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Abstract

It is well-known that the mixed moisture content-pressure head formulation of Richards’ equation performs relatively poorly if the
pressure head is used as primary variable, especially for problems involving infiltration into initially very dry material. For this reason,
primary variable switching techniques have been proposed where, depending on the current degree of saturation, either the moisture
content or the pressure head is used as primary variable when solving the discrete governing equations iteratively. In this paper, an alter-
native to these techniques is proposed. Although, from a mathematical point of view, the resulting procedure bears some resemblance to
the standard primary variable switching procedure, it is much simpler to implement and involves only slight modification of existing
codes making use of the mixed formulation with pressure head as primary variable. Representative examples are given to demonstrate
the favourable performance of the new procedure.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The flow of water through porous media such as soils
may, as a first approximation, be described by Richards’
equation. Using this equation, the air phase pressure is
assumed constant and all water is lumped into a single
quantity whose movement is described by the generalized
Darcy’s law. Because of the highly variable effective con-
ductivity usually encountered in the range from very dry
to fully saturated conditions, and because of an equally
nonlinear relation between capillary pressure and satura-
tion, it is nontrivial to devise general and efficient solution
procedures for the resulting partial differential equation.
This is not least due to the fact, that there are at least three
different forms of the continuous equation that can form
the basis of discretization. Furthermore, for any given
form, the overall efficiency and robustness is influenced
by a combination of the spatial discretization, the temporal
0309-1708/$ - see front matter � 2006 Elsevier Ltd. All rights reserved.

doi:10.1016/j.advwatres.2006.04.009

E-mail address: kristian.krabbenhoft@newcastle.edu.au
discretization and the method of solution of nonlinear
equations.

Although it is difficult to make any definite statements
about the suitability of each of the different forms, some
trends have been observed. With the pressure form, the
governing equation is formulated in terms of pressure head
before the actual discretization. Although this form is
applicable to both saturated and unsaturated conditions,
its performance is usually quite poor, especially for prob-
lems involving infiltration into very dry soils. Furthermore,
mass conservation is not automatically guaranteed
although the resulting error can be minimized by suitable
evaluation of the capacitance [15].

With the moisture form, the governing equation is
expressed in terms of moisture content prior to discretiza-
tion and is therefore, in contrast to the pressure form, only
applicable to strictly unsaturated conditions. Also contrary
to the pressure form, the moisture form generally performs
very well when implemented as an iterative method, and
large time steps are usually possible. It is interesting to note
here that, apart from the advective term due to gravity, all
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nonlinearity is contained in the diffusive term. This sug-
gests that the difficulty with devising suitable numerical
schemes for Richards’ equation is primarily due to the non-
linearity of the retention curve rather than the nonlinearity
of the hydraulic conductivity relation.

Finally, in the mixed form, the native form of the gov-
erning equation with the moisture content as the accumu-
lation variable and the pressure head as the driving force
variable, is maintained and each of these variables are
approximated separately by finite element functions (or,
equivalently, by finite difference or finite volume approxi-
mations). This leads to a discrete system of N equations
in 2N variables where the N pressure head variables are
linked to the N moisture content variables via the retention
curve which is imposed point-wise in the nodes of the mesh.
When solving these equations, a choice of primary variable
must therefore be made. That is, the pressure head may be
regarded as the primary variable and the equations solved
with respect to this variable whereas the moisture content is
updated on the basis of the current pressure head. Alterna-
tively, the moisture content may be used as primary vari-
able. In making this choice, many of the properties of the
pure pressure and moisture forms described above are
encountered again. Thus, the use of moisture content as
primary variable is restricted to unsaturated conditions
and it is generally found that a straightforward application
of Newton’s method is relatively unproblematic (provided,
of course, that the degree of saturation remains below
unity). In contrast, the use of the pressure head as primary
variable leads to a general formulation valid regardless of
the degree of saturation, but the resulting equations are
much harder to solve efficiently than if the moisture con-
tent is used as primary variable.

This dilemma, i.e., the generality, but lack of robustness,
of having pressure head as primary variable versus the
robustness, but not generality, of having moisture content
as primary variable, has been sought resolved by means of
so-called primary variable switching techniques [4,3]. Here
the primary variable in each node of the mesh is chosen on
the basis of the current state of the node. Thus, if the
degree of saturation in the node is less than some specified
value (e.g., 0.95), the moisture content is used as primary
variable whereas, when the degree of saturation increases
to above this maximum value, the pressure is taken as pri-
mary variable in the node. Such procedures generally
improve the performance significantly and allow for much
larger time steps than if only pressure heads are used as pri-
mary variables. The disadvantage of the procedure is that it
is quite demanding from an implementation point of view.
Also, there is still the possibility of some problems if a
node, initially with a degree of saturation below the switch-
ing threshold, becomes fully saturated during the itera-
tions. Some correction must then be made, for example
by setting the degree of saturation equal to unity and the
pressure equal to 0. Such interference however, has a ten-
dency to destroy the convergence of the iterative scheme
and may even lead to divergence. It should be noted that
this problem has a tendency to become more pronounced
as the mesh is refined and the front propagates across an
increasing number of nodes in each time step.

