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a b s t r a c t

The numerical integration of the stress–strain relationship is an important part of many finite element
code used in geotechnical engineering. The integration of elasto-plastic models for unsaturated soils
poses additional challenges associated to the presence of suction as an extra constitutive variable with
respect to traditional saturated soil models. In this contribution, a range of explicit stress integration
schemes are derived with specific reference to the Barcelona Basic Model (BBM), which is one of the best
known elasto-plastic constitutive models for unsaturated soils. These schemes, however, do not address
possible non-convexity of the loading collapse (LC) curve and neglect yielding on the suction increase (SI)
line. The paper describes eight Runge–Kutta methods of various orders with adaptive substepping as well
as a novel integration scheme based on Richardson extrapolation. The algorithms presented also incorpo-
rate two alternative error control methods to ensure accuracy of the numerical integration. Extensive val-
idation and comparison of different schemes are presented in a companion paper. Although the
algorithms presented were coded for the Barcelona Basic Model, they can be easily adapted to other
unsaturated elasto-plastic models formulated in terms of two independent stress variables such as net
stress and suction.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Finite element codes used for nonlinear analyses in geotechni-
cal engineering employ iterative schemes, which require solving
the global system of equations several times for each load/time
increment. In each such iteration, the stress state at every Gauss
point is calculated from the corresponding strain increment using
a stress integration procedure. The numerical integration of the
stress–strain relationship is therefore one of the most frequent
tasks performed by a finite element routine and, for complex elas-
to-plastic constitutive models formulated in a differential form, the
choice of the integration algorithm directly influences the stability,
efficiency and accuracy of computations [14].

The algorithms used for the numerical integration of elasto-
plastic constitutive models may be divided into two general
groups: (a) the implicit algorithms where the tangent elasto-plas-
tic stiffness matrix is computed corresponding to the final stress
state of the integration increment (hence, these algorithms require
an iterative calculation of the final stress state) and (b) the explicit
algorithms where the tangent elasto-plastic stiffness matrix is
ll rights reserved.
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computed corresponding to the initial stress state of the integra-
tion increment. Unlike implicit algorithms, the explicit algorithms
do not require an iterative calculation but they tend to use adap-
tive substepping to ensure accuracy and to control error.

A general description of implicit integration algorithms is given
e.g. in Simo and Hughes [18] where references to related works
may also be found. In the relatively new area of unsaturated soil
mechanics, implicit integration algorithms have been presented
e.g. by Vaunat et al. [26], Zhang et al. [28] and Borja [3].

As mentioned earlier, explicit integration algorithms are often
used in combination with an adaptive substepping procedure to
control accuracy of results. The substepping procedure divides
the initial strain increment into a number of substeps based on a
particular criterion to ensure that the integration error is main-
tained below a given tolerance while keeping the integration as
effective as possible. These concepts introduced to geomechanics
by Sloan [19] are typical of modern explicit stress integration algo-
rithms. Recent developments in explicit integration have been pre-
sented by Sloan et al. [20], Sheng et al. [14–17] and Zhao et al. [29],
whereas a general summary of integration algorithms for soils
with a comparison between explicit and implicit approaches may
be found in Potts and Zdravkovic [11].

This paper, together with a companion one [24], compares the
robustness, accuracy and efficiency of different Runge–Kutta algo-
rithms for the integration of an elasto-plastic constitutive model
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for unsaturated soils, expanding on the original idea of explicit
integration with adaptive substepping proposed by Sloan [19]. A
novel explicit stress integration algorithm based on the idea of
Richardson extrapolation is also described and compared with
the Runge–Kutta schemes. All algorithms are presented with spe-
cific reference to the well-known Barcelona Basic Model (BBM)
proposed by Alonso et al. [1], though the version of BBM consid-
ered in this work neglects the possibility of yielding on the suction
increase (SI) line. This simplifies treatment with little loss of gener-
ality as, for most applications of BBM, soil paths never intersect the
SI locus. In addition, the loading collapse (LC) yield locus may be
non-convex for some specific set of parameter values [27], how-
ever this issue is not specifically addressed in the algorithms pre-
sented here.

Although the numerical examples in both this paper and the
companion one [24] refer specifically to BBM, some of the conclu-
sions may be generally applicable to other types of elasto-plastic
unsaturated soil models.

2. Barcelona Basic Model

The BBM has been the first elasto-plastic model to offer a com-
prehensive interpretation of the irreversible deformation of unsat-
urated soils as a consequence of both loading and suction changes.
Partial saturation is taken into account in BBM by including an
additional scalar variable, i.e. the suction s = u(a) � u(w), defined as
the difference between the pore air pressure u(a) and pore water
pressure u(w). For the particular case of zero suction, the BBM re-
duces to the Modified Cam Clay for saturated soils. The BBM was
originally formulated by Alonso et al. [1] for the p � q triaxial net
stress space, where p is the mean net stress, defined as the excess
of the mean total stress over pore air pressure, and q is the triaxial
deviator stress. The BBM assumes that the size of the yield locus in
the p � q net stress plane at constant suction is dependent on the
current values of suction s and hardening parameter p�0.

The BBM is calibrated using nine material constants, namely the
elastic shear modulus G, the elastic swelling modulus j for changes
in mean net stress, the elastic swelling modulus js for changes in
suction, the parameter k describing the increase of cohesion with
suction, the slope of the critical state line M in the q � p plane at
constant suction, the slope of the normal consolidation line k(0)
at zero suction, the parameter r defining the range of slopes for
the constant suction normal consolidation lines, the parameter b
controlling the change of the slope of the constant suction normal
consolidation lines with suction and the reference mean net stress
pc coinciding with the value of the hardening parameter p�0 for
which the isotropic yield stress is independent of suction.

The value of the specific volume at a reference net stress state
must also be specified as an input parameter. This information is
usually provided in the form of the parameter N(0) representing
the specific volume on the normal consolidation line at zero suc-
tion and at the reference mean net stress pc.

