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Load stepping schemes for critical state models
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SUMMARY

This paper investigates the performance of various load-stepping schemes for �nite element analysis with
critical state soil models. The accuracy of simple incremental schemes is found to be strongly inuenced
by the load increment size, the type of ow rule, and the overconsolidation ratio. Similarly, these factors
are shown to have a pronounced e�ect on the e�ciency and stability of some classical iterative schemes.
Unless they are performed with small load steps, critical state analyses with �xed increment sizes frequently
exhibit non-convergent behaviour or lead to inaccurate solutions. The automatic incrementation schemes
developed by Abbo and Sloan (International Journal for Numerical Methods in Engineering 1996; 39:
1737–1759; Proceedings of 5th International Conference, Owen DRJ, Onate E, Hinton E. International Center
for Numerical Methods in Engineering, Barcelona, 1997; 1:325–333), which are based on standard meth-
ods for integrating systems of ordinary di�erential equations, are shown to be e�cient, accurate and robust
solution techniques for a wide variety of critical state problems. Copyright ? 2001 John Wiley & Sons, Ltd.
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INTRODUCTION

Since the work of Roscoe and his colleagues at Cambridge over 30 years ago [3–5], critical state
models have been widely implemented in �nite element codes [6–11]. One of the special features
of critical state models is that both the elastic and plastic parts of the constitutive relations are
non-linear. This not only a�ects the integration of the stress–strain relations at the constitutive
level [12; 13], but also the integration of the load-displacement equations at the global level.
Unlike conventional elastoplastic models for soil, such as those based on the Tresca and Mohr–
Coulomb yield criteria, the global sti�ness matrix for critical state models does not contain a linear
component that need only be formed once. In addition, the elastic moduli are often assumed to
grow in proportion to the mean e�ective stress which, if the elastic deformations are dominant,
can result in the gradient of the load–displacement curve increasing with increasing displacement.
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These properties often cause di�culties for traditional load-stepping schemes which are typically
developed for conventional elastoplastic models.
In the past, the load–displacement relations for critical state models have been integrated using

a variety of incremental and iterative schemes [11]. Incremental schemes treat the global sti�ness
equations as a set of ordinary di�erential equations and solve them using a series of piece-wise
linear steps. Although robust, these types of methods may be inaccurate for large load steps if
a low-order integration algorithm, such as the forward Euler scheme, is adopted. Moreover, the
minimum number of load increments needed to give a solution of acceptable accuracy can only
be found by trial and error. On the other hand, iterative strategies, such as the Newton–Raphson
scheme, treat the governing relations as a set of non-linear equations and iterate within each load
increment until the unbalanced forces are smaller than a preset tolerance. These methods, although
accurate, do not always converge for highly non-linear problems and it may again be necessary
to resort to trial and error to determine an appropriate load step size. More advanced incremental-
iterative methods, such as the quasi-Newton and the BFGS schemes [14], have not yet been widely
used in conjunction with critical state models.
Recently, Abbo and Sloan [1] presented an automatic incremental scheme for solving a general

class of elastoplastic problems. This method does not involve iteration, is particularly robust and
selects each step so that a measure of the local load path error in the computed deections is held
below a prescribed value. The method requires the user to select a set of trial load increments
which, if necessary, are broken up into smaller subincrements. In a further development of this
idea, these authors [2] have also described an automatic incremental-iterative scheme which uses
Newton–Raphson iteration in each load subincrement to dissipate the unbalanced forces. When
applied to conventional elastoplastic models, these two schemes have proven to be particularly
robust and permit a broad class of load-deformation paths to be integrated with only a small
amount of drift from equilibrium. Their performance for critical state models, however, has not
yet been studied systematically.
Although the solution technique strongly inuences the e�ciency and accuracy of a non-linear

�nite element analysis [15], very few comparative studies of load-stepping schemes for critical
state models have been made. Gens and Potts [11], in one such study, compare a number of
incremental and iterative schemes including the explicit forward Euler method (which they term the
tangent sti�ness method), the initial stress method, the Newton–Raphson method and the modi�ed
Newton–Raphson method. They concluded that critical state models are particularly vulnerable
to numerical breakdown and that di�erent problems may require di�erent solution strategies. In
a similar vein, Potts and Ganendra [16] consider several boundary value problems and give a
detailed comparative study of the tangent sti�ness, modi�ed Newton–Raphson and visco-plastic
schemes. They implemented the modi�ed Newton–Raphson method with both implicit and explicit
stress integration schemes, and restricted their attention to a normally consolidated soil with a
modi�ed Cam clay model and an associated ow rule. Based on the results they obtained, Potts
and Ganendra [16] concluded that the modi�ed Newton–Raphson scheme, in conjunction with
the explicit stress integration procedure of Sloan [17], is the most e�cient and accurate solution
strategy for problems involving typical critical state soil models.
This paper examines the performance of various incremental, iterative and automatic solu-

tion schemes when they are employed to analyse a number of problems using critical state soil
models. The study includes normally consolidated clays, heavily overconsolidated clays, sands
and the e�ects of associated and non-associated ow rules. The performance of the load-stepping
schemes is compared in terms of e�ciency, accuracy and robustness. The �nite element code used
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for the analyses, SNAC, is the fruit of many years of research at the University of Newcastle
[1; 2; 18–22].

INCREMENTAL LOAD STEPPING SCHEMES

In the displacement �nite element method, the global sti�ness equations to be solved for each load
increment can be written in rate form as

U̇= [Kep(U)]−1Ḟext = [Kep(U)]−1
�Fext

�t
(1)

where U̇ is a vector of unknown displacement rates, Kep is the tangent sti�ness matrix, �Fext is
a vector of external force increments which are applied over an arbitrary time interval �t, and
the superior dot denotes a derivative with respect to time. For rate-independent problems it is
convenient to introduce a pseudo time, T , de�ned by

T =
t − t0
�t

(2)

where t0 and t0 + �t are, respectively, the times at the start and end of the load increment and
06T61. Using the chain rule for U̇ in (1) and substituting for T from (2) yields

dU
dT

= [Kep(U)]−1�Fext (3)

Equation (3) has the form of a classical initial value problem since �Fext is known, the right-hand
side is a function of U, and the initial conditions are the known displacements, denoted as U0, at
the start of the load increment where T =0.
Since the sti�ness matrix Kep depends on the displacements U, or more correctly on the stresses

corresponding to these displacements, it does not remain constant during the application of a
load increment. For this reason, one of the main concerns in solving (3) is how to compute a
representative value of Kep over the load step. A further concern is that, regardless of the numerical
approximation used to solve Equation (3), the solution will always give rise to unbalanced forces.
If left unchecked, these forces accumulate in subsequent increments and may eventually cause
the solution to become grossly inaccurate. Di�erent load stepping strategies for solving (3) are
distinguished mainly in the way that these two concerns are dealt with.

Forward Euler scheme with no drift correction (FE)

The simplest and crudest method for solving (3) is the �rst-order forward Euler scheme, which
is also sometimes called the tangent sti�ness scheme [11; 16]. This explicit method calculates the
displacements at the end of the load increment, where T =1, using the relations

�U= [Kep(U0)]−1�Fext

U=U0 + �U

where �U is the displacement increment vector and U0 are the displacements at the start of the
load increment. Provided the global sti�ness matrix Kep remains well conditioned, the forward
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Euler scheme is very robust and seldom fails to furnish a solution. A common problem with
this algorithm, however, is that its solution tends to drift from equilibrium in a cumulative
fashion [15].

Forward Euler scheme with drift correction (FEDC)

The accuracy of the simple forward Euler scheme can be improved greatly by computing the
unbalanced forces at the end of each load increment and adding these to the applied loads for the
next increment according to

�U= [Kep(U0)]−1{�Fext + R0}
In this equation, the unbalanced force vector (or residual), R0, is de�ned by

R0 =Fext0 − aaV BTb0 dV
where Fext0 and b0 are the external forces and stresses, respectively, at the start of the current
increment and B is the strain–displacement matrix.

