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SUMMARY 

In many cases the analysis of the consolidation of axi-symmetric bodies subjected to non axi-symmetric 
loading may be carried out without recourse to a full three-dimensional treatment. Advantage may be 
taken of the axi-symmetric nature of the body and field quantities such as displacement and pore pressure 
can be given a Fourier representation. The problem is then reduced from one in three spatial dimensions 
(r ,  0, z)  and the time domain to one in two spatial dimensions (r, z)  and the time domain. 

1. INTRODUCTION 

The consolidation of a saturated, elastic soil under one-dimensional conditions was investigated 
by Terzaghi (1943). Biot (1941a, 1941b) later extended the theory to three-dimensional 
situations and the governing equations he developed are quite complicated. They combine 
the complexities of an elastic problem coupled with those of a diffusion process. For this 
reason it has been possible to devise analytic solutions to only the simplest of problems (e.g. 
Gibson and McNamee, 1957; Mandel, 1953; McNamee and Gibson, 1960) and for more 
complicated situations it has been necessary to devise numerical techniques. 

Several investigators have used a finite element approach (e.g. Booker, 1973; Christian and 
Boehmer, 1970; Hwang et al., 1971; Sandhu and Wilson, 1969) in which a marching technique 
is used to solve the finite element equations. In principle, it is possible to employ these 
numerical techniques for problems in one, two and even three spatial dimensions. In practice, 
however, solutions to three-dimensional problems can be costly in computer time and often 
require a large amount of data preparation. 

There exists a certain class of problems where the loading may be three-dimensional in 
nature but the geometry of the consolidating body is axi-symmetric. Some practical situations 
where these conditions arise include the lateral loading of piles and caissons and some problems 
in tunnelling. In such cases it is more economical to take into account the axi-symmetric 
nature of the body when investigating its three-dimensional deformation and loading. 

Previous work has mostly been restricted to the purely elastic case (Wilson, 1965; Randolph, 
1977) although there has been a recent application of the technique to non-linear problems 
(Winnicki and Zienkiewicz, 1979). 

2. GOVERNING EQUATIONS 

The analysis is based on the assumption that field quantities such as displacement and pore 
pressure can be given a Fourier representation. In general, each of these quantities is a function 
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of (r, 8, z, t )  but because of the axi-symmetric nature of these problems, it is possible to write 

where (ur, u,, u,) denote the displacement components in cylindrical polar co-ordinates, p is 
the excess pore pressure, N may be finite or infinite, en establishes the reference point for 
the measurement of 8 and the superscripted variables are independent of the angle 8 and 
hence depend only on (r, z ,  t). 

It is possible also to express the boundary loading in a form similar to that given in equations 
(1). Hence the solution to any general problem thus reduces to one of finding the Fourier 
coefficients u?' . . . etc. 

At the centreline (r = 0) of thl  body all field quantities must be single valued. A consideration 
of the Cartesian components of these quantities reveals the existence of the following con- 
straints: 

Forn=O (Ur,Ue)'"'=O (2) 

(3) 

For n > 1 (Ur, U,, U,, P)'"'= 0 (4) 

( 5 )  

For n = 1 (U, + U,, U,, P)'") = 0 

Hooke's Law for saturated soil with an elastic skeleton may be written in the form 

u' = u +pi = D E 

where 

u = (urn, see, u,,, are, ~ ~ , ,  is the vector of total stress components 

i =  (1, I, I, O , O ,  o ) ~  
and D is the matrix of elastic constants for a transversely isotropic soil. 

by Darcy's law, viz. 
It is assumed that the movement of pore fluid through the saturated elastic soil is governed 

V =  -kVp/yw (6)  

where v = (ur, 06, u,)~, is the superficial velocity of the pore fluid, k is the permeability matrix 
of the transversely isotropic soil, and yw is the unit weight of water. 

It is also assumed that the pore water is incompressible when compared to the soil mixture 
and thus the rate of volume decrease of a soil element equals the rate at which water is 
expelled, so that: 

(7) VT . v + d&,/af = 0 

where E ,  = iTE is the volume strain. 

Virtual Work 

Let the soil body occupy a region V bounded by a surface S;acted on by body force F and 
surface tractions T. Further, let u and u + du be displacement fields which satisfy the displace- 
ment boundary conditions of the problem. Then it is well known that the equilibrium equations 
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and the stress boundary conditions are satisfied if and only if: 

{dET. a + d u T .  F} d V +  I duT. T dS = 0 
S 

Similarly, let p and p + dp be two sets of pore pressures which satisfy the pore pressure 
boundary conditions, then equation (7) is satisfied if and only if: 

where v n  is the normal velocity on S.  

