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Abstract

The problem of rolling and sliding contact of a cylinder on the surface of a half-space of cohesive-frictional material is
considered. Three shakedown multipliers, of which two are upper bounds and one is exact are computed using a simple
numerical procedure. This latter solution differs significantly from previously published analytical solutions which, for real-
istic material parameters, typically overestimate the shakedown load by a factor of 1.5–2.5.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The shakedown limit has since the 1960’s been recognized as the rational design criterion for metallic con-
tacts such as rails, roller bearings, and traction drives (Johnson, 1987). More recently, starting with the work
of Sharp and Booker (1984), it has been suggested that the shakedown limit would be an equivalently rational
design criterion for road pavements subjected to traffic loads. Although the available experimental evidence is
not entirely conclusive, it would seem that shakedown theory does offer important insights into the mechanics
of the progressive degradation of road pavements (Sharp and Booker, 1984; Raad et al., 1988, 1989, 2005;
Radovsky and Murashina, 1996; Shiau, 2001). Recently, shakedown concepts have also been used to describe
the ratcheting behaviour of granular materials in general (Garcia-Rojo and Herrmann, 2005; Garcia-Rojo
et al., 2005).

The application of shakedown theory to the geomaterials that usually make up the pavement subgrade
requires consideration of a general cohesive-frictional yield criterion (as opposed to the purely cohesive criteria
used in metal plasticity). This feature significantly complicates the determination of the shakedown limit, both
in numerical and in analytical computations. In the past a number of attempts of both types of calculations
have been made. Firstly, in their pioneering paper, Sharp and Booker (1984) introduced the so-called method
0020-7683/$ - see front matter � 2006 Elsevier Ltd. All rights reserved.
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of conics, which can be seen as an application of Melan’s lower bound theorem, and solved a number of two-
dimensional problems where the load was approximated in terms of a trapezoidal pressure distribution. This
method was later given a kinematic interpretation by Collins and Cliffe (1987) and the resulting generalized
upper bound method was applied to a number of more realistic three-dimensional problems (Collins et al.,
1993; Collins and Boulbibane, 2000; Boulbibane et al., 2005).

Secondly, the problem has been treated numerically using a combination of finite elements and linear and
nonlinear programming techniques (Yu and Hossain, 1998; Shiau, 2001; Boulbibane and Ponter, 2005; Li and
Yu, 2006). Although these procedures are often advocated as being either upper or lower bound procedures,
they can in fact only be seen as being approximate since rigorous application of the shakedown theorems
implies that one knows the exact elastic stresses at every point of the domain. Furthermore, due to the lack
of exact shakedown solutions, these procedures are generally difficult to validate and one can observe a large
scatter in the results for even the simplest problems (Krabbenhoft et al., 2006).

Recently, Yu (2005) has sought to improve this unsatisfactory state of affairs by providing an analytical
solution for two classical benchmark problems, namely those of a homogeneous half-space subjected to either
two or three-dimensional Hertzian contact. This constitutes an important contribution towards establishing
exact solutions by which numerical procedures can be validated. The solutions of Yu (2005) were derived
by using the lower bound theorem of elastic shakedown. For cases with subsurface failure, Yu’s solutions
are shown to give rigorous lower bounds.

When surface failure becomes critical, however, Yu’s solutions may exceed those from a rigorous lower
bound analysis due to the fact that the residual stresses are not constrained to satisfy the yield condition
and equilibrium (unlike the solutions of Yu and Hossain (1998)). In this paper we employ the general
approach of Yu (2005), amended to include the effects of the residual stress yield condition and residual stress
equilibrium, to derive shakedown results for the problem of two-dimensional Hertzian contact. The full pro-
cedure is described in detail, and rigorous results for the elastic shakedown load are obtained for all values of
the surface-roller friction coefficient.