ITERATIVE LOAD STEPPING SCHEMES

The incremental load-stepping schemes just discussed do not involve iteration and are thus explicit
in nature. Iterative solution methods, on the other hand, attempt to maintain equilibrium by iterating
at a given load level and are implicit in nature. Some of the more common iterative methods are
described below.

Newton–Raphson scheme (NR)

The standard Newton–Raphson scheme solves the governing relations by applying the external
forces, computing the corresponding displacement increments, and iterating until the drift from
equilibrium is small. The overall process is summarized by the following sequence of steps:

Ri−1 = Fext − aaV BTbi−1dV
�Ui = [Kep(Ui−1)]−1Ri−1

Ui =Ui−1 + �Ui

(4)

where Ri−1; bi−1 and Ui−1 are, respectively, the unbalanced forces, stresses and displacements at
the start of the ith iteration, Fext are the external forces at the end of the current load increment,
and �Ui are the iterative displacements for the ith iteration. When updating the stresses in the
above equations, it is advisable to integrate the constitutive relationships using incremental, rather
than iterative, strains according to

�U=B{ui − u0}
where u0 and ui are, respectively, the element displacements at the start of the current load
increment and the end of the ith iteration. As noted by Cris�eld [15], this strategy avoids the

Copyright ? 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 50:67–93



LOAD STEPPING SCHEMES FOR CRITICAL STATE MODELS 71

complicated strain paths and spurious unloading that occurs when iterative strains are used, and
has been found to improve the reliability of most iterative solution schemes.
Following conventional practice, the Newton–Raphson iterations are terminated once the unbal-

anced forces are small in comparison to the externally applied loads according to

‖R‖26ITOL‖Fext‖2 (5)

where ITOL is typically in the range 10−3–10−6. This type of criterion will be adopted for all
the iterative solution schemes described in this paper.

Modi�ed Newton–Raphson scheme (MNR)

Although it provides rapid convergence, the Newton–Raphson method requires the tangent sti�ness
matrix to be computed and factorized afresh for each iteration. This operation may be expensive
for complex constitutive laws, particularly if a non-associated ow rule is employed where the
governing equations are unsymmetric. The number of sti�ness matrix evaluations can be reduced by
using the so-called modi�ed Newton–Raphson scheme in which the sti�ness matrix is recomputed
only once per load increment. The computational process is the same as for the Newton–Raphson
method except that Equation (4) is replaced by

�Ui= [Kep(U0)]−1Ri−1

where U0 again denotes the displacements at the start of the load increment. While its rate of
convergence is slower than that of the Newton–Raphson scheme, this strategy may give signi�cant
savings in computational e�ort for some problems.

Accelerated modi�ed Newton–Raphson schemes

One family of methods for accelerating a modi�ed Newton–Raphson iteration uses a single
parameter to scale the iterative displacements according to the following steps

Ri−1 = Fext − aaV BTbi−1dV
�Ui0 = [Kep(U0)]

−1Ri−1 (6)

Ui =Ui−1 + �i�Ui0 (7)

where �i is an acceleration factor for the ith iteration. A review of several methods for computing
the acceleration factor � can be found in Abbo and Sloan [19] and Sloan et al. [20]. These authors
compare the performance of the Thomas [23], Chen [24], and Liu and Lam [25] acceleration
schemes by studying various conventional plasticity problems. They also propose a modi�ed form
of the Thomas procedure which has proven e�ective for Tresca and Mohr–Coulomb soil models.
Though the results reported in Abbo and Sloan [19] and Sloan et al. [20] focus on the conventional
initial sti�ness scheme, where the elastic sti�ness matrix needs to be formed and factorized only
once, all of the procedures they discuss can be used to accelerate a modi�ed Newton–Raphson
iteration.
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Modi�ed Newton–Raphson scheme with Chen accelerator (MNRC)

In the Chen [24] algorithm, which we denote as MNRC, the acceleration factor �i is chosen so as
to minimize the unbalanced forces at the end of the ith iteration (i.e. at Ui). The scheme assumes
that the unbalanced forces vary linearly with � according to

Ri≈Ri−1 − �i{Ri0 − Ri−1} (8)

where

Ri=R(Ui)=R(Ui−1 + �i�Ui0)

with �Ui0 given by Equation (6) and

Ri0 =R(U
i−1 + �Ui0)

Least-squares minimization of the unbalanced forces Ri requires that

d
d�i

{{Ri}T{Ri}}=0 (9)

Substituting Equation (8) into (9) and solving for �i gives the Chen acceleration parameter as

�i=
{Ri0 − Ri−1}T{Ri−1}

{Ri0 − Ri−1}T{Ri0 − Ri−1}
(10)

Each iteration of this algorithm requires one backsubstitution, to compute �Ui0 and two unbalanced
force evaluations. When evaluating the latter, it is again advisable to integrate the constitutive laws
using incremental strains, so that the stress increments are always evaluated relative to the last
converged state of equilibrium. Since no restriction is placed on the magnitude of �, a value of
�¿1 may be viewed as an ‘accelerated’ iteration, a value of �¡1 may be viewed as a ‘stabilizing’
iteration, and the special case of �=1 corresponds to a standard modi�ed Newton–Raphson
iteration.

Modi�ed Newton–Raphson scheme with modi�ed Thomas accelerator (MNRMT)

The Thomas [23] accelerator was originally developed for conventional elastoplastic models with
the initial sti�ness method and assumes that the elastic component of the global sti�ness matrix
remains constant. A simple modi�cation to this procedure, which improves its e�ciency and makes
it easier to implement in a traditional �nite element code, may be found in Sloan et al. [20]. To
apply the Thomas method to critical state models, it is necessary to modify it yet again to account
for the fact that the elastic parameters are functions of the stresses and the ‘elastic’ component of
the sti�ness matrix varies. One simple modi�cation, which will be adopted here, uses the tangent
sti�ness matrix at the start of the load increment in place of the elastic sti�ness matrix. This
strategy results in a simple algorithm but gives rise to an unsymmetric system of equations for a
plasticity model with a non-associated ow rule.
In a manner similar to the Chen scheme, the modi�ed Thomas procedure is derived by a least-

squares minimization process. The displacement update is initially supposed to be of the same
form as Equation (7) but the unbalanced forces at the end of the iteration are estimated as

Ri=Ri−1 − �iKep(Ui−1)�Ui0 (11)
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We then assume that the tangent sti�ness matrix at the start of the current iteration, Kep(Ui−1);
can be decomposed according to

Kep(Ui−1)=Ki−1ep =Kep(U0)−�Kep(Ui−1)=K0ep −�Ki−1ep (12)

where K0ep is the tangent sti�ness at the start of the current load increment and �K
i−1
ep is an

undetermined change in sti�ness. Substituting (12) into (11), adopting the approximation

�i�Ki−1ep �U
i
0≈ �i−1�Ki−1ep �U

i
0

and using Equation (6) gives

[K0ep]
−1Ri≈ (�i−1 − �i)�Ui0 + �Ũ

i
0 (13)

where

�Ũ
i
0 = [K

0
ep]

−1{R(Ui−1 + �i−1�Ui0)}

Performing a least-squares minimization on the displacements [K0ep]
−1Ri de�ned by Equation (13)

leads to the modi�ed Thomas accelerator

�i= �i−1 +
{�Ui0}T{�Ũ

i
0}

{�Ui0}T{�Ui0}
(14)