For the application to generic boundary value problems, BBM
must be recast in the general net stress space where the net stress
vector r is defined as:

r ¼ rtot �m uðaÞ ð1Þ

where rtot is the total stress vector and mT = {1,1,1,0,0,0}. The mean
net stress p and triaxial shear stress q are, respectively:

p ¼ 1
3
ðr11 þ r22 þ r33Þ1 ð2Þ

q¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
ððr11�r22Þ2þðr11�r33Þ2þðr22�r33Þ2þ6ðr2

12þr2
13þr2

23ÞÞ
r

ð3Þ
No dependency of the yield locus on the Lode angle is assumed
(i.e. each constant suction yield locus has a circular cross-section in
the deviatoric plane) and the original BBM formulation in the triax-
ial net stress space is therefore extended to the general stress do-
main by simply defining p and q in terms of Eqs. (2) and (3),
respectively.

3. Normalised yield locus

The definition of a normalised form of the yield equation for
BBM is necessary to set a stress integration tolerance that is inde-
pendent of the current size of the yield locus. In a constant suction
p � q net stress plane, the BBM yield locus is given by an ellipse,
which size depends on the current values of suction s and harden-
ing parameter p�0 according to the equation:

F ¼ q2 �M2ðpþ ksÞðp0 � pÞ ¼ 0 ð4Þ

where p0 is the isotropic yield stress depending on the current val-
ues of s and p�0. A normalised form of the yield locus is obtained by
dividing (4) by the quantity (p0 + ks)2

Fnorm ¼ q02 �M2p0ð1� p0Þ ¼ 0 ð5Þ

where the dependency on the two dimensionless variables q0 ¼ q
p0þks

and p0 ¼ pþks
p0þks is introduced.

Regardless of the current values of suction, s and hardening
parameter, p�0, the normalised Eq. (5) maps all the BBM yield loci
given by Eq. (4) into a single ellipse in the p0–q0 plane. The major
and minor axes of this ellipse are equal to unity and half the value
of M, respectively. The value of the normalised yield function Fnorm

depends on the distance of the current net stress state from the
yield locus of Eq. (4) relative to the size of such yield locus (which
in turn depends on the current values of suction s and hardening
parameter p�0).

In all stress integration algorithms presented in this paper, the
net stress state is assumed to lie on the yield locus when the cor-
responding absolute value of the normalised yield function Fnorm of
Eq. (5) is less then a fixed tolerance. Note that, if Eq. (4) was to be
used instead of Eq. (5) in conjunction with an absolute tolerance,
the yield criterion will become less stringent as the size of the yield
locus decreases. In particular, for a very small size of the yield lo-
cus, the net stress state might be far from the yield surface in rel-
ative terms but might still lie within the set absolute tolerance.

4. Explicit stress integration of unsaturated soil models with
substepping

Sheng et al. [15] proposed an explicit substepping stress inte-
gration algorithm for an elasto-plastic unsaturated soil model for-
mulated in terms of a constitutive stress variable defined as:

r0 ¼ rtot �muðSrÞuðwÞ ð6Þ

where r0 is the constitutive stress vector, u(Sr) is a function of the
degree of saturation Sr and u(w) is the pore water pressure.

Expanding on the work of Sheng et al. [15], this paper compares
different Runge–Kutta schemes of various orders used for the ex-
plicit integration of BBM in combination with an adaptive substep-
ping procedure for error control. In these algorithms, the change of
suction is treated as an additional component of the strain incre-
ment vector despite, in the context of constitutive modelling, suc-
tion is considered as a stress rather than a strain. A mixed ‘‘strain–
suction” formulation is here adopted because suction, similarly to
strains, is derived from the primary nodal variables (i.e. displace-
ments, pore air pressure and pore water pressure) of finite element
models for unsaturated soils. Hence, the stress integration algo-
rithm should return the increment of net stress Dr corresponding
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to an ‘‘enhanced” vector increment Deenh ¼ fde;Dsg, which includes
the conventional strain increment vector De as well as the suction
increment Ds.

The substepping procedure automatically divides the ‘‘en-
hanced” increment of strains and suction into a number of sub-
steps deenh = {de, ds} small enough to ensure that the desired
integration accuracy is enforced. The integration error in the cur-
rent substep is assessed and, depending on the error control crite-
rion, the substep is either accepted or rejected. After accepting or
rejecting the current substep, the size of the next substep is calcu-
lated based on the estimated error and the set tolerance.

Two different criteria for controlling the integration error are
here evaluated: (i) the EPS (Error Per Step) control, as used e.g. by
Sloan [19], and (ii) the EPUS (Error Per Unit Step), as defined by
Shampine [13]. To the authors’ knowledge, the EPUS error control
has not been used so far in adaptive stress integration of soil
models.

The stress integration algorithm consists of two parts, i.e. an elas-
tic part and an elasto-plastic part, which are alternatively used
depending on whether the given increment of strains and suction
corresponds to elastic or elasto-plastic loading, respectively. In the
particular case of an increment of strains and suction starting as
elastic and arriving to a plastic condition, the algorithm must sepa-
rate the initial portion of the increment that takes place inside the
yield locus from the remaining part that involves plastic behaviour.
For the sake of brevity, this paper does not cover elastic integration
of stresses nor the computational procedures used for dividing an
increment in the corresponding elastic and elasto-plastic parts (for
details about such aspects, the reader should refer to e.g. Potts and
Zdravkovic [11] and Sołowski [21]). This paper focuses instead on
the stress integration in the plastic domain and, hence, the deriva-
tion presented in the next section assumes that the soil behaves
elasto-plastically right from the onset of the integration.

With specific reference to BBM, the differential form of the con-
sistency condition is written as:

dF ¼ @F
@r

� �T

drþ @F
@s

� �T

dsþ @F
@p�0

� �T

dp�0 ¼ 0 ð7Þ

The stress increment dr in (7) is computed from the integration
of the elastic strain associated to changes of net stress, deel,r (given
by the difference between the strain de and the sum of the plastic
strain depl plus the elastic strain associated to changes of suction
deel,s):

dr ¼ Deldeel;r ¼ Del½de� ðdepl þ deel;sÞ� ð8Þ
where Del is the elastic matrix.