2. Problem definition

The general problem of a pavement subjected to traffic load can, as a first approximation, be idealized in
terms of a homogeneous half-space subjected to the action of an infinitely long roller (Radovsky and Murash-
ina, 1996; Yu and Hossain, 1998). As such the problem may be modeled as one of 2D plane strain elasticity/
plasticity as sketched in Fig. 1.

2.1. Contact pressures

The pressure distribution due to the roller is modeled as a Hertzian contact with vertical and horizontal
components given by
Fig. 1. Half-space of cohesive-frictional material subjected to rolling and sliding contact.
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pz ¼ p ¼ p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðx=aÞ2

q
px ¼ lp; ð1Þ
where l is the roller-surface friction coefficient and 2a is the contact width (which depends on the properties of
the half-space as discussed by Johnson (1987)).

2.2. Equilibrium equations

Assuming a weightless material, the equilibrium equations for this problem are
oqxx

ox
þ oqxz

oz
¼ 0 in X;

oqxz

ox
þ oqzz

oz
¼ 0 in X;

ð2Þ
where X is the half-space domain. The boundary conditions on the unloaded part of the top surface are given by
qzz ¼ 0 on z ¼ 0; jxj > a;

qxz ¼ 0 on z ¼ 0; jxj > a:
ð3Þ
Furthermore, since all sections along the direction of travel experience the same loading, the residual stresses
cannot vary in this direction. This gives the conditions
oqxx

ox
¼ 0;

oqzz

ox
¼ 0;

oqxz

ox
¼ 0: ð4Þ
Combining these with the equilibrium and boundary conditions, we have
qxx ¼ qxðzÞ; qzz ¼ 0; qxz ¼ 0: ð5Þ
Thus, only a residual stress qxx exists and this varies in the z direction but is constant in the x direction.

2.3. Yield condition

In the following, we will use the Mohr–Coulomb criterion which under plane strain conditions reads
F ðrxx; rzz; rxzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrxx � rzzÞ2 þ 4r2

xz

q
þ ðrxx þ rzzÞ sin /� 2c cos / ¼ 0; ð6Þ
with c being the cohesion, / the internal friction angle, and tensile stresses taken as positive.

2.4. Elastic stresses

The elastic stresses resulting from the Hertzian contact pressure distribution are given by Johnson (1987)
vxx ¼ �p0a ðmþ mkz2 þ mkn2 � 2zÞ þ lð�2nþ nkz2 � nkm2 þ 2xÞ
� �

;

vzz ¼ �p0a ðm� mkz2 � mkn2Þ þ lðnkm2 � nkz2Þ
� �

;

vxz ¼ �p0a ðnkm2 � nkz2Þ þ lðmþ mkz2 þ mkn2 � 2zÞ
� �

;

ð7Þ
where
m2 ¼ 1=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 � x2 þ z2Þ2 þ 4x2z2

q
þ 1=2ða2 � x2 þ z2Þ;

n2 ¼ 1=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 � x2 þ z2Þ2 þ 4x2z2

q
� 1=2ða2 � x2 þ z2Þ; ð8Þ

k ¼ ðn2 þ m2Þ�1
;

m ¼ jmjsgnðzÞ; n ¼ jnjsgnðxÞ;
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3. Shakedown theory

For linear elastic/perfectly plastic materials under cyclic loading three distinct modes of failure can be iden-
tified. These are commonly referred to as alternating plasticity (plastic non-shakedown), incremental collapse
(ratcheting), and instantaneous collapse (plastic collapse). Roughly speaking, alternating plasticity is critical
for problems where significant stress concentrations are present whereas for bending dominated problems fail-
ure tends to be by way of incremental or instantaneous collapse. Classical (or elastic) shakedown analysis deals
with the prevention of all three types of failure. In the following, the elastic and plastic shakedown theorems
are briefly discussed. For a more in-depth treatment, we refer to the papers of Zouain and Silveira (1999,
2001).