Rather than trying to minimize the unbalanced forces at the end of the iteration, as in the Chen
scheme, the Thomas algorithm attempts to minimize the displacements obtained for the next
iteration. This interpretation follows from the fact that it minimizes, in a least-squares sense,
the modi�ed Newton–Raphson displacements �Ui+10 = [K0ep]

−1Ri.
When implementing the modi�ed Thomas scheme, there are two options for updating the dis-

placements. The �rst option, which is the most self-evident one, uses Equation (7) after �i is
found from Equation (14). In practice, extensive testing has shown that this choice provides only
moderate convergence acceleration and should be avoided. The second option, which was adopted
by Thomas [23] in his original paper and is employed here, uses the fact that the least-squares
minimization of the displacements [K0ep]

−1Ri in Equation (13) is equivalent to selecting �i so that

�i�Ui0≈ �i−1�Ui0 + �i�Ũ
i
0

Hence, an alternative displacement update to Equation (7) is

Ui=Ui−1 + �i−1�Ui0 + �
i�Ũ

i
0 (15)

A key feature of this option is that it only uses the acceleration factor from the previous iteration in
order to compute the displacement update. In the �rst iteration of each load increment, the process
may be started by assuming �0 = 1. Detailed testing by Sloan et al. [20] suggests that Equations
(14) and (15) improve the convergence of the initial sti�ness method dramatically when applied
to conventional plasticity models. For each iteration, the modi�ed Thomas scheme requires two
backsubstitutions and two unbalanced force evaluations. This is double the work required for a
standard modi�ed Newton–Raphson iteration.
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AUTOMATIC SCHEMES

All the previous schemes assume that the load increments are �xed and do not attempt to adjust
their size. In the absence of better information, it is customary to adopt equal-sized increments
and employ a trial and error procedure to determine an appropriate number of steps. Though this
approach is usually successful for large numbers of steps, it may be laborious for large scale
problems. It may also be frustrating if convergence problems are encountered with an iterative
algorithm.
We now summarize two methods which automatically adjust the increment size when computing

the load-displacement response. The �rst scheme, described by Abbo and Sloan [1] is explicit and
therefore does not require iteration, while their second scheme [2] is implicit. Both methods are
robust and e�cient when applied to conventional plasticity models and are based on standard
methods for integrating systems of ordinary di�erential equations. They are started with a series
of trial load steps which, if necessary, are subincremented so that the local load path error in the
displacements is held below a speci�ed tolerance.
Because plasticity theory assumes in�nitesimal increments, the use of discrete load steps in �nite

element analysis inevitably gives rise to load path error. This error is not removed by equilibrium
iterations, increases with increasing load increment size, and may be signi�cant for problems which
give rise to strongly non-linear strain paths. An attractive feature of the Abbo and Sloan [1; 2]
schemes is that they attempt to control the load path error in a direct and rational way, and
automatically choose small load increments where they are needed.

Automatic incremental scheme (AUTOINC)

The scheme presented by Abbo and Sloan [1] automatically subincrements a given load increment
so that the local load path error in the displacements is held below a prescribed threshold. The local
error is measured by taking the di�erence between incremental solutions obtained from the �rst
order accurate Euler scheme and the second order accurate modi�ed Euler scheme. An unbalanced
force correction is also included to prevent accumulation of global error.
The Abbo and Sloan [1] scheme solves Equation (3) by assuming a prescribed (trial) load

step �Fext ; a pseudo time substep in the range 0¡�Tn61; and a subincremental force vector
of �Fextn =�Tn�Fext. Ignoring, for the moment, the presence of unbalanced forces at the start
of each subincrement, and letting the subscripts n − 1 and n denote quantities evaluated at the
pseudo-times Tn−1 and Tn=Tn−1 +�Tn, the Euler and modi�ed Euler solutions to the initial value
problem de�ned by (3) may be written as

Un =Un−1 + �U1 (16)

Ûn =Un−1 + 1
2 (�U1 + �U2) (17)

where

�U1 = [Kep(Un−1)]−1{�Fextn } (18)

�U2 = [Kep(Un−1 + �U1)]−1{�Fextn } (19)
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Since the local load path errors in Un and Ûn are, respectively, O(�T 2n ) and O(�T
3
n ), the error

in Un can be estimated by subtracting the lower-order solution from the higher-order solution to
give

‖En‖≈ 1
2‖(�U2 −�U1)‖ (20)

where any convenient norm can be used. In practice, this expression is divided by the displacement
norm ‖Un‖ to convert it to the dimensionless relative error measure

Rn=
‖En‖
‖Un‖ (21)

which is then used to control the size of the load subincrement. The current load subincrement
is accepted if Rn is less than a user speci�ed tolerance, DTOL, and rejected otherwise. In either
case, the forces for the next subincrement are calculated according to

q= 0:7
√
DTOL=Rn (22)

�Tn+1 = q�Tn (23)

�Fextn+1 =�Tn+1 �F
ext (24)

where q is a factor used to limit the predicted local error. To minimize the number of rejected
substeps. Abbo and Sloan [1] suggest that q should be constrained to lie between 0.1 and 1.1,
though these limits do not greatly inuence the overall performance of the scheme. The precise
value of q is obtained by combining the requirement that Rn+16DTOL, where Rn+1 is the load
path error for the next load subincrement, together with the expression

Rn+1≈ q2Rn
to give

q=
√
DTOL=Rn

The coe�cient of 0.7 is included in Equation (22) merely to prevent the step control mechanism
from choosing load subincrements which just fail to meet the local error tolerance, and may be
regarded as a safety factor.
As discussed by Abbo and Sloan [1], the e�ects of the unbalanced forces can be incorporated

in the automatic substepping scheme by replacing Equations (16) and (18) with

Un =Un−1 + �U1 + �Uunb1 (25)

�U2 = [Kep(Un−1 + �U1 + �Uunb1 )]−1{�Fextn } (26)

where

�Uunb1 = [Kep(Un−1)]−1{R(Un−1)} (27)

The integration scheme is started by applying (18) and (25)–(27) with the initial displacements
U0, the subincremental force vector �Fext1 =�T1 �Fext, and an initial guess for the pseudo time
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step �T1. In the �rst load increment �T1 is typically set to unity but, in subsequent increments,
it may be initialized to the value for the last successful subincrement (provided the trial load
steps �Fext are all the same size). If the relative error in the resulting displacements, de�ned
by Equation (21), is such that Rn6DTOL, the current load subincrement is accepted and the
displacements are updated using (25). The step size for the next load subincrement is then found
using Equations (22) and (23). If, on the other hand, Rn¿DTOL, then the solution is rejected
and a smaller step size is computed using these same equations. This process is continued until
the entire increment of load is applied at which point

∑
�Tn=T =1

Abbo and Sloan [1] give a detailed algorithmic description of their method with su�cient detail
for it to be implemented in a �nite element code. They also show that each successful load
subincrement requires one formation=factorization of the tangent sti�ness matrix and one equation
backsubstitution with a further matrix formation=factorization and equation solution being needed
to start the procedure for each trial load step. Thus, compared with the standard forward Euler
method using the same load path, their automatic scheme imposes an overhead of only one extra
sti�ness matrix formation=factorization and one extra equation solution during a single trial load
step.
In order to test the performance of their automatic load-stepping scheme, Abbo and Sloan [1]

de�ned a measure of the load path error as

Uerror = ‖Uref −U‖=‖Uref‖
where Uref are reference displacements which are computed using a very large number of load
increments, highly accurate stress integration, and Newton–Raphson iteration. For a range of simple
elasto-plastic models, their results suggest that the above algorithm controls this load path error
such that Uerror ≈DTOL.