As an alternative to making an explicit choice of pri-
mary variable, the N equations defining the mass balance
can be supplemented with the N equations linking the pres-
sure and moisture content variables. Newton’s method can
then be applied in already manner to these 2N equations in
2N unknowns. Thus, instead of updating for example the
moisture content on the basis of the pressure variable after
each iteration, separate increments in the two different
types of variables are computed after which they are
updated accordingly. Thus, only at the point of conver-
gence is the pressure-saturation relation fulfilled. Although
this procedure in many ways is the most direct and natural,
its application has been relatively limited. A notable excep-
tion is the work of Kees and Miller [9] where Richards’
equation is solved in this way as a special case of general
two-phase flow.

Besides these methods tackling the Richards equation in
its original physical variables, a number of transformation
methods have been proposed. We may here mention the
Kirchhoff transformation employed by Haverkamp et al.
[6], the hyperbolic sine transform of Ross [16], the moisture
content transform of Kirkland et al. [11], the rational func-
tion transform of Pan and Wierenga [14], and the integral
transform of Williams and Miller [18]. Although these and
similar transformations sometimes can be very efficient,
they suffer the inherent drawback that they often require
specification of a number of parameters. As described by
transform of Williams and Miller [19] the optimal choice
of these is highly problem dependent and are difficult to
estimate a priori, although some transformations are more
sensitive to the choice of parameters than others. The prac-
tical consequences of these difficulties have recently been
studied by McBride et al. [13] where the transformation
of Pan and Wierenga [14] was used.

In this paper, the starting point is the conventional
mixed formulation with pressure as primary variable. By
slight modification of this basic procedure we achieve a
remarkable increase in efficiency and robustness. Essen-
tially, the new method differs from the standard mixed
form by the way in which the variables are updated. From
a mathematical point of view, the procedure is shown to be
very similar to the standard primary variable switching
procedure. However, from an implementation point of
view, it is much simpler since it requires only the pressure
Jacobian. In this way it is easily implemented into existing
codes making use of the mixed form with pressure head as
primary variable. Furthermore, the problems associated
with making the transition from unsaturated to saturated
conditions are avoided.

The paper is organized as follows. In Section 2 the gov-
erning equations and their discretization are briefly sum-
marized. In Section 3 the solution algorithm is presented
before some one-dimensional examples are solved in Sec-
tion 4 and conclusions are drawn in Section 5.
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2. Governing equations

We consider the multidimensional generalization of the
Richards equation:

oh
ot
þ h

/
Ss

ow
ot
¼ r � ½KðwÞrðwþ zÞ� ð1Þ

where h is the volumetric water content, w is the pressure
head, / is the porosity, Ss is the specific storativity, K(w)
is the hydraulic conductivity and z is the coordinate oppo-
site to which gravity acts. Under partially saturated condi-
tions, the two variables h and w contained in the governing
equation are linked by a functional relationship of the type:

h ¼ f ðwÞ; w ¼ f �1ðhÞ: ð2Þ
Under fully saturated conditions the moisture content is by
definition constant and the solution is then characterized
solely by the pressure head.

A commonly used parameterization of the retention
curve and relative conductivity relation is that of van
Genuchten [5]. Recently, however, Vogel et al. [17] have
argued for and presented experimental evidence in favour
of a slight modification to the original parameterization.
Thus, in this work the retention curve is fitted by:

hðwÞ ¼
hr þ hm�hr

½1þð�awnÞ�m ; w < wm

hs; w P wm

(
ð3Þ

where a, n and m = 1 � 1/n are model parameters, hs is the
saturated moisture content and hr the residual moisture
content. The pressure head wm is another model parameter
introduced by the modification of the original relation and
the moisture content hm > hs is given by the condition that
h(wm) = hs. Vogel et al. [17] recommend values of wm

around �2 cm for materials with n less than 1.5.
The hydraulic conductivity is given by:

KðwÞ ¼
KsKrðwÞ; w < wm

Ks; w P wm

�
ð4Þ

where the Ks is the saturated hydraulic conductivity and Kr

is the relative conductivity which is fitted by

KrðSeÞ ¼ S
1
2
e

1� F ðSeÞ
1� F ðSe ¼ 1Þ

� �2

ð5Þ

with

F ðSeÞ ¼ 1� hs � hr

hm � hr

Se

� �1
m

 !m

; SeðwÞ ¼
hðwÞ � hr

hs � hr

ð6Þ