For the sake of convenience, we will only deal with the case where the load domain is defined by two points,
one of them being zero. With such a load domain, we can determine the maximum amplitude of a single load
set varying between zero and the maximum.

3.1. Elastic shakedown theorem

Consider a load domain defined by two points, one of them being zero. The elastic stresses corresponding to
the non-zero point are denoted v(x). Melan’s theorem then states that a ll of the above mentioned failure
modes are prevented if there exists a residual stress field q(x) such that
r � qðxÞ ¼ 0; x 2 X;

n � qðxÞ ¼ 0; x 2 oXu;

F ½qðxÞ� 6 0; x 2 X; ð9Þ
F ½qðxÞ þ avðxÞ� 6 0; x 2 X;
where F is the yield function, X is the domain of interest, and oXu is the unsupported part of the boundary. If
these conditions are fulfilled exactly the multiplier a will be a lower bound on the true elastic shakedown mul-
tiplier. Thus, we seek to maximize a subject to the above constraints.

3.2. Plastic shakedown theorem

The plastic shakedown theorem follows by simply neglecting the equilibrium constraints in (9) (Polizzotto,
1993; Zouain and Silveira, 1999, 2001). Thus, for any scalar a which satisfies
F ½qðxÞ� 6 0; x 2 X;

F ½qðxÞ þ avðxÞ� 6 0; x 2 X;
ð10Þ
collapse by alternating plasticity will not take place. Compared to (9) the plastic shakedown problem is much
simpler. The residual stresses no longer need to be self-equilibrating and the yield condition can be checked
independently at each point in the combined space-load domain. Obviously, since the plastic shakedown the-
orem appears as the special case of the elastic shakedown theorem where the equilibrium conditions are
neglected, the resulting plastic shakedown multiplier will be an upper bound on the elastic shakedown multi-
plier, i.e.,
aAP P aSD; ð11Þ
where aAP is the plastic shakedown multiplier, or the safety factor against alternating plasticity, and aSD is the
elastic shakedown multiplier.

4. Shakedown analysis of Hertzian rolling and sliding contact problem

We now consider the application of the elastic and plastic shakedown theorems to the two-dimensional
Hertzian contact problem described in Section 2. For this problem the elastic shakedown theorem reads
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maximize a

subject to oqxx=ox ¼ 0;

F ðqxxÞ 6 0;

F ðqxx þ avxx; avzz; avxzÞ 6 0:

ð12Þ
The procedure used in the following is essentially identical to the method of conics proposed by Sharp and
Booker (1984). The idea is to replace the above problem by a discrete one and subsequently attempt to max-
imize the shakedown multiplier while satisfying the constraints at each point. With reference to the grid shown
in Fig. 1, a discrete form of (12) can be formulated as
maximize a

subject to
F ðqi; j

xx Þ 6 0

F ðqi; j
xx þ avi; j

xx ; avi; j
zz ; avi; j

xz Þ 6 0

�
ði; jÞ 2Nx �Nz;

qi; j
xx ¼ qiþ1; j

xx ; qiþ1; j
xx ¼ qiþ2; j

xx ; . . . ; qNx�1; j
xx ¼ qNx ; j

xx ; j 2Nz;

ð13Þ
where Nx ¼ ð1;N xÞ and Nz ¼ ð1;N zÞ with Nx and Nz being the number of subdivisions in the x and z direc-
tions respectively. In the following, three different versions of this problem are solved. In classifying the result-
ing solutions, the terms ‘upper bound’ and ‘exact’ are used with reference to an infinitely fine grid.

4.1. Upper bounds of type 1

The simplest approach to estimating the solution to (13) is to ignore the first set of yield constraints and the
equality constraints on the residual stresses. We thus have
maximize a

subject to F ðqi; j
xx þ avi; j

xx ; avi; j
zz ; avi; j

xz Þ 6 0 ði; jÞ 2Nx �Nz:
ð14Þ
This is the case solved by Yu (2005) and since the simplification involves dropping equilibrium as well as yield
constraints, the problem can be seen as a weakened version of the plastic shakedown theorem (where all yield
constraints are to be satisfied). As such, the resulting shakedown multiplier a will be an upper bound estimate.