Automatic iterative scheme (AUTOITR)

As an alternative to their automatic explicit procedure, Abbo and Sloan [2] presented an iterative
automatic load stepping scheme which iterates within each subincrement so as to satisfy global
equilibrium. The strategy for choosing the load subincrements is exactly the same as for their
automatic incremental scheme and the local error is again estimated using Equations (16)–(21).
The only change occurs when the relative error, de�ned by (21), does not exceed the speci�ed
tolerance DTOL and the substep is accepted. At this point, the Euler solution is iterated using the
Newton–Raphson scheme

Uin=Un−1 + �U
i
1

where

�Ui1 =�U
i−1
1 + �Ui

�Ui = [Kep(Ui−1n )]−1R(Ui−1n )
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and �Ui represents the iterative displacement correction. To start the procedure, the displacements
U0n are taken as

U0n=Un−1 + �U1

with �U1 given by Equation (18). After the iterations have converged, the pseudo-time step and
forces for the next subincrement are calculated in the same way as in the incremental automatic
scheme. When checking convergence in Equation (5), Abbo and Sloan [2] showed that a near
optimal setting for the iteration tolerance is ITOL≈DTOL=10. This value minimizes the load
path error for a given setting of DTOL and avoids needless iteration.
If the relative error exceeds the tolerance DTOL, the solution for the current substep is discarded

and a smaller step size is calculated using Equations (22)–(24). The �rst-order displacements and
error estimate are then computed afresh and the process is repeated until a successful substep size
is obtained.

CRITICAL STATE MODELS

Numerous critical state models for both clay and sand can be found in the literature
[3–5, 26–34]. In this paper, two generalized critical state models are used to study the perfor-
mance of the various load stepping schemes. These two versions were chosen because of their
simplicity and generality, rather than their superiority, and display all the characteristics that make
critical state constitutive laws di�cult to implement in �nite element programs.
The �rst critical state model, which is called GCC, is a generalized version of Cam clay and

employs an associated ow rule. The yield function f and plastic potential g take the form

f= g=
1
�2

(
(1 + �′)p′

p′
0

− 1
)2
+
(
(1 + �′)q
M (�)p′

0

)2
− 1 (28)

where q is the deviator stress, p′ is the e�ective mean stress, and p′
0 is the initial location of the

yield surface (isotropic preconsolidation pressure). The parameters � and �′ are used to adjust the
shape of f and g, as shown in Figure 1, and setting �= �′=1 leads to the popular modi�ed Cam
clay model [5]. Two additional constraints are enforced on the value of � so that �=1 on the
dry side of the critical state line and �= �′ on the wet side.
In (28), the slope of the critical state line (CSL), M , is as a function of the Lode angle � and

determines the shape of the failure surface in the deviatoric plane (see Figure 1). Following Sheng
et al. [18] we use the function

M (�)=Mmax

(
2�4

1 + �4 − (1− �4) sin 3�
)1=4

(29)

where Mmax is the slope of CSL under triaxial compression (�=30◦). In order to approximate the
classical Mohr–Coulomb failure surface in the deviatoric plane, the parameter � can be determined
according to

� =
3− sin�
3 + sin�
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Figure 1. Yield surface geometry for Generalised Cam Clay model (GCC).

Figure 2. Yield surface goemetry for uni�ed clay and sand model (CASM).

where � is the internal friction angle of the soil at the critical state. The other special case, that
of the Von Mises circle, is obtained by setting � equal to 1.
The second model used here is the critical state clay and sand model of Yu [34]. Referred to

as CASM, this uses a non-associated ow rule and has a yield function of the form

f=
(
q
Mp′

)n
+

1
ln r

ln
p′

p′
0

(30)

where n is a shape parameter and r is a spacing ratio. The latter is used to control the position of
the intersection point between the critical state line and the yield surface, as shown in Figure 2.
Setting n equal to 1 and r equal to the natural logarithmic base e in (30) recovers the original
Cam clay yield function [4]. To approximate the Mohr–Coulomb failure surface in the deviatoric
plane, Equation (29) can again be used for the slope M of the CSL. Note that in CASM, the
intersection point between the critical state line and the yield surface does not necessarily coincide
with the point of maximum deviatoric stress (as in the original and modi�ed Cam clay models).
The plastic potential in Yu’s clay and sand model uses the stress-dilatancy relation of Rowe

[35] and is given by

g=3M ln
p′

�
+ (3 + 2M) ln

(
2q
p′ + 3

)
− (3−M) ln

(
3− q

p′

)
(31)
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where � is a size parameter (which is not used in the �nite element implementation of the model
since only the derivatives of g are needed). Note that this plastic potential can also be used in
conjunction with the yield function of the �rst model, Equation (28), to give another non-associated
critical state model.
The elastic behaviour of both critical state models is assumed to be identical to modi�ed Cam

clay, with the tangent bulk and shear moduli being given by

K =
@p′

@�ev
=
1 + e
�
p′=

vp′

�
(32)

G =
3(1− 2�)K
2(1 + �)

=
3(1− 2�)
2(1 + �)

vp′

�
(33)

where �ev is the elastic volumetric strain, e is the void ratio, v is the speci�c volume, and � is the
slope of an unloading-reloading line in a lnp′ − v diagram. In Equation (33), the Poisson’s ratio
is assumed to be constant and the secant elastic moduli needed for the stress integration can be
found by integrating Equation (32).
Following standard practice, the hardening rule for both models assumes that the hardening

parameter is equal to the intercept of the yield surface with the p′ axis, p′
0. This parameter, in

turn, is related to the plastic volumetric strain �pv by

�p′
0 =

vp′
0

�− ���
p
v

where � is the slope of the isotropic normal compression line in a lnp′ − v diagram.

APPLICATIONS

In this section, various load-stepping schemes are used to analyse a number of problems with each
of the two critical state models described above. At the stress point level, the constitutive laws are
integrated using an explicit substepping scheme with error control [18]. This scheme is a re�ned
version of the algorithm originally published by Sloan [17] and uses the Euler-modi�ed Euler
pair with adaptive substepping to control the integration error in the computed stresses. In the
various iterative load stepping schemes, the constitutive relationships are always integrated using
incremental, rather than iterative, strains. As noted by Cris�eld [15], this implies that the iterative
stress states are found by integrating the constitutive law from the last converged equilibrium
state and avoids the complicated strain paths and spurious unloading that occurs when iterative
strains are used. For the results presented in this paper, the constitutive laws are integrated very
accurately by using a stress error tolerance, STOL, of 10−6 in conjunction with a yield surface
drift tolerance, YTOL, of 10−9. For the various iterative schemes, the iteration tolerance ITOL
in Equation (5) is set to 10−3. If convergence is not obtained after 1000 iterations, the analysis
is halted and regarded as a failure. For the automatic schemes, the displacement error tolerance,
DTOL, is set to 10−3.
Due to the paucity of analytical solutions for problems using critical state models, the accuracy

of the various load stepping schemes is checked by comparing their results against an accurate
reference solution. Where possible, the latter is obtained from a Newton–Raphson scheme with
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Figure 3. Thick cylinder mesh (160 elements, 405 nodes, 648 degrees of freedom).

1000 load increments and an iteration tolerance of 10−6. For cases where the Newton–Raphson
method fails, the reference solution is found using an incremental automatic scheme with a stringent
displacement error tolerance DTOL of 10−6.
In the Tables that follow, all the CPU times presented are for a Pentium Pro 200 MHz processor

with 64 Mb of memory and the Microsoft Powerstation FORTRAN compiler Version 4.