The elastic strain associated to changes of suction is defined as:

deel;s ¼ 1
3

m
jsds

ðpat þ sÞm ð9Þ

where js is the elastic swelling modulus for changes in suction, pat

is the atmospheric pressure and m is the current specific volume.
The plastic strain increment is computed from the plastic po-

tential function as:

depl ¼ k
@Q
@r

ð10Þ

where k is the scalar plastic multiplier and Q ¼ Qðr; s;p�0Þ is the
plastic potential function. Similarly, the increment of the hardening
parameter dp�0 is computed from the increment of plastic strain as:

dp�0 ¼
@p�0
@epl

v
depl

v ¼
@p�0
@epl

v
mT depl ð11Þ

where depl
v is the increment of plastic volumetric strain. Introducing

(8)–(11) into (7) leads to the following expression for the scalar
plastic multiplier k:
k ¼ aT Deldeþ ½c � aT Delb�ds

aT Delg� d
ð12Þ

where

a ¼ @F
@r

; b ¼ 1
3

m
js

ðpat þ sÞm ; c ¼ @F
@s
; d

¼ @F
@p�0

@p�0
@epl

v
mT @Q

@r
and g ¼ @Q

@r

The plastic strain increment is then calculated from (10), the
hardening parameter increment from (11) and the net stress incre-
ment from (8). In the calculation of the net stress increment, the
terms associated with strain and suction can be separated, which
leads to:

dr ¼ Dep;edeþ Dep;sds ¼ ½Dep;e;Dep;s�deenh ¼ Depdeenh ð13Þ

where the Dep is the 6 � 7 tangent elasto-plastic matrix given by the
combination of the 6 � 6 matrix Dep,e and the 6 � 1 matrix Dep,s as:

Dep ¼

� � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Dep;e

� � �
� � �
� � �
� � �
� � �
� � �|{z}
Dep;s

�������������������

2
66666666666664

3
77777777777775

ð14Þ

where Dep,e and Dep,s are, respectively, defined as:

Dep;e ¼ Del � DelgaT Del

aT Delg� d
ð15Þ

and

Dep;s ¼ Delg
ðc � aT DelbÞ
aT Delg� d

� 1
3

Delm
js

ðpat þ sÞm ð16Þ

Similarly, the hardening parameter increment is calculated by
introducing Eqs. (10) and (12) into Eq. (11), with the terms associ-
ated with strains and suction separated as:

dp�0 ¼ HedeþHsds ¼ ½He;Hs�deenh ¼ Hdeenh ð17Þ

where H is the 1 � 7 hardening matrix given by the combination of
the 1 � 6 matrix He and the 1 � 1 matrix Hs as:

H ¼ . . . . . . . . . . . . . . . . . .|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
He

. . .|{z}
Hs

������
2
64

3
75 ð18Þ

where He and Hs are, respectively, defined as:

He ¼ @p�0
@epl

v

mT gaT Del

aT Delg� d
ð19Þ

and

Hs ¼ @p�0
@epl

v

mT g½c � aT Delb�
aT Delg� d

ð20Þ

In the adaptive substepping procedure the infinitesimal incre-
ments of Eq. (13) (denoted by ‘‘d”) are replaced by the correspond-
ing finite substeps (denoted by ‘‘d”). The sum of all substeps dr of
net stress and the sum of all substeps deenh of strains and suction
add up, over a given increment, to the corresponding values Dr
and Deenh, which are the output and input of the integration algo-
rithm, respectively.
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The magnitude of the generic ith substep of a given increment
of strains and suction is therefore defined as:

deenh
i ¼ dTi � Deenh ð21Þ

where dTi is the substep fraction smaller than unity. Assuming that
the initial strain increment has been partitioned in n substeps, we
have that:

X
dTi ¼ 1 for i ¼ 1; . . . ; n ð22Þ
5. Higher order Runge–Kutta schemes

Different Runge–Kutta schemes have been used for the explicit
integration of net stresses within each substep. Runge–Kutta
schemes with embedded pairs provide two solutions (i.e. a higher
order solution as well as an embedded lower order solution) so
that an estimate of the integration error can be easily obtained
as the difference between the pair. These Runge–Kutta schemes
have been here used in the extrapolation mode, which means that
the higher order solution is used to advance the integration over
the increment. The following explicit schemes have been investi-
gated in this work:

– The Modified Euler 2(1) scheme (Sloan [19]) – a second order
scheme with embedded first order solution.

– Two different 3(2) third order schemes with embedded second
order solution. The first scheme uses coefficients proposed by
Nystrom (Gear [6] and Lee and Schiesser [9]) whereas the sec-
ond scheme uses the coefficients proposed by Bogacki–Sham-
pine (Bogacki and Shampine [2]).

– A 4(3) fourth order scheme with embedded third order solution
(Lee and Schiesser [9]).

– Four different 5(4) fifth order schemes with embedded fourth
order solution. The coefficients for each of these four schemes
were proposed by England (Sloan [19] and Lee and Schiesser
[9]), Cash and Karp (Press et al. [12] and Lee and Schiesser
[9]), Dormand and Prince (Dormand [5]) and Bogacki and Sham-
pine (Bogacki and Shampine [2]), respectively.