3. FINITE ELEMENT EQUATIONS 

The governing equations for the consolidation of a soil with an elastic skeleton have been set 
out above-equations (8a) and (8b). An approximate solution of these equations may be 
obtained by an application of the finite element technique of spatial discretization. 

(a) Suppose that the continuous values of ur, Ue, uZ, p can be adequately represented by 
their values at selected nodes. Then it is also possible to represent the continuous values of 
the Fourier coefficients Up’,  Up’, V?’, P‘“’ by their values at these same nodes, i.e. by S?’, 
Sf’, S?’, q‘”’. Hence we may write: 

(U,, Uo, Uz, P )  = (NT S,, NT 66, NT &, NT P) (9) 

where for simplicity in this equation and what follows the superscript (n) has been dropped. 
(b) The vector of strain components E may be written in terms of the nodal values of Fourier 

coefficients 6T = (&, so, 6,) i.e. 
€=LIB6 

where 

B =  

with 

aNT/ar 0 0 
Nf/r  nN;f/r 0 

-nNT aNT/ar +NT/r 0 
0 0 aNT/az 

0 aNT/dz -nNT/r 
aNT/az 0 aNT/ar 

A = diag (C, C, C, S, C, S )  

(C, S) = (cos (no + E,,), sin (ne + E,,)) 

(c) The volume strain may be written as 
T ~ , = d  . S  

where 
dT = iTm 

(d) The vector containing the gradients of excess pore pressure may be written as 

V p  =r‘. E . q  
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where 

E = [aNF/ar, -nNi/r, aN%/az] 

r = diag (C, S, C) 

If equations (9)-(12) and Hooke's Law are substituted into equation (8a) then it is found that 

dST{KS-LT.q-m}=O (134 

where the form of K, L and m is discussed below. Equation (13a) is true for arbitrary variations 
d6 and thus 

K S -  L'q = m (13b) 

In similar fashion if equations (9)-(12) and Darcy's Law are substituted into equation (8b) 
then it is found that 

dqT[ -L z- Cpq = 0 
d6 I 

where Q, is also discussed below. Equation (13c) is true for arbitrary variations dq and thus 

dS 
dt 

-L -- Q,q = 0 

For the special case in which the field quantities have a Fourier representation, the matrices 
K,  L, Q, and the vector m may be written: 

K = BTATDA%r d8 dr dz = BTdBr dr dz I I 
I I 
I I 

LT = dT N,r do dr dz = I ,  dTN,r dr dz 

CP = ETrTkrEr d0 dr dz = ET&Er dr dz 

m = vector of Fourier coefficients for the appiied nodal force 

where 
6 = ATDA 

f = f'kf 
A = diag (I:'2, I : f2 ,  I:'2, I:'2, 

f'=diag ( I t f 2 ,  I : f2 ,  I : f 2 )  
I : f 2 )  

( I ~ ,  I,) = 27r(c0s2 En, sin2 E " )  if n = o 
= ~ ( 1 , l )  if n = 1 , 2  

4. EXAMPLE 

To illustrate the theory presented above, the time dependent behaviour of a vertical pile, 
embedded in a saturated elastic soil and subjected to a lateral load applied at the mudline, 
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8 node quadrilateral elements 

Figure 1. hi-symmetric finite element mesh for pile problem 

has been studied. The problem is defined in Figure 1, which also indicates the Finite Element 
mesh used in the computations. 

For piles subjected to lateral load it is necessary to find only one set of Fourier terms, i.e. 
Uj” etc, corresponding to a value of n = 1. It may also be noted here that for a pile subjected 
to pure axial load, it is also only necessary to find the one set of Fourier terms, i.e. Ute), . . . 
etc., corresponding to n = 0. 