Expansion of thick cylinder

The expansion of a thick cylinder is a simple test problem. The �nite element mesh, shown
in Figure 3, models the geometry of the axisymmetric cylinder with six-noded triangles. The
external load is applied in the form of prescribed displacements at the cavity wall and these are
increased until the cavity pressure �′r reaches its limiting value. To compute a uniform cavity
pressure which is equivalent to the imposed cavity displacements, the radial reactions at the inner
nodes are summed and divided by the cavity surface area. The cavity displacements are �rst ap-
plied in 10 equal increments and the problem is analysed using the forward Euler method (FE),
the forward Euler method with drift correction (FEDC), the Newton–Raphson method (NR), the
modi�ed Newton–Raphson method (MNR), the modi�ed Newton–Raphson method with the Chen
accelerator (MNRC), the modi�ed Newton–Raphson method with the modi�ed Thomas accelerator
(MNRMT), the automatic incremental method (AUTOINC), and the automatic iterative method
(AUTOITR). Each of these analyses is then repeated using 50 equal-sized load increments. Note
that, when applying the automatic schemes, the imposed displacement increments actually corre-
spond to a series of trial load increments which if required, are subdivided into a series of smaller
subincrements. Depending on the local non-linearity of the load–deformation response, the size of
these subincrements may vary substantially over a given trial load step.
In the following, the cylinder is assumed to be composed of a normally consolidated clay, an

overconsolidated clay and a medium density sand. The results obtained for each of these cases are
discussed separately.

Expansion of thick cylinder in normally consolidated clay (MCC-NC). In the �rst set of cylinder
analyses, the material behaviour is simulated by the classical modi�ed Cam clay model (MCC)
which is generated from the GCC model by setting �= �′=1. An associated ow rule is used,
so that f coincides with g, and a rounded Mohr–Coulomb failure surface is employed in the
deviatoric plane. The material parameters used are

M =0:856; �=0:1; �=0:03; �=0:3; N =3:0
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Table I. Results for thick cylinder of normally consolidated clay (MCC-NC).
(M =0:856, �=0:1, �=0:03, �=0:3, N =3:0).

Total iterations CPU time (s) Final cavity pressure (kPa)
Scheme 10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s

FE 0 0 54 107 15.893 25.512
FEDC 0 0 52 95 29.912 28.225
NR 997 477 4925 802 28.148 28.176
MNR 853 453 3851 699 28.148 28.185
MNRC 414 229 3782 730 28.148 28.167
MNRMT 157 204 1433 644 28.148 28.175
AUTOINC 0(59)a 0(101)a 96 121 28.135 28.069
AUTOITR 800(61)a 474(102)a 1549 497 28.164 28.183

Reference solutionb 3778 4496 28.178

a Total number of subincrements.
b Computed using NR iteration with 1000 load increments and ITOL=10−6.

where � is Poisson’s ratio and N is the value of the speci�c volume on the isotropic normal
compression line at p′=1 kPa. The initial stress state is assumed to be uniformly isotropic with
�′r0 = �

′
z0 = �

′
�0 = 5 kPa and a total radial expansion of 6a is imposed at the inner radius.

The results for this problem, shown in Table I, indicate that each of the load-stepping schemes
furnishes a solution for both the 10 and 50 increment analyses. Somewhat surprisingly, the MNR
scheme requires fewer iterations than the NR scheme. All the results clearly emphasize the
desirability of using smaller load increments with the conventional iterative methods, especially for
the NR procedure. For the 10 and 50 load increment analyses, the NR method uses, respectively,
an average of roughly 100 and 10 iterations per increment, while for the reference solution run,
which uses 1000 increments and a much tighter convergence tolerance of ITOL=10−6, an average
of just under four iterations per increment are needed. The two accelerated MNR schemes need
fewer iterations than the standard MNR scheme, with the modi�ed Thomas accelerator (MNRMT)
providing an iteration count reduction of 82 per cent for the 10 increment analysis. Even though
it uses Newton–Raphson iteration for each subincrement, the automatic scheme AUTOITR has a
similar iteration count to the MNR scheme. Because they are explicit, no iterations are needed
for the FE, FEDC and AUTOINC methods. The automatic load stepping schemes, AUTOINC
and AUTOITR, generate 59 and 61 load substeps, respectively, for the 10 increment analysis and
thus provide very similar results. The reason why more substeps are generated by the automatic
schemes for the 50 increment analyses is that some of the extra trial load steps do not require
subincrementation in order to satisfy the displacement error tolerance DTOL. Indeed, the number
of substeps used in each trial load step is highly variable and, for the 50 increment analyses,
ranges from a minimum of one through to a maximum of 28. This variation merely reects the
local non-linearity of the load–deformation response and highlights the di�culty in trying to select
a suitable load increment strategy for critical state models by hand.
The total CPU times shown in Table I indicate that the explicit FEDC scheme is the fastest,

whereas the NR scheme is the slowest. Because they involve no iteration, we expect the explicit
schemes to be fast but, as discussed later, this speed advantage is often o�set by the need to use
many load increments in order to obtain an accurate solution. For this example, the NR method
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Figure 4. Cavity expansion curves for cylinder
of normally consolidated clay (MCC-NC, 10 load

increments).

Figure 5. Cavity expansion curves for cylinder
of normally consolidated clay (MCC-NC, 50 load

increments).

is up to two orders of magnitude slower than the FEDC method, chiey because it uses a large
number of iterations for each load step. Relative to the NR scheme, the MNR scheme gives CPU
time savings of 22 and 13 per cent for the 10 and 50 increment analyses, while the modi�ed
Thomas accelerator (MNRMT) gives savings of 71 and 20 per cent. Because it does not need to
iterate, the automatic incremental scheme (AUTOINC) is faster still and yields relative savings of
98 and 85 per cent in CPU time. The performance of the automatic iterative scheme (AUTOITR),
while not as impressive as its incremental counterpart, also gives substantial savings of 69 and 38
per cent for the 10 and 50 increment analyses, respectively. As expected, the savings provided by
the automatic schemes are greatest for the runs with the largest trial load steps where the number
of load substeps can be e�ectively minimized. Interestingly, the CPU times for all the conventional
iterative solution schemes are greatly reduced by using 50 increments rather than 10 increments.
Indeed for all these schemes except MNRMT, a reduction in excess of �vefold is observed. This
suggests that attempting analyses with very large load increments is an ine�cient strategy for �nite
element analysis with critical state models.
The �nal cavity pressures shown in Table I are the equivalent radial pressures acting on the

cavity wall at the end of the applied displacement. Since the cylinder has e�ectively collapsed at
the �nal imposed displacement of 6a, these pressures may be viewed as numerical estimates of
the collapse pressure. The results in Table I suggest that the �nal cavity pressures predicted by
the forward Euler method (FE) are substantially in error, being 44 and 9 per cent below the refer-
ence solution for the 10 and 50 increment analyses respectively. When used with drift correction,
the forward Euler method (FEDC) is more accurate and the method furnishes cavity pressures
which are 6 and 0.2 per cent above the reference cavity pressure. All the remaining methods give
similar estimates of the �nal cavity pressure which are very close to the reference cavity pressure.
To further explore the accuracy of the results reported in Table I, the cavity expansion curves

for the various analyses with 10 load increments are shown in Figure 4. This plot indicates that the
FE and FEDC schemes both give grossly inaccurate predictions of the load–deformation behaviour
over the entire loading range. These results highlight the need to adopt very small load increments
when using these simple explicit methods with critical state models. In contrast, all the iterative
and automatic schemes predict essentially the same load–displacement response as the reference
solution. The cavity expansion curves for the various analyses with 50 increments, shown in
Figure 5, indicate that the FE solution is again inaccurate over the entire loading range while the
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Table II. Results for thick cylinder of overconsolidated clay (MCC-OC).
(M = 0:856; � = 0:1; � = 0:03; � = 0:3; N = 3:0; OCR = 10).

