  I I I I I I I  I l l  I I ]  I ! IA' 

Fig. 2. The geometry and the finite clement mesh ol the channel. 

we can use the simplified version of the finite element method described in the previous 
section to model the growth of the ice cover. The finite element mesh is shown in Fig. 2. The 
position of  the phase interface is determined at each time step by interpolation with respect to 
the temperature gradient in the solid phase. 

The computed propagation of the phase interface is shown in Fig. 3. Ice starts to form 
downstream and grows upstream. The rate of the growth decreases as the water velocity 
increases. When the velocity reaches 10 cm/s,  no ice can form during 240 h. 

Figure 4 plots the temperature history at the cross-section A-A'.  It can be noted that once a 
temperature curve passes the freezing point, i.e. 0 °C, a corresponding fl'~dening happens to 
the neighbouring curves. This characteristic behaviour of  enihalpy methods is attributed to the 
fact that the latent heat released at the phase interface has been averaged to a neighbouring 
finite area [15]. 
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Fig. 4. Temperature history at the cross-section A-A'.  

It should be noted that the assumption of a uniform and stable velocity field for the liquid 
phase together with a stationary solid phase may violate the law of mass conservation. In a 
real situation, the water velocity increases due to tile decrease of the flow area as ice grows. 
Nevertheless, it is not impossible to apply a more complex and more realistic velocity field to 
this example problem. 

Although Neumann claimed that the Eulerian-Lagrangian finite element method works 
well for Courant numbers in excess of 1, it is found during computation that using a Courant 
number larger than 0.5 may result in oscillation in solution. Thus the following restriction on 
time steps is imposed: 

• [CA  e ~Ax) 
At= m l n ~ - - ~  , a¢ , (40) 

where A e denotes the area of an element, Ax the element length in the x direction and o~ c the 
Courant number which is assig'.led to 0.1 in this example. The results shown in Figs. 3 and 4 
are generally reasonable. Since no exact solution for this problem exists, validation of the 
numerical method can only be carried out by comparison with experiments, which, unfortu- 
nately, are lacking at the moT~!ent. 

6. Conclusie~i 

The finite element method presented in this paper provides a prior numerical solution to 
convective heat diffusion with phase change. The incorporation of an enthalpy method with an 
Euler~an-Lagrangian method has exhibited the effectiveness of handling the problem. A 
simplified version of the finite elemev.t method, i.e. for two space dimensions, linear shape 
functions, laminar flow and isotropic heat diffusion, is demonstrated giving reasonable results. 

Although a general implementation of the finite element method requires tremendous 
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programming work, simplified versions can be employed in many cases. The critical parameter 
that controls the feature of the solution is the velocity v. More realistic velocity fields can be 
obtained by taking into account mass conservation, which can consequently lead to physical 
elaboration of numerical modelling of for example ice-cover formation. 

Appendix A. Notation 

A 
B 
C 

F 
H 
h 
K 
L 
k't/1 

It'/2 

N 
Ql 
02 
q 
S 
T 

It,,, r, l 
To 
L 

t 
At 

X 

V 

O/I 
O/2 

rl 

q~ 

Heat capacity matrix 
Conductivity matrix 
Volumetric heat capacity 
Apparent heat capacity 
Heat supply vector 
Enthalpy J i m  ~ 
Arbitrary coordinate vector m 
Thermal conductivity tensor W/InK 
Latent heat J / m  3 

Outward unit normal of boundary F~ 
Outward unit normal of boundary F z 
Unit normal of phase interface 
Number of elements 
Heat flux on boundary F~ W / m  2 

Heat flux on boundary Q W / m  z 
Internal heat source W/w, 3 
Phase interface 
Temperature °C 
Convection part of T °C 
Diffusion part of T °C 
Phase change temperature °C 
Temperature interval for phase change °C 
Initial temperature °C 
Reference temperature °C 
Temperature on boundary F~ °C 
Temperature on boundary F z °C 
Time s 
Time step s 
Velocity vector m ]s 
Coordinate vector m 
Gradient operator 
Scalar products of two vector 
heat transfer coefficient on boundary F~ 
heat transfer coefficient on boundary F z 
Domain oi interest 
inflow boundary of g2 
Boundary of O 
Shape function 

J/m3K 
j /m3K 

W/m2K 
W/m2K 
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