The problem is solved by computing the maximum multiplier at each point of the domain and then taking
the minimum between the resulting Nx · Nz multipliers (or the ones of these that are positive). The relevant
optimization problem is given by
min
ai; jP0
fmax ai; j s:t: F ðqxx þ avxxÞ

i; j
; ðavzzÞ

i; j
; ðavxzÞ

i; j� �
6 0g ði; jÞ 2Nx �Nz: ð15Þ
For each subproblem, the optimal residual stress qi; j
x is first found from the condition that
oF

oqi; j
xx
¼ 0; ð16Þ
with the solution
qi; j
xx ¼ �avxx þ

2� cos2 /
cos2 /

avzz � 2c tan /

� �i; j

: ð17Þ
This is inserted into the yield condition F = 0 which is solved for ai, j. This gives two solutions, the maximum of
which is recorded:
ai; j ¼ max
vzz sin /� jvxzj cos /

v2
zz sin2 /� v2

xz cos2 /
c cos /

 !i; j

: ð18Þ
It can be shown that this is identical to the multiplier derived by Yu, 2005:
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ai; j ¼ c
jvxzj þ vzz tan /

� �i; j

; ð19Þ
provided that jvxzj + vzztan/ > 0. Since, we are only interested in multipliers greater than zero, the above
expression is generally valid for the problem considered here.

4.2. Upper bounds of type 2

It is clear that a potentially better estimate of the shakedown multiplier can be obtained if both yield con-
straints of the original plastic shakedown problem are considered. Using the same notation as above, the rel-
evant optimization problem is then
min
ai; jP0

fmax ai; j

s:t: F ðqi; j
xx Þ 6 0

F ðqxx þ avxxÞ
i; j
; ðavzzÞ

i; j
; ðavxzÞ

i; j� �
6 0g; ði; jÞ 2Nx �Nz:

ð20Þ
This problem corresponds to application of the plastic shakedown theorem and can be solved in much the
same way as the simplified problem discussed above.

First, it is easily verified that the condition F ðqi; j
xx Þ 6 0 limits the residual stresses to
q�xx 6 qi; j
xx 6 qþxx; q

�
xx ¼ �2c tanð/=2� p=4Þ: ð21Þ
With this result in mind, the computations proceed as follows. At each point (i, j) a multiplier is first computed
by (19). The resulting ai, j is then used to compute the corresponding residual stress (17). If this falls in between
the limits given by (21), the first yield constraint F ðqi; j

xx Þ is not active and nothing is done. If, on the other hand,
the bounds (21) are violated, the maximum permissible multiplier is to be found at the intersection between the
two yield constraints. In this case the relevant multiplier is to be found by solution of
F ½ðq�xx þ a�vxxÞ
i; j
; ða�vzzÞ

i; j
; ða�vxzÞ

i; j� ¼ 0 ð22Þ

Closed-form solutions to these equations are again possible although they will not be given here.

4.3. Exact solutions

Finally, we consider the full lower bound elastic shakedown problem (130. This is solved in the following
way. For each layer, a plastic shakedown problem of the type (20) is solved and the residual stress at the crit-
ical point qcr

xx is recorded. The yield conditions at each point within this layer are then checked. If these are all
fulfilled, we proceed to the next layer. If not, we search within the layer for the residual stress which fulfills
both yield constraints at every point and which maximizes the shakedown multiplier. In practice, this is done
by searching for multipliers within the permissible range of residual stresses from q�xx to qþxx. For each residual
stress q�xx within this range, the corresponding multipliers are found by solving
F q�xx þ ðavxxÞ
i; j
; ðavzzÞ