The integration of a given substep of strains and suction deenh is
performed by any of the above Runge–Kutta schemes following the
same general procedure [22]. The reader is directed to specialized
references for a detailed description of the Runge–Kutta method
(e.g. [4,5,13]). Here it suffices to say that, for a given Runge–Kutta
scheme, a number (NoS) of stages is necessary to integrate the net
stress state over the given substep deenh. In the generic jth stage
(with j = 1, . . . , NoS), the stage-substeps of net stress dr(j) and
hardening parameter dp�ðjÞ0 are calculated from (13) and (17),
respectively, as:

drðjÞ ¼ DepðjÞ eenh þ cðjÞdeenh; rþ
Xj�1

k¼1

aðjkÞdrðkÞ;

 

p�0 þ
Xj�1

k¼1

aðjkÞdp�ðkÞ0

!
deenh

dp�ðjÞo ¼ HðjÞ eenh þ cðjÞdeenh; rþ
Xj�1

k¼1

aðjkÞdrðkÞ;

 

p�0 þ
Xj�1

k¼1

aðjkÞdp�ðkÞ0

!
deenh

ð23Þ

In Eq. (23) the tangent elasto-plastic matrix Dep(j) and the hard-
ening matrix H(j) for the generic jth stage, are a function of the pre-
vious stage-substeps of net stress dr(k) and hardening parameter
dp�ðkÞo as well as of the substep of strains and suction deenh. The coef-
ficients a(jk) and c(j) in Eq. (23) are relevant to the specific Runge–
Kutta scheme considered. Finally, after all (NoS) stage-substeps
have been calculated from Eq. (23), the substeps of net stress dr
and hardening parameter dp�ðkÞo are obtained from the weighted
summation of such stage-substeps as:

dr ¼
XNoS

j¼1

bðjÞdrðjÞ

dp�o ¼
XNoS

j¼1

bðjÞdp�ðjÞo

ð24Þ

where b(j) are coefficients relevant to the specific Runge–Kutta
scheme.

Similarly, the weighted summation for the embedded lower or-
der formula gives:

drðlowÞ ¼
XNoS

j¼1

dðjÞdrðjÞ

dp�ðlowÞ
o ¼

XNoS

j¼1

dðjÞdp�ðjÞ0

ð25Þ

where d(j) are coefficients relevant to the specific Runge–Kutta
scheme.

The estimates of the errors in the calculation of the substeps of
net stress and hardening parameter are then given as:

EðdrÞ ¼ dr� drðlowÞ ¼
XNoS

j¼1

eðjÞdrðjÞ ¼
XNoS

j¼1

ðbðjÞ � dðjÞÞdrðjÞ

Eðdp�0Þ ¼ dp�o � dp�ðlowÞ
o ¼

XNoS

j¼1

eðjÞdp�ðjÞo ¼
XNoS

j¼1

ðbðjÞ � dðjÞÞdp�ðjÞo

ð26Þ

The coefficients a(jk), b(j), c(j), d(j) and e(j) for all Runge–Kutta schemes
considered in this work are given in Appendix A.

Two additional error estimates are calculated relative to the
substeps of mean net stress and deviator stress as:

EðdpÞ ¼ ðEðdr11Þ þ Eðdr22Þ þ Eðdr33ÞÞ=3
EðdqÞ ¼max jqðrþ drþ EðdrÞÞ � qðrþ drÞjf ;

jqðrþ dr� EðdrÞÞ � qðrþ drÞjg
ð27Þ

The error estimates of Eqs. (26) and (27) are used to decide
whether the substep should be accepted or rejected and to calcu-
late the next substep size by using either the EPS or the EPUS con-
trol method as described below.
6. The EPS control method

According to the original substepping procedure proposed by
Sloan [19], a relative measure of the error in net stress R(dr) is cal-
culated at end of the generic substep as:

RðdrÞ ¼ EðdrÞ
jrþ drj ð28Þ

In this work, additional relative errors of deviator stress, R(dq),
mean net stress, R(dp) and hardening parameter, Rðdp�ðkÞo Þ are calcu-
lated at end of the generic substep as:

RðdpÞ ¼ EðdpÞ
pþ dp

; RðdqÞ ¼ EðdqÞ
qþ dq

; Rðdp�oÞ ¼
Eðdp�0Þ

p�0 þ dp�0
ð29Þ

The maximum value, R is then identified from the six components
of the relative error vector of Eq. (28) and the three scalar errors
of Eq. (29):
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R ¼ maxðjRðdr11Þj; jRðdr22Þj; jRðdr33Þj; jRðdr12Þj; jRðdr13Þj;
jRðdr23Þj; jRðdpÞj; jRðdqÞj; jRðdp�0ÞjÞ ð30Þ

The criterion for error control compares the value of R from Eq.
(30) with a user-defined integration tolerance SSTOL. If R 6 SSTOL,
the substep is accepted and the stress state is updated accordingly
whereas if R > SSTOL, the substep is rejected and the net stress
state remains unchanged to the value calculated at the end of
the previous substep.

Regardless of whether the current substep is accepted or re-
jected, a new substep size is calculated by defining an updated sub-
step fraction dTnew as:

dTnew ¼ vdTi ð31Þ

where dTi is the current substep fraction (see Eq. (21)) and v is a
coefficient, which is usually smaller than one if the current substep
has been rejected and larger than one if the current substep has
been accepted. The coefficient v in Eq. (31) is calculated as:

v ¼ n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SSTOL

R
m

r
ð32Þ

where m is the order of the Runge–Kutta method and n is a user-de-
fined factor, smaller than one, introduced because of the simplifying
assumptions made during the calculation of v. In this way, the sub-
step size is continuously adapted (i.e. reduced or enlarged depend-
ing on whether the current substep has been rejected or accepted)
to enforce that the magnitude of the maximum relative error R is
maintained close to SSTOL. This approach is often referred to as
the ‘‘Error Per Step” (EPS) control method (see Shampine [13]).