Total iterations CPU time (s) Final cavity pressure (kPa)
Scheme 10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s

FE 0 0 18 28 62.261 62.549
FEDC 0 0 18 29 48.711 47.850
NR 625 320 1102 179 47.697 47.728
MNR 534 311 856 147 47.697 47.728
MNRC 297 206 959 191 47.697 47.717
MNRMT 120 156 386 146 47.697 47.716
AUTOINC 0(44)a 0(82)a 32 41 48.115 47.731
AUTOITR 533(46)a 354(85)a 411 167 47.701 47.720

Reference solutionb 2864 1148 47.702

a Total number of subincrements.
b Computed using NR iteration with 1000 load increments and ITOL = 10−6.

FEDC solution exhibits a large oscillation during the initial stage of the loading. Independent test
runs indicate that the FE and FEDC schemes need, respectively, more than 500 and 100 load
increments to give a smooth load–displacement curve of acceptable accuracy for this example.
Thus, although the CPU time per load step for these methods is low, this advantage is counteracted
by the need to use many load steps.

Expansion of thick cylinder in overconsolidated clay (MCC-OC). In this example the modi�ed
Cam clay model, with a rounded Mohr–Coulomb yield surface in the deviatoric plane, is used to
simulate the expansion of a cylinder of overconsolidated clay. The material parameters and initial
stress state are the same as for the previous case, the only di�erence being that the overconsoli-
dation ratio is set to 10 to determine the initial yield surface location. The �nal radial expansion
is reduced from 6a to 3a.
The numerical results for the various MCC-OC analyses are presented in Table II. Overall,

the iteration counts, the CPU times and �nal cavity pressures display similar trends to those
observed for the normally consolidated case. Of the conventional iterative procedures, the standard
NR scheme again has the highest iteration count, followed by the MNR scheme, the MNRC
scheme, and the MNRMT scheme. Compared with the NR scheme, the automatic iterative scheme
AUTOITR requires fewer iterations for the analysis with 10 load increments but more iterations
for the analysis with 50 load increments.
In terms of CPU time, the explicit FE scheme is the quickest for both the 10 and 50 increment

runs. The modi�ed Newton–Raphson scheme with the modi�ed Thomas accelerator (MNRMT)
is the fastest of the four standard iterative schemes and is almost three times faster than the NR
procedure for the 10 increment analysis. The slowest methods for the 10 and 50 increment runs
are, respectively, the NR scheme and the MNRC scheme. As in the normally consolidated case,
the di�erences in CPU time for the standard iterative strategies are much less pronounced for the
runs with smaller load steps. The performance of the automatic incremental scheme (AUTOINC)
is again impressive, with savings of 97 and 77 per cent in CPU time over the standard NR scheme
for the 10 and 50 increment analyses. The automatic iterative scheme (AUTOITR), whilst not as
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Figure 6. Cavity expansion curves for cylin-
der of overconsolidated clay (MCC-OC, 10 load

increments).

Figure 7. Cavity expansion curves for cylin-
der of overconsolidated clay (MCC-OC, 50 load

increments).

quick as the automatic incremental scheme, is certainly competitive with the other iterative solution
schemes. Indeed, compared with the standard NR method, it yields CPU time savings of 63 and
7 per cent for the two sets of analyses.
All the �nal cavity pressures shown in Table II, except those for the FE scheme, are close to the

reference solution of 47:702 kPa; with a maximum discrepancy of 2 per cent for the AUTOINC
analysis with 10 trial load increments. The cavity expansion curves for the 10 increment runs,
presented in Figure 6, indicate that neither the FE solution, nor the FEDC solution, is of acceptable
accuracy over the entire loading range. The load–displacement responses predicted by the iterative
and automatic schemes, on the other hand, are only marginally di�erent from the reference solution
(which was obtained using the NR scheme with 1000 increments). The cavity expansion curves for
the analyses with 50 increments, shown in Figure 7, suggest that the accuracy of the FE solution
is still unsatisfactory, while the accuracy of the FEDC scheme is improved markedly. As expected,
the predictions from the iterative and automatic schemes are again very accurate, with negligible
variations between all the solutions.

Expansion of thick cylinder in medium sand (CASM-MS). We now apply Yu’s critical state
model (CASM), with a nonassociated ow rule, to simulate the expansion of cylinder in medium
density sand. The material parameters used in the study are

M = 1:2; � = 0:01; � = 0:006; � = 0:3; N = 1:9; n = 2:5; r = 10

and the initial stress state is again assumed to be isotropic with �′r0 = �′z0 = �′�0 = 5 kPa. To
model the behaviour of a medium sand, the initial void ratio is taken as 0.84 and the initial
preconsolidation pressure, p′

0, is set to 2000 kPa (giving an OCR = 400). A total displacement of
0:7a, which is su�cient to initiate collapse, is imposed at the inner surface of the cylinder. As in
the previous two examples, this displacement is applied in 10 and 50 equal increments to study
the behaviour of the various solution schemes.
The numerical results, shown in Table III, indicate that a number of the schemes fail to provide a

solution. Indeed, both the accelerated modi�ed Newton–Raphson methods (MNRC and MNRMT)
fail for the 10 and 50 increment runs, while the MNR scheme fails for the 10 increment run.
Detailed inspection of these results indicates that most of the failures occur in the stress integration
procedure and are triggered by a number of stress states inexplicably approaching the origin once

Copyright ? 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 50:67–93



LOAD STEPPING SCHEMES FOR CRITICAL STATE MODELS 85

Table III. Results for thick cylinder of medium sand (CASM-MS).
(M = 1:2; � = 0:01; � = 0:006; � = 0:3; N = 1:9; n = 2:5; r = 10).

Total iterations CPU time (s) Final cavity pressure (kPa)
Scheme 10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s

FE 0 0 8 13 113.373 73.667
FEDC 0 0 8 13 73.043 72.317
NR 514 369 364 91 72.277 72.282
MNR Fail 357 Fail 67 Fail 72.282
MNRC Fail Fail Fail Fail Fail Fail
MNRMT Fail Fail Fail Fail Fail Fail
AUTOINC 0(39)a 0(76)a 14 19 72.456 72.317
AUTOITR 467(40)a 401(79)a 154 121 72.280 72.282

Reference solutionb 2706 606 72.280

a Total number of subincrements.
b Computed using NR iteration with 1000 load increments and ITOL = 10−6.

they reach the critical state. At this point, small negative values of p′ are generated and the
constitutive law becomes unde�ned. Separate test runs, whose results are not reported here, suggest
that the accelerated MNR schemes will only work for this problem if more than 10 000 load
increments are used. Compared with the NR scheme, the automatic iterative method (AUTOITR)
requires 9 per cent fewer iterations for the 10 increment run, but 9 per cent more iterations for
the 50 increment run. The need to adopt small load steps with the NR method is again evident,
as it requires an average of almost 52 iterations per load step for the 10 increment analysis
but less than 3 iterations per load step for the 1000 increment reference analysis. The automatic
schemes, AUTOINC and AUTOITR, again generate similar numbers of load substeps for both sets
of analyses.
In terms of CPU time, the two explicit incremental schemes, FE and FEDC, are the fastest

solution methods. Because of its high iteration count, the NR scheme is about 45 times slower
than the explicit methods for the 10 increment run and about 7 times slower for the 50 increment
run. For the 50 increment run, the MNR scheme is 26 per cent faster than the NR scheme. The
automatic incremental scheme, as in previous examples, is very e�ective in terms of CPU time.
For both sets of analyses it is competitive with the simple explicit techniques, and is 96 and 79
per cent faster than the NR method. The automatic iterative scheme, AUTOITR, while considerably
slower than its incremental counterpart, is better than the conventional iterative techniques for
analyses with large load steps.
The cavity expansion plots, shown in Figures 8 and 9, indicate the response predicted by the

FE scheme is very inaccurate for the run with 10 increments. A similar comment applies to the 10
increment analysis with the FEDC method, even though it predicts a �nal cavity pressure which is
within 1 per cent of the reference solution. Although the error of these two incremental schemes
is reduced signi�cantly as the number of load increments is increased to 50, the FE solution is
still insu�ciently accurate overall while the FEDC solution again exhibits a small oscillation in
the early stages of loading. In contrast, the cavity expansion responses predicted by the NR, MNR,
AUTOINC and AUTOITR schemes are all very close to the reference solution, even for the 10
increment analyses.
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Figure 8. Cavity expansion curves for cylinder of
medium sand (CASM-MS, 10 load increments).