i; j
; ðavxzÞ

i; j� �
¼ 0; i 2Nx; for fixed j: ð23Þ
For each such q�xx, the minimum positive multiplier within the layer is recorded. When the minimum multipli-
ers for a predefined number of residual stress q�xx in between q�xx and qþxx have been determined, the final mul-
tiplier for the layer is taken as the maximum of these. This procedure is repeated for each layer and finally, the
minimum positive multiplier among all the layers in the domain is taken as the elastic shakedown multiplier.
Alternatively, and arguably more conveniently, the elastic shakedown problem can be solved layer by layer
using one of many readily available nonlinear programming routines. For each layer, this gives an optimal
multiplier and associated residual stress and the final multiplier is then computed as the minimum of these
optimal layer multipliers.

Regardless of exactly which procedure is used, we end up with an approximate solution to the full lower
bound elastic shakedown problem. Furthermore, as the number of points in the grid becomes sufficiently
large, we can expect the solution to converge to the exact solution.
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In the strict classical sense, however, the solutions can neither be regarded as lower bounds nor exact solu-
tions since the necessary conditions are only verified at a finite number of points.

4.3.1. Surface failure

When applying the lower bound elastic shakedown theorem, it is convenient to consider the situation where
the critical point is located in the half-space separate from the situation where it is at the surface. At the sur-
face, the elastic stresses are given by
vxx ¼ �2p0l½x=aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx=aÞ2 � 1

q
�

vzz ¼ 0

vxz ¼ 0

9>>=
>>;; x < �a; z ¼ 0; ð24Þ

vxx ¼ �p0½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðx=aÞ2

q
þ 2lx=a�

vzz ¼ �p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðx=aÞ2

q
vxz ¼ �p0l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðx=aÞ2

q

9>>>>=
>>>>;
; �a 6 x 6 a; z ¼ 0; ð25Þ

vxx ¼ �2p0l½x=a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx=aÞ2 � 1

q
�

vzz ¼ 0

vxz ¼ 0

9>>=
>>;; x > a; z ¼ 0: ð26Þ
Following the procedure outlined in the previous section, a surface shakedown multiplier as can be deter-
mined. Thus, the problem to be solved is
maximize a

subject to F ðqxxÞ 6 0;

F qxx þ asvxxðxÞ; asvzzðxÞ; asvxzðxÞ½ � 6 0; �1 < x <1:
ð27Þ
This problem can be solved by guessing the value(s) of x for which the yield constraints are active. If, subsequently, it
can be shown that the yield constraints are also fulfilled for all other x, the exact solution has been found. This solu-
tion is an upper bound estimate on the true shakedown multiplier which takes also subsurface failure into account.

It turns out that a good guess of such a solution consists of assuming that the second set of yield constraints in
(27) are fulfilled simultaneously at x = �a and x = a. Here, we have vxx = 2lp0 and vxx = �2lp0 respectively,
whereas all other elastic stresses are equal to zero. If we ignore the requirement that F(qxx) 6 0, the problem
to be solved is
maximize as

subject to F ðqxx � aslp0; 0; 0Þ 6 0;

F ðqxx þ aslp0; 0; 0Þ 6 0;

ð28Þ
with the solution being
as ¼ 1

l cos /
c
p0

; qxx ¼ �2c tan /: ð29Þ
It is easily verified that the residual stress always lies between the bounds (21) so that F(qxx) 6 0 is always sat-
isfied. It can further be verified (numerically) that the second yield constraint in (27) is fulfilled for all values of
x. Thus, if surface failure occurs, the associated shakedown limit is given by (29).

It is worth noting that the elastic limit at the surface is given by
as
E ¼

1� sin /
l cos /

c
p0

; ð30Þ
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where the critical point is located at x = � a. Thus, in the case of surface failure involving a purely cohesive
material, the shakedown limit is equal to the elastic limit.