To be specific, the following values were adopted for the example problem: 

1 
-= 20 
10 

v:  = 0.4 
where 

I = embedded pile length 

ro = radius of pile 

E ,  = Young’s modulus of pile material 

G,  = shear modulus of elastic soil 

Y: = drained Poisson’s ratio of elastic soil 

H = magnitude of applied lateral load 
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Predictions of the lateral displacement of the pile head p in the direction of the applied 
force H are plotted against time in Figure 2, which shows that p increases with time from 
some immediate (undrained) response pu to a final (fully drained) response P d .  The values of 
p u  and p d  obtained here are in good agreement with finite element solutions obtained, 
independently, by Randolph (1977). 
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Figure 2. Lateral displacement of pile at mudline versus time 

Figure 3 shows a plot of contours of the pore pressure coefficient P at a time T = 0.048, 
i.e. ‘early’, when very little consolidation has occurred. It is clear that the significant values 
of excess pore pressure generated in the soil by the application of the horizontal load are 
mostly confined to a region close to the pile and close to the soil surface. Figure 4 gives an 
indication of the distribution of excess pore pressure at an ‘intermediate’ time, T = 0.72 when 
some of the original excess pore pressures have dissipated. 

5. DISCUSSION 

In all of the previous calculations an eight-node, quadrilateral element was employed. Each 
node had four degrees of freedom associated with it, i.e. the Fourier coefficients for radial, 
circumferential and vertical displacement, as well as the coefficient for pore pressure. All eight 
nodes were used to decribe shape functions for geometry. This element is isoparametric with 
respect to both displacement and pore pressure. Sandhu er al. (1977) have noted that this 
type of element, in which shape functions for both displacement and pore pressure are of the 
same order, can have certain deficiencies, e.g. in some consolidation problems it may not give 
satisfactory predictions of pore pressure when very small time steps are used just after 
application of the load. To check for such a possibility, predictions were also made for the 
pile example problem using a ‘mixed’ type of element. The latter also had eight nodes, four 
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0 ro 2ro 3r0 4r0 Radius 

Figure 3. Contours of pore pressure coefficient P at ‘early’ time, T = 0.048 

at the corners and four at the mid-sides; however, only the four corner nodes were used to 
describe the geometry. Only these corner nodes had a degree of freedom representing the 
displacement components. This type of element is termed isoparameteric with respect to pore 
pressure but sub-parametric with respect to displacement. 

0 r~ 2r0 3r0 4r0 5r,Radius 

t 
Depth 

Figure 4. Contours of pore pressure coefficient P at ‘intermediate’ time, T = 0.72 
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Table I. Predictions of lateral displacement at pile head 

Lateral displacement at pile head 
P l r o  

Non-dimensional time 
k 1-v: t 

T = - . 2 G S . -  - 
Y w  1-2v: ‘ r i  Fully isoparametric ‘Mixed’ element 

0-048 
0.096 
0.144 
0.192 
0.240 
0.720 
0.200 
1.680 
2.160 
2.640 
7.440 

12.240 
17.040 
21.840 
26.640 
74.640 

122.640 
170.640 
2 18.640 
266.640 

0.07082 
0.07140 
0.07174 
0.07196 
0-07214 
0-07298 
0.07350 
0.07386 
0.07412 
0.07434 
0.07506 
0.07540 
0.07560 
0.07572 
0.07582 
0.07612 
0.07624 
0.07630 
0.07632 
0.07634 

0.07204 
0.07220 
0.07234 
0.07246 
0.07256 
0-07324 
0.07368 
0.07400 
0.07424 
0.07442 
0.07510 
0.07541 
0.07562 
0.07574 
0.07582 
0.07612 
0.07624 
0.07630 
0.07632 
0.07634 

~~ 

1Jro = 20, E,JG,= 1,000, u: = 0.4, H/(Gsrg) = 1 

For both the fully isoparametric element and the ‘mixed’ element, 3 x 3 Gaussian integration 
was employed. The results obtained are shown in Table I, where the calculated values for 
lateral displacement at the pile head (normalized by the pile radius) are tabulated against 
non-dimensional time. At early times there is some discrepancy, although this discrepancy is 
not large when compared with the displacement magnitudes, and it decreases as time is 
increased. This trend was also observed by Sandhu et uI. in their calculations for one- 
dimensidnal consolidation. For the time steps used here, there were only small differences in 
the pore pressure distributions calculated with each type of element, even at small times. 

6 .  CONCLUSIONS 

A numerical technique has been presented which provides an efficient analysis of the consolida- 
tion of axi-symmetric bodies subjected to non-axi-symmetric loading. The technique is suitable 
for problems in which the field quantities such as displacement, pore pressure and stress and 
the applied boundary loading can be expressed in the form of a Fourier series in the angle 8. 
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