7. The EPUS control method

In this work, the following definitions of the relative integration
error, which are alternative to those given by Eqs. (28) and (29),
have also been used:

RðdrijÞ ¼
EðdrijÞ
drij

i; j ¼ 1;2;3 ð33Þ

RðdpÞ ¼ EðdpÞ
dp

; RðdqÞ ¼ EðdqÞ
dq

; Rðdp�0Þ ¼
Eðdp�0Þ
dp�0

ð34Þ

The maximum relative error R and the updated substep fraction
dTnew are calculated in the same way as described in the previous
section, with the exception of Eq. (32) that is now replaced by:

v ¼ n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SSTOL

R
m�1

r
ð35Þ

The reduction by one unit of the root order in Eq. (35) in comparison
to Eq. (32) has a theoretical justification (see e.g. Shampine [13]).
The numerical tests performed in this work and presented in the
companion paper [24] have, however, rarely shown a significant
difference in efficiency, accuracy or stability if Eq. (32) is used in-
stead of the mathematically correct Eq. (35).

The present approach is often referred to as the ‘‘Error Per Unit
Step” (EPUS) control method (see also Shampine [13]) and can be
used as an alternative to the EPS control method described in the
previous section. Note that the EPUS control method has not been
previously used for the explicit integration of constitutive models
for soils.

Comparison of Eqs. (28) and (29) with Eqs. (33) and (34) indi-
cates that the EPUS control method calculates the error relative
to the net stress change rather than relative to the absolute net stress
magnitude, as in the EPS control method. This difference becomes
relevant when the integration error is negligible with respect to
the absolute magnitude of net stress but significant with respect
to the calculated net stress increment. In this circumstance, the er-
ror control in terms of Eqs. (28) and (29) would be satisfied
whereas the error control in terms of Eqs. (33) and (34) would fail.
It therefore seems intuitive that the error definitions of Eqs. (33)
and (34) should be favoured over the error definitions of Eqs.
(28) and (29) if the error must be kept below a certain percentage
of the net stress increment. However, this intuitive conclusion has
not been entirely confirmed by the results obtained in this work. As
shown by the numerical tests presented in the companion paper
[24], the use of Eqs. (28) and (29) will result most of the times
(although not always) in integration errors – calculated as relative
to the increment of net stress – that are lower than the tolerance
SSTOL. Such behaviour is characteristic for strictly dissipative sys-
tems as shown in Deuflhard and Bornemann [4].

8. Drift correction scheme

At the end of each plastic substep the stress state should lie on
the normalised yield locus given by Eq. (5) within a fixed tolerance.
If it does not, a drift correction algorithm is employed, similar to
the one advised by Potts and Gens [10] for saturated elasto-plastic
models. The algorithm calculates a correction of the net stress state
dr(corr) while the increment of strains and suction are kept un-
changed (i.e. no variation of either strains or suction occur during
correction of the net stress state). This implies that the correction
of the elastic strains due to change in net stress deel,r(corr) must
be equal in absolute value and opposite in sign to the correction
of the plastic strains depl(corr) and, hence, the correction of the net
stress state dr(corr) is calculated as:

drðcorrÞ ¼ Deldeel;rðcorrÞ ¼ �DeldeplðcorrÞ ¼ �kðcorrÞDel @Q
@r

ð36Þ

where the scalar multiplier k(corr) is obtained from the consistency
equation as:

kðcorrÞ ¼ F
@F
@r

� �T Del @Q
@r
� @F

@p�o

@p�o
@epl mT @Q

@r

ð37Þ

where F is the (positive) value of the yield function corresponding to
the uncorrected stress state lying outside the yield locus. The cor-
rection of plastic strain is computed from (10), and the correction
of hardening parameter from (11). The proposed drift correction
scheme is described in more details in Sołowski and Gallipoli [22].
In the unlikely situation when, after the first correction, the stress
state still lies outside the yield locus, the above algorithm is used
again until the stress state is mapped back within the set tolerance.

The derivatives and stiffness matrix appearing in Eqs. (36) and
(37) may be calculated either at the initial stress state, i.e. at the
start of the substep, corresponding to r, s and p�0 or at the updated
but uncorrected stress state, i.e. at the end of the substep, corre-
sponding to r + dr, s + ds and p�0 þ dp�0. Although there are valid
reasons for calculating these functions at the initial stress state,
see e.g. Potts and Zdravkovic [11], the authors have found that,
for lenient integration tolerances (i.e. relatively large values of
SSTOL) and for higher order Runge–Kutta schemes (so that the sub-
step size is particularly large), such functions must be evaluated at
the updated stress state in order to ensure convergence. In the
computations presented in the companion paper [24], the drift cor-
rection algorithm was always employed by evaluating the relevant
derivatives and stiffness matrix at the updated stress state. This
proved to be generally not worse than evaluating such functions
at the initial stress state and substantially better in some cases.
Additional supporting evidence in this respect may be found in
Sołowski and Gallipoli [22].

After drift correction, a further check on the relative integration
error R should be performed by adding the drift correction to
the estimated integration error from Eqs. (26) and (27). This is
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necessary to avoid large and improper drift corrections, especially
when lenient values of SSTOL are used.

9. Extrapolation method

The main motivation for using the EPUS method is that it allows
greater accuracy with respect to the EPS method in controlling the
maximum integration error. However, during extensive testing of
the previous Runge–Kutta schemes with different sets of BBM
parameter values, the EPUS method has often proven inefficient
and unstable. This was observed, for example, when the integra-
tion algorithm was used for the calibration of BBM by fitting com-
puted results to laboratory tests. The unsatisfactory response of the
EPUS method is probably due to two reasons, i.e. the failure of the
error estimation when the stress substep at the denominator of
Eqs. (33) and (34) is close to zero leading to an undetermined ratio
and the numerical error due to limited machine accuracy when a
large number of very small substeps are calculated. Although the
latter effect can be partly countered by introducing extra accurate
storage so that numerical values are recorded with doubled num-
ber of digits compared to the standard 32 bit format, machine
accuracy will inevitably play an important role when computation
of a large number of very small substeps is required. It is also
important to consider that any potential benefit arising from the
integration of a large number of small substeps is partially offset
by the longer computation time.

Integration algorithms based on extrapolation methods have
therefore been explored as an alternative to Runge–Kutta schemes,
with the objective of verifying whether these algorithms could be
used in combination with the EPUS method without affecting com-
putational stability.