5. Results

In the following, we present the results from the three different types of computations outlined above. For
comparison purposes, the elastic limit is also given. The results can be seen in Tables 1–4. In Fig. 2, the various
Table 1
Elastic limit multipliers a(·c/p0)

l / = 0� 5� 10� 15� 20� 25� 30� 35� 40� 45�

0.0 3.33 3.84 4.45 5.20 6.19 7.40 8.92 10.86 13.39 16.79
0.1 3.28 3.78 4.37 5.09 5.96 6.38 5.78 5.21 4.67 4.15
0.2 3.13 3.60 4.14 3.84 3.50 3.19 2.89 2.60 2.33 2.07
0.3 2.90 3.06 2.80 2.56 2.33 2.12 1.93 1.74 1.55 1.38
0.4 2.50 2.29 2.10 1.92 1.75 1.59 1.44 1.30 1.17 1.04
0.5 2.00 1.83 1.68 1.54 1.40 1.27 1.16 1.04 0.93 0.83
0.6 1.67 1.53 1.40 1.28 1.17 1.06 0.96 0.87 0.78 0.69
0.7 1.43 1.31 1.20 1.10 1.00 0.91 0.82 0.74 0.67 0.59
0.8 1.25 1.15 1.05 0.96 0.88 0.80 0.72 0.65 0.58 0.52
0.9 1.11 1.02 0.93 0.85 0.78 0.71 0.64 0.58 0.52 0.46
1.0 1.00 0.92 0.84 0.77 0.70 0.64 0.58 0.52 0.47 0.41

Underlined multipliers are those for which the critical point is located at the surface.

Table 2
Type 1 upper bound shakedown multipliers a(·c/p0)

l / = 0� 5� 10� 15� 20� 25� 30� 35� 40� 45�

0.0 4.00 4.66 5.45 6.40 7.56 9.00 10.82 13.16 16.23 20.39
0.1 3.56 4.11 4.76 5.53 6.46 7.59 8.98 10.72 12.95 15.86
0.2 3.20 3.67 4.21 4.85 5.61 6.52 7.63 8.99 10.70 12.88
0.3 2.90 3.30 3.77 4.31 4.95 5.70 6.61 7.71 9.08 10.80
0.4 2.50 3.00 3.40 3.87 4.41 5.06 5.82 6.74 7.87 9.28
0.5 2.00 2.42 3.09 3.51 3.98 4.54 5.19 5.98 6.94 8.13
0.6 1.67 1.95 2.36 3.01 3.62 4.11 4.68 5.37 6.20 7.23
0.7 1.43 1.63 1.91 2.31 2.98 3.75 4.26 4.87 5.60 6.50
0.8 1.25 1.40 1.60 1.88 2.29 3.00 3.91 4.45 5.11 5.91
0.9 1.11 1.23 1.38 1.58 1.87 2.31 3.10 4.10 4.69 5.41
1.0 1.00 1.10 1.21 1.37 1.57 1.87 2.37 3.34 4.34 4.99

Underlined multipliers correspond to surface failure.

Table 3
Type 2 upper bound shakedown multipliers a(·c/p0)

l / = 0� 5� 10� 15� 20� 25� 30� 35� 40� 45�

0.0 4.00 4.66 5.45 6.40 7.56 9.00 10.82 13.16 16.24 20.39
0.1 3.56 4.11 4.76 5.53 6.46 7.59 8.98 10.72 12.95 15.86
0.2 3.20 3.67 4.21 4.85 5.61 6.52 7.63 8.99 10.70 12.88
0.3 2.90 3.30 3.77 4.31 4.95 5.70 6.61 7.71 8.71 9.43
0.4 2.50 3.00 3.40 3.87 4.41 5.06 5.77 6.11 6.53 7.07
0.5 2.00 2.42 3.09 3.51 3.98 4.41 4.62 4.88 5.22 5.66
0.6 1.67 1.95 2.36 3.01 3.55 3.68 3.85 4.07 4.35 4.72
0.7 1.43 1.63 1.91 2.31 2.98 3.15 3.30 3.49 3.73 4.04
0.8 1.25 1.40 1.60 1.88 2.29 2.76 2.89 3.05 3.26 3.54
0.9 1.11 1.23 1.38 1.58 1.87 2.31 2.57 2.71 2.90 3.14
1.0 1.00 1.10 1.21 1.37 1.57 1.87 2.31 2.44 2.61 2.83

Underlined multipliers correspond to surface failure.