Figure 9. Cavity expansion curves for cylinder of
medium sand (CASM-MS, 50 load increments).

Figure 10. Rigid footing mesh (625 nodes, 288 elements, 1143 degrees of freedom).

Rigid footing

We now consider the problem of a smooth rigid strip footing, of width B, resting on an elasto-
plastic soil layer. The �nite element mesh (comprising 6-noded triangles) and boundary conditions
for the various analyses are shown in Figure 10. To simulate the behaviour of a rigid foundation,
the footing is subjected to a set of uniform vertical displacements and an equivalent pressure is
computed by summing the appropriate vertical nodal reactions. Because of the singularity at the
footing edge and the strong rotation of the principal stresses, this problem is a challenging test
for any solution scheme, especially when large load increments are used.
As in the previous cavity expansion study, each of the various load stepping schemes is run

using 10 and 50 equal-sized displacement increments. The three di�erent soil types considered
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are a normally consolidated clay, an overconsolidated clay, and a medium density sand. The
�rst two of these are modelled using the generalized Cam clay constitutive law (GCC-NC and
GCC-OC), while the third is modelled using Yu’s uni�ed clay and sand model (CASM-MS).
The total displacement imposed on the footing cause large scale plastic yielding and, in the clay
examples, is su�cient to approach a state of collapse.
For all footing analyses, the initial stresses in the soil layer are generated using the body loads

which correspond to the submerged soil densities. During this stage, we assume that the material
is non-linear elastic (with a large preconsolidation pressure p′

0) and apply the body loads in
small increments. Once the initial stresses are established, the initial yield surface locations are
determined from either a given overconsolidation ratio (for clay) or a given initial void ratio (for
sand). Note that the total iterations and CPU times given in the following tables are due only to
the application of the footing load, and not the establishment of the initial stresses.

Footing on normally consolidated clay (GCC-NCC). In the �rst footing example, the behaviour of
the normally consolidated clay is simulated using the GCC model with a rounded Mohr–Coulomb
yield surface and an associated ow rule. The parameters adopted are as follows:

M =0:898; �=0:25; �=0:05; �=0:3; N =2:8;

�′=0:5; ′=6 kN=m3; K0 = 0:72

where ′ is the submerged unit weight and K0 is the ratio of the horizontal and in situ vertical
stresses. As mentioned above, these last two parameters are used to generate the in situ stresses
before the footing is displaced. In order to initiate a state of near collapse in the soil, the footing
is loaded to a total displacement of 3B=4.
The numerical results for the various methods, shown in Table IV, indicate that the FEDC,

MNRC, and MNRMT schemes fail to furnish a solution for the 10 increment runs. The MNRMT
scheme also fails for the 50 increment analysis. The cause of these failures was either a lack of
convergence within 1000 iterations or a numerical breakdown in the stress integration phase. Of
the conventional iterative schemes, the NR and MNR procedures require similar numbers of itera-
tions overall. The number of iterations per load increment for these two schemes is, respectively,
around 34 and 38 for the 10 increment run and just under 3 for the 50 increment run. The
automatic incremental scheme, AUTOINC, generates 89 and 109 load subincrements for the
two sets of analyses, while its iterative counterpart, AUTOITR, uses 64 and 112 load subincre-
ments. As the iteration counts per subincrement for the latter runs are quite low, at just
under 5 and 2 respectively, there are clear advantages in adopting the automatic load incrementation
strategy.
The CPU times in Table IV indicate that the FE incremental scheme is again the fastest. Of

the conventional iterative schemes, the MNR method is the quickest and compared with the NR
procedure, provides savings of 14 and 27 per cent for the two sets of analyses. The two automatic
schemes again perform well when they are used with only a few trial load steps. For the 10
increment runs, the AUTOINC and AUTOITR schemes give CPU time savings of 84 and 50
per cent compared with the NR procedure. In the runs with 50 trial load increments, the AUTOITR
method gives a reduced saving of 13 per cent, while the AUTOITR methods uses 42 per cent
more CPU time. These timings suggest that the relative performance of the automatic schemes is
enhanced when they are used with large trial load steps. This is because the use of small trial load
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Table IV. Results for rigid footing on normally consolidated clay (GCC-NC).
(M =0:898; �=0:25; �=0:05; �=0:3; N =2:8; �′=0:5; ′=6 kN=m3; K0 = 0:72).

Total iterations CPU time (sec) Final footing pressure (kPa)
Scheme 10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s

FE 0 0 23 40 110.850 58.438
FEDC Fail 0 Fail 40 Fail 28.130
NR 336 142 391 90 27.324 27.578
MNR 372 145 336 66 27.366 27.575
MNRC Fail 105 Fail 83 Fail 27.533
MNRMT Fail Fail Fail Fail Fail Fail
AUTOINC 0(89)a 0(109)a 64 78 27.666 28.020
AUTOITR 295(64)a 210(112)a 193 128 27.492 27.542

Reference solutionb 2023 920 27.484

a Total number of subincrements.
b Computed using NR iteration with 1000 load increments and ITOL=10−6.

Figure 11. Load-displacement response of rigid
footing on normally consolidated clay (GCC-NC,

10 load increments).

Figure 12. Load-displacement response of rigid
footing on normally consolidated clay (GCC-NC,

50 load increments).

steps may result in many stages where no subincrementation is required, leading to unnecessary
work.
The load–displacement curves for the various analyses, shown in Figures 11 and 12, indicate

that the explicit forward Euler solutions are very inaccurate for both the 10 increment and 50
increment runs. The results of separate tests suggest that several thousand load steps are needed
before this method furnishes solutions of su�cient accuracy. Although it fails when used with 10
load increments, the FEDC scheme gives acceptable results with 50 load increments and predicts a
�nal footing pressure which is within 3 per cent of the reference solution. The automatic procedures
predict the load–displacement response accurately for both the 10 increment and 50 increment
analyses, as do the NR and MNR methods.

Footing on overconsolidated clay (GCC-OC). The constitutive law and parameters used to model
the overconsolidated clay are identical to those adopted for the normally consolidated case, except
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Table V. Results for rigid footing on normally consolidated clay (GCC-OC).
(M =0:898; �=0:25; �=0:05; �=0:3; N =2:8; �′=0:5; ′=6 kN=m3; K0 = 0:98).