In the extrapolation method an initial approximation of the net
stress increment Dr

ð0Þ
0 is calculated by dividing the corresponding

increment of strains and suction Deenh in a number N0 of equal sub-
increments deenh (i.e. deenh = Deenh/N0) and by using an explicit
scheme to integrate the net stress over each of these subincre-
ments. Subsequently, a second approximation of the net stress
increment Dr

ð0Þ
1 over the same increment Deenh is calculated by

using a number of subincrements N1 > N0. The linear combination
of these two approximations yields a more accurate extrapolated
approximation Dr

ð1Þ
1 (i.e. an approximation whose error series

has a leading term of higher order than Dr
ð0Þ
0 and Dr

ð0Þ
1 ). The error

estimate of such extrapolated approximation is then computed
and, if such error is acceptable, the calculations are terminated.
Otherwise another approximation of the net stress increment
Dr
ð0Þ
2 is calculated with a number of subincrements N2 > N1. Simi-

larly as above, the linear combination of Dr
ð0Þ
2 and Dr

ð0Þ
1 yields

the extrapolated approximation Dr
ð1Þ
2 , which is then combined

again with the previous extrapolated approximation Dr
ð1Þ
1 to yield

an even more accurate extrapolated approximation Dr
ð2Þ
2 . If the er-

ror estimate is acceptable at this stage, calculations are terminated.
Otherwise a new approximation of the net stress increment Dr

ð0Þ
i is

calculated by using a larger number of subincrements Ni > Ni�1 and
this approximation is used for calculating further extrapolated val-
ues. Such process continues until the error estimate becomes smal-
ler than the set tolerance.

The scheme is summarized in the following table:

N0 Dr
ð0Þ
0

N1 Dr
ð0Þ
1 Dr

ð1Þ
1

N2 Dr
ð0Þ
2 Dr

ð1Þ
2 Dr

ð2Þ
2

N3 Dr
ð0Þ
3 Dr

ð1Þ
3 Dr

ð2Þ
3 Dr

ð3Þ
3

. . . . . . . . . . . . . . . . . .

Dr
ð0Þ
i Dr

ð1Þ
i Dr

ð2Þ
i . . . Dr

ð3Þ
i . . . Dr

ðmÞ
i

ð38Þ
The first column of net stress increments in table (38) show the
non-extrapolated approximation Dr

ð0Þ
i calculated by using an expli-

cit integration scheme over Ni equal sized subincrements deenh
i (i.e.

deenh
i ¼ Deenh=NiÞ. The other columns of table (38) contain the

extrapolated approximation dr
ðmÞ
i (with m > 0), which can be calcu-

lated as a linear combination of the approximations Dr
ðm�1Þ
i and

Dr
ðm�1Þ
i�1 according to the following two alternative rules

Dr
ðmÞ
i ¼ Dr

ðm�1Þ
i þ Dr

ðm�1Þ
i � Dr

ðm�1Þ
i�1

Ni
Ni�m

	 
2
� 1

ð39Þ

or

Dr
ðmÞ
i ¼ Dr

ðm�1Þ
i þ Dr

ðm�1Þ
i � Dr

ðm�1Þ
i�1

Ni
Ni�m

	 

� 1

ð40Þ

where i,m = 1,2,3. . .

It can be shown that Eqs. (39) and (40) provide extrapolated
approximations whose error expansion series have leading terms
of progressively higher order and therefore converge towards the
true solution (see, for example, Gragg [7]). The extrapolation rule
of Eq. (39) is used when the error expansion series of the non-
extrapolated initial approximations Dr

ð0Þ
i contains only even-pow-

ered terms such as:

Dr ¼ Dr
ð0Þ
i þ a1

Deenh

Ni

� �2

þ a2
Deenh

Ni

� �4

þ a3
Deenh

Ni

� �6

þ . . . ð41Þ

Eq. (40) is instead used when the error expansion series of the
non-extrapolated initial approximations Dr

ð0Þ
i contains both odd

and even-powered terms such as:

Dr ¼ Dr
ð0Þ
i þ a1

Deenh

Ni

� �2

þ a2
Deenh

Ni

� �3

þ a3
Deenh

Ni

� �4

þ . . . ð42Þ

If the error expansion of the approximations Dr
ð0Þ
i has the

form of Eq. (41), (and Eq. (39) can therefore be used for extrap-
olation) the algorithm converges faster, as each subsequent
extrapolation increases by two the order of the leading term in
the error series. Eq. (39) is derived from consecutive eliminations
of progressively higher order error terms in the expansion series
of the net stress increment Dr. This is achieved by linear combi-
nation of subsequent couples of extrapolated series with leading
error terms of the same order, starting from the linear combina-
tion of two series given by Eq. (41) with Ni and Ni�1 subincre-
ments, respectively. In the same way, Eq. (40) is derived by
consecutive eliminations of progressively higher order error
terms via linear combination of extrapolated series of the net
stress increment Dr, starting from the linear combination of
two series given by Eq. (42).

Note that the superscript (m) in the approximation drðmÞi repre-
sents the number of subsequent extrapolations used to calculate
that particular approximation. Thus those approximations with
the same superscript (m) have leading terms of the error series of
the same order (i.e. those approximations that are on the same col-
umn of table (38)). The subscript i in the approximation dr

ðmÞ
i iden-

tifies instead those approximations that belong to the same
sequence of extrapolations with the first approximation corre-
sponding to the explicit integration over Ni subincrements (i.e.
those approximations that are on the same row of table (38)).The
sequence of subincrements numbers Ni in Table (38) is subjective
as it only needs to satisfy the requirement that subincrements
numbers must be even and increasing. The most common se-
quences are:

Ni ¼ 2ðiþ 1Þ ) N ¼ f2;4;6;8;10;12;14; . . .g ð43Þ

(Deuflhard [4])



Table A1
Modified Euler – Runge–Kutta 2(1) (Sloan [19]).