Table 4
Exact shakedown multipliers a(·c/p0)

l / = 0� 5� 10� 15� 20� 25� 30� 35� 40� 45�

0.0 4.00 4.66 5.45 6.40 7.56 9.00 10.82 13.16 16.25 20.39
0.1 3.56 4.11 4.76 5.53 6.46 7.59 8.98 10.72 12.95 14.14
0.2 3.20 3.67 4.21 4.85 5.32 5.52 5.77 6.10 6.53 7.07
0.3 2.90 3.30 3.38 3.45 3.55 3.68 3.85 4.07 4.35 4.71
0.4 2.50 2.51 2.54 2.59 2.66 2.76 2.89 3.05 3.26 3.54
0.5 2.00 2.01 2.03 2.07 2.13 2.21 2.31 2.44 2.61 2.83
0.6 1.67 1.67 1.69 1.73 1.77 1.84 1.92 2.03 2.18 2.36
0.7 1.43 1.43 1.45 1.48 1.52 1.58 1.65 1.74 1.87 2.02
0.8 1.25 1.25 1.27 1.29 1.33 1.38 1.44 1.53 1.63 1.77
0.9 1.11 1.12 1.13 1.15 1.18 1.23 1.28 1.36 1.45 1.57
1.0 1.00 1.00 1.02 1.04 1.06 1.10 1.15 1.22 1.31 1.41

Underlined multipliers correspond to surface failure—these are given by a = as = 1/(l cos/)c/p0 in accordance with (29).
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Fig. 2. Shakedown and elastic limit multipliers.

4006 K. Krabbenhøft et al. / International Journal of Solids and Structures 44 (2007) 3998–4008
multipliers, for different internal friction angles /, are shown as function of the surface-roller friction coeffi-
cient l.

Regarding the three different shakedown multipliers, the trend is that they are equal whenever the failure
takes place beneath the surface. However, as surface failure becomes critical they start to diverge with the
exact shakedown factors being significantly lower than the two upper bound multipliers, especially as l
and / increase. The boundary between surface and subsurface failure, in terms of l and /, is shown in
Fig. 3. The trend observed in this figure follows that of the elastic limit multiplier where the critical point
is also located beneath the surface only for small values of l and /. These results demonstrate the necessity
of accurately modeling the different layers of road pavements. Thus, if surface failure for a given pavement
indeed is critical, the result must necessarily be viewed with some scepticism as the exact distribution of the
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load (for which the ideal Hertzian distribution is a crude approximation) then will be of paramount impor-
tance. Finally, we note that the multipliers derived by Yu (2005) as expected are in good agreement with
the upper bounds of type 1.

6. Conclusions

A number of analytical shakedown solutions to the problem of a cohesive-frictional half-space subjected to
rolling and sliding contact have been given. Two of these solutions constitute rigorous upper bounds whereas
the last is exact, i.e., exact to within the number of points at which the necessary and sufficient shakedown
conditions are verified. These solutions, which agree with those of Yu (2005) for cases involving subsurface
failure, should prove useful as a means of verifying and benchmarking numerical procedures. For the purpose
of practical road pavement design, however, the exact layering of the materials making up the pavement must
necessarily be considered. For this purpose, especially if the elastic properties vary, numerical methods must
generally be used. Finally, in this context of practical design, we stress that surface failure should be treated
with some caution as the exact distribution of the tyre pressure in this case can be expected to have a signif-
icant impact on the shakedown multiplier.
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