Total iterations CPU time (s) Final footing pressure (kPa)
Scheme 10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s

FE 0 0 20 28 56.517 35.202
FEDC 0 0 19 29 20.979 30.934
NR Fail 352 Fail 645 Fail 30.419
MNR Fail Fail Fail Fail Fail Fail
MNRC Fail Fail Fail Fail Fail Fail
MNRMT Fail Fail Fail Fail Fail Fail
AUTOINC 0(180)a 0(219)a 76 99 30.213 30.204
AUTOITR 246(193)a 295(241)a 157 151 30.396 30.433

Reference solutionb 0 2355 30.194

a Total number of subincrements.
b Computed using the incremental automatic scheme with 1000 increments and DTOL=10−6.

than an additional variable, the overconsolidation ratio, is de�ned according to

OCR= (20 + p′
in)=p

′
in

where p′
in is the in situ mean e�ective stress in kPa. This equation implies that, at the ground

surface, the preconsolidation pressure is 20 kPa and the overconsolidation ratio is in�nite. One
other minor di�erence to the normally consolidated analysis is that a value of K0 = 0:98 is used
to establish the initial stresses. In order to approach a state of collapse, a total displacement of
B=8 is imposed on the footing.
As indicated in Table V, all of the standard iterative schemes, except the 50 increment NR

analysis, fail to yield a solution for this example. The reasons for these failures are the same as
those discussed for the normally consolidated footing analyses. Although the NR scheme converged
successfully for the analysis with 50 load steps, it failed inexplicably with 1000 load steps and
thus could not be used to compute the reference solution (the automatic incremental scheme, with
1000 load steps and a stringent displacement error tolerance of 10−6, was used instead). This
type of erratic behaviour illustrates the di�culties that are commonly encountered in �nite element
analysis with critical state models. The fact that the NR procedure uses an average of just over
7 iterations per load increment, even with 50 load steps, con�rms the highly non-linear nature of
this example. In contrast to the performance of the conventional iterative schemes, the automatic
schemes again work well for both sets of analyses, with the incremental variant being the faster
of the two. Indeed, compared with AUTOITR, AUTOINC yields CPU time reductions of 52 and
34 per cent for the 10 and 50 increment analyses, even though the two methods give similar
�nal footing pressures. Even though AUTOITR generates 241 load substeps for the 50 increment
analysis, it is faster than the equivalent NR analysis by a factor in excess of 4.
The load-deformation responses for the successful 10 increment runs, shown in Figure 13, indi-

cate that the explicit methods again furnish highly inaccurate solutions. Although the 50 increment
results for these methods are markedly better, the FE solution still drifts from the reference solution
in the vicinity of the ultimate load (Figure 14). Regardless of whether they are used with 10 or
50 load steps, the two automatic schemes both predict the load deformation response accurately,
up to and including collapse.
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Figure 13. Load-displacement response of rigid
footing on overconsolidated clay (GCC-OC, 10

load increments).

Figure 14. Load-displacement response of rigid
footing on overconsolidated clay (GCC-OC, 50

load increments).

Footing on medium sand (CASM-MS). The model and parameters used to describe the medium
sand are the same as those used for the thick cylinder problem. Two additional parameters, which
are needed to establish the initial stresses, are the buoyant unit weight and the at-rest earth pressure
coe�cient. These are de�ned as

′=10 kN=m3; K0 = 0:98

while the in situ void ratio is assumed to be given by the relation

ein =N − 1− (�− �) ln(400p′
in + 10)− � lnp′

in

Substituting N =1:9; �=0:01, and �=0:006 into this equation gives an in situ void ratio of 0.83
at a depth of 5B where p′

in = 93:3 kPa. In the analyses that follow, the total footing displacement
is set to 0:04B, which is su�cient to cause extensive plastic deformation.
The results in Table VI indicate that all the standard iterative runs, except the NR analysis

with 50 load increments, fail. The FEDC scheme also fails for the 10 increment analysis. Checks
revealed that the causes of these failures were either a lack of convergence within 1000 iterations
or a numerical breakdown of the constitutive law as some stress points approached the origin. As
can be seen from Equations (30) and (31), the CASM model is unde�ned for zero stress states.
When computing the reference solution with 1000 load increments and ITOL=10−6, the NR
scheme converges quickly and needs an average of just over 2 iterations per load step. For the
50 increment analysis with the same method and a much looser tolerance of ITOL=10−3, the
rate of convergence is similar and an average of just under 3 iterations is required. This again
highlights the desirability of adopting small load steps with the conventional NR scheme. As in
all previous examples, the two automatic schemes perform well for both the 10 and 50 increment
runs. The incremental variant, AUTOINC, is again the fastest and yields CPU savings of about
40 and 33 per cent relative to AUTOITR. The timings for both methods, when used with 10 trial
load steps, are competitive with the timing for the 50 increment NR run.
The load–displacement responses for the successful runs, shown in Figures 15 and 16, indicate

that the FE method again needs very small load steps for the solution to be su�ciently accurate.
When used with a drift correction and just 50 load increments, however, this method yields results
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Table VI. Results for rigid footing on medium sand (CASM-MS).
(M =1:2; �=0:01; �=0:006; �=0:3; N =1:9; n=2:5; r=10; ′=10 kN=m3; K0 = 0:98).

Total iterations CPU time (sec) Final footing pressure (kPa)
Scheme 10 inc’s 50 inc’s 10 inc’s 50 inc’s 10 inc’s 50 inc’s

FE 0 0 23 39 1513.442 438.439
FEDC Fail 0 Fail 40 Fail 385.048
NR Fail 135 Fail 74 Fail 385.468
MNR Fail Fail Fail Fail Fail Fail
MNRC Fail Fail Fail Fail Fail Fail
MNRMT Fail Fail Fail Fail Fail Fail
AUTOINC 0(69)a 0(101)a 56 84 383.630 383.904
AUTOITR 157(81)a 193(116)a 94 125 385.263 385.435

Reference solutionb 2103 969 385.088

a Total number of subincrements.
b Computed using NR iteration with 1000 load increments and ITOL=10−6.

Figure 15. Load-displacement response of rigid
footing on medium sand (CASM-MS, 10 load

increments).

Figure 16. Load-displacement response of rigid
footing on medium sand (CASM-MS, 50 load

increments).

which are very close to the reference solution. The two automatic schemes both predict the load–
displacement response correctly, as does the NR method with 50 load steps.

CONCLUSIONS

The tests conducted highlight some of the di�culties that can be encountered when critical state
models are applied in practice. Some key conclusions that may be drawn from the study are:

(i) Explicit incremental schemes, such as the forward Euler method, are fast and robust but may
require very large numbers of load increments for an accurate solution. The performance
of these types of methods can be improved by using higher-order schemes, such as the
second-order modi�ed Euler method, or by adopting a simple correction to reduce the
drift from equilibrium. Results presented in this paper suggest that the latter option is an
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attractive one, provided a trial-and-error procedure is adopted to determine the minimum
number of load steps required for an accurate solution.

(ii) Conventional iterative schemes, such as the Newton–Raphson and modi�ed Newton–
Raphson methods, yield accurate solutions even when they are used with very large load
steps. In general, the Newton–Raphson procedure is more robust than its modi�ed coun-
terpart, but is less e�cient in terms of CPU time.

(iii) The modi�ed Thomas method is markedly better than the Chen method for accelerating
modi�ed Newton–Raphson iterations. This procedure often gives substantial CPU time sav-
ings over the Newton–Raphson and modi�ed Newton–Raphson schemes for runs with large
load steps, but is not very robust.

(iv) The performance of all the iterative solution schemes considered is very sensitive to the
load step size as well as the iteration tolerance. Due to the non-linearity of critical state
models, these methods are invariably faster when they are used with small load steps. It is
frequently di�cult, however, to choose a suitable sequence of iterative load steps by hand
without repeated analyses. Generally speaking, it is prudent to avoid using very stringent
convergence tests with iterative techniques, as this may lead to numerical failure with little
potential gain in accuracy.

(v) The two automatic schemes of Abbo and Sloan [1; 2] are robust, e�cient, and accurate
when applied to critical state models. Of the algorithms tested, these are the only ones
that provided a solution for every problem. Apart from their reliability, a further advantage
of the automatic schemes is that they do not require a trial-and-error procedure to �nd
an accurate solution. The e�ciency of these methods stems from the reliability of their
error estimators, which force the load step size to vary in accordance with the local non-
linearity of the load path. Although the incremental automatic scheme is always faster than
its iterative counterpart, often by a factor of two or more, the latter scheme is the most
accurate and always ensures that equilibrium is satis�ed at the end of each load step. To
reduce their CPU time requirement for a given problem, it is best to start the automatic
methods with a small number of equal-sized load steps, typically between 5 and 10.
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