Stage number c(j) a(j1) b(j) d(j)

1 0 – 1
2

1

2 1 1 1
2

0

Table A2
Nystrom – Runge–Kutta 3(2) (Lee and Schiesser [9]).

Stage number c(j) a(j1) a(j2) b(j) d(j)

1 0 – – 2
8

1
4

2 2
3

2
3

– 3
8

3
4

3 2
3

0 2
3

3
8

0

Table A3
Bogacki–Shampine – Runge–Kutta 3(2) FSAL ‘‘first same as last” procedure (Bogacki
and Shampine [2] – www.netlib.org/ode/rksuite).

Stage number c(j) a(j1) a(j2) a(j3) b(j) d(j)

1 0 – – – 2
9

7
24

2 1
2

1
2

– – 1
3

1
4

3 3
4

0 3
4

– 4
9

1
3

4 1 2
9

1
3

4
9

0 1
8
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Ni ¼ 2Ni�2 ) N ¼ f2;4;6;8;12;16;24;32;48;64; . . .g ð44Þ

(Stoer and Bulirsch [25], Lambert [8])

Ni ¼ 2i ) N ¼ f2;4;8;16;32;64;128; . . .g ð45Þ

(Lambert [8])
In this paper the following sequence was used:

N ¼ f32;48;64;96;128;160;192;256;320;384;448;512;608;
736;992g ð46Þ

This sequence performed best for the fairly large strain incre-
ments Deenh used in this work, although for smaller increments
the sequences given in (43), and (44) are advantageous. The chosen
sequence of subincrements may seriously influence the quality of
the results and the computational time required for integration.

Extrapolation methods have been previously used by applied
mathematicians for the integration of ordinary differential equa-
tion, although their application to the integration of elasto-plastic
soil models is unknown to the authors. They originate from the
ideas of Richardson extrapolation (see Gragg [7]) and the particular
extrapolation method used in this work is similar to the approach
described in Stoer and Bulirsch [25]. The preferred explicit scheme
for integrating the non-extrapolated approximations Dr

ð0Þ
i is the

modified midpoint method (Deuflhard and Bornemann [4]) be-
cause the error series contains only even-powered terms as shown
in Eq. (41). This makes the algorithm converge faster as consecu-
tive extrapolations will increase the order of the leading error term
by two. In this work, however, due to convergence problems of
the modified midpoint method, the explicit integration of the
Fig. 1. Extrapolation method: stress increments Dr
ð0Þ
0 ; Dr

ð0Þ
1 and Dr

ð0Þ
2 are first explic

subincrements, respectively. Subsequently these three stress increments are extrapolated
to obtain the most accurate stress increment Dr

ð2Þ
2 .
non-extrapolated approximations Dr
ð0Þ
i has been performed by

using the Runge–Kutta midpoint method. In this case, the error
itly integrated from the same increment of strains and suction over 2, 4 and 6
to obtain the two stress increments Dr

ð1Þ
1 and Dr

ð1Þ
2 , which are further extrapolated

http://www.netlib.org/ode/rksuite


Table A4
Runge–Kutta 4(3). Error estimate coefficients e(j) given instead of coefficients d(j) (see
Eq. (26)) (Lee and Schiesser [9]).

Stage number c(j) a(j1) a(j2) a(j3) a(j4) b(j) e(j)

1 0 – – – – 1
10 � 1

15

2 1
3

1
3

– – – 0 0

3 1
3

1
6

1
6

– – 3
10

3
10

4 1
2

1
8

0 3
8

– 4
10 � 4

15

5 1 1
2

0 � 3
2

2 2
10

1
30

Table A5
England – Runge–Kutta 5(4). Error estimate coefficients e(j) given instead of
coefficients d(j) (see Eq. (26)) (Sloan [19], Lee and Schiesser [9]).

Stage number c(j) a(j1) a(j2) a(j3) a(j4) a(j5) b(j) e(j)

1 0 – – – – – 14
336 � 42

336

2 1
2

1
2

– – – – 0 0

3 1
2

1
4

1
4

– – – 0 � 224
336

4 1 0 �1 2 – – 35
336 � 21

336

5 2
3

7
27

10
27

0 1
27

– 162
336

162
336

6 2
10

28
625 � 125

625
546
625

54
625 � 378

625
125
336

125
336

Table A6
Cash Karp – Runge–Kutta 5(4) (Press et al. [12], Lee and Schiesser [9]).

Stage number c(j) a(j1) a(j2) a(j3) a(j4) a(j5) b(j) d(j)

1 0 – – – – – 37
378

2825
27648

2 2
10

2
10

– – – – 0 0

3 3
10

3
40

9
40

– – – 250
621

18575
48384

4 6
10

3
10 � 9

10
12
10

– – 125
594

13525
55296

5 1 � 11
54

5
2 � 70

27
35
27

– 0 277
14336

6 7
8

1631
55296

175
512

575
13824

44275
110592

253
4096

512
1771

1
4

66 W.T. Sołowski, D. Gallipoli / Computers and Geotechnics 37 (2010) 59–67
expansion only approximates that of Eq. (41) (see Deuflhard and
Bornemann [4] for a proof) and thus the extrapolation formula of
Eq. (39), based on the error expansion of Eq. (41), is not rigorously
Table A7
Dormand Prince – Runge–Kutta 5(4) FSAL ‘‘first same as last” procedure (Dormand [5]).

Stage number c(j) a(j1) a(j2) a(j3)

1 0 – – –

2 2
10

2
10

– –

3 3
10

3
40

9
40

–

4 8
10

44
45 � 56

15
32
9

5 8
9

19372
6561 � 25360

2178
64448
6561

6 1 9017
3168 � 355

33
46732
5247

7 1 35
384

0 500
1113

Table A8
Bogacki–Shampine – Runge–Kutta 5(4) FSAL ‘‘first same as last” procedure (Bogacki and S

Stage number c(j) a(j1) a(j2) a(j3) a(j

1 0 – – – –

2 1
6

1
6

– – –

3 2
9

2
27

4
27

– –

4 3
7

183
1372 � 162

343
1053
1372

–

5 2
3

68
297 � 4

11
42

143
196
386

6 3
4

597
22528

81
352

63099
585728

58
366

7 1 174197
959244 � 30942

79937
8152137

19744439
66

103

8 1 587
8064

0 4440339
15491840

24
124

Note that this Bogacki–Shampine pair has an additional error estimate e(j)0 , obtained fro
estimate has the following coefficients � 3

1280 ; 0;
6561

632320 ;� 343
20800 ;

243
12800 ;� 1

95 ;0
� �

and does no
too large, the last stage of the procedure is skipped and the substep is rejected.
correct. The explicit integration with the Runge–Kutta midpoint
method is based on the use of the tangent elasto-plastic matrix,
Dep and hardening matrix, H defined in Eqs. (14) and (18), respec-
tively. Details about the Runge–Kutta midpoint method are pro-
vided in Sołowski and Gallipoli [22].

The extrapolation method does not have a fixed order, as Run-
ge–Kutta schemes, but the order of the approximation depends on
the number of subsequent extrapolations, i.e. on the number of
columns in Eq. (38). Each subsequent column has another leading
term eliminated in the error series and thus gives a higher order
approximation. The idea of getting an improved extrapolated re-
sult from the linear combination of two previous less accurate
solutions is graphically illustrated in Fig. 1. Three approximated
net stress increments Dr

ð0Þ
0 , Dr

ð0Þ
1 and Dr

ð0Þ
2 are computed from

the same increment of strains and suction by using the Runge–
Kutta midpoint method over two, four and six subincrements,
respectively. From these three stress increments, the first two
extrapolated approximations, Dr

ð1Þ
1 and Dr

ð1Þ
2 , are obtained accord-

ing to Eq. (39). These two extrapolated approximations are subse-
quently used again in Eq. (39) to obtain a higher order
extrapolated result, Dr

ð2Þ
2 , which is more accurate than any previ-

ous solution.
The estimate E(Dr) of the integration error over the strain Deenh

is obtained as (see Deuflhard and Bornemann [4], Stoer and Bul-
irsch [25]):

EðDrÞ ¼ Dr
ðmÞ
i � Dr

ðm�1Þ
i ð47Þ

The suitability of this estimated error is then assessed by using
either EPS or EPUS control against a set tolerance as previously de-
scribed. The robustness of the extrapolation method, even when
used with the less stable EPUS control, is noticeably greater than
any of the adaptive Runge–Kutta methods. This is partly explained
by the fact that the extrapolation method provides an estimate of
the global error (i.e. the error over the whole increment) as op-
posed to the adaptive Runge–Kutta schemes, which provide an
estimate of the local error (i.e. the error in each substep). Further
information about the extrapolation method is provided in Sołows-
ki [21] and Sołowski and Gallipoli [23].
a(j4) a(j5) a(j6) b(j) d(j)

– – – 35
384

5179
57600

– – – 0 0

– – – 500
1113

7571
16695

– – – 125
192

393
640

� 212
729

– – � 2187
6784 � 92097

339200
49

176 � 5103
18656

– 11
84

187
2100

125
192 � 2178

6784
11
84

0 1
40

hampine [2] – www.netlib.org/ode/rksuite).

4) a(j5) a(j6) a(j7) b(j) d(j)

– – – 578
8064

2479
34992

– – – 0 0

– – – 4440339
15491840

123
416

– – – 24353
124800

612941
3411720

0
1

– – – 387
44800

43
1440

653
080

4617
20480

– – 2152
5985

2272
6561

6106
9181 � 29421

29068
482048
414219

– 7267
94080

79937
1113912

353
800

387
44800

2152
5985

7267
94080

0 3293
556956

m lower order solution different from the one given in the above table. This error
t require calculation of the last stage of the procedure. In case such error estimate is

http://www.netlib.org/ode/rksuite


W.T. Sołowski, D. Gallipoli / Computers and Geotechnics 37 (2010) 59–67 67
10. Conclusions

The paper describes the application of Runge–Kutta schemes of
different order, as well as a novel extrapolation scheme, to the ex-
plicit stress integration of an elasto-plastic unsaturated soil model
with automatic error control. The extrapolation scheme, based on
the idea of Richardson extrapolation, has not been previously used
for stress integration of elasto-plastic soil models and presents sig-
nificant advantages in terms of robustness and stability with re-
spect to conventional adaptive Runge–Kutta integration.

Two different methods are described to enforce automatic error
control during stress integration, i.e. the Error Per Step (EPS) and
the Error Per Unit Step (EPUS). The former method controls the er-
ror relative to the current magnitude of net stresses and has been
conventionally used in adaptive stress integration. The latter meth-
od controls the error relative to the corresponding change of net
stress and, although it is preferable in terms of accuracy, has been
seldom implemented in explicit adaptive integration due to lack of
stability and large computational cost.

The developments presented in this paper refer specifically to
the Barcelona Basic Model, however they do not address possible
non-convexity of the loading collapse (LC) curve and neglect yield-
ing on the suction increase (SI) line. The framework of the pro-
posed algorithms might also be applicable to other elasto-plastic
models for unsaturated soils formulated in terms of two indepen-
dent stress variables (such as net stress and suction).

An extensive programme of numerical tests is presented in a
companion paper [24] to compare the efficiency, accuracy and
robustness of the various integration schemes here described. This
also includes a comparison of the results from the different inte-
gration schemes against analytical solutions to assess the accuracy
of each scheme and the performance of the chosen error control
method.
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Appendix A. Runge–Kutta coefficient

This appendix provides the values of the coefficients a(jk), b(j), c(j)

and d(j), as defined in Eqs. (23)–(26), for the different Runge–Kutta
schemes considered in this work. These coefficients have also been
used in the numerical tests presented in the companion paper [24]
(see Tables A1–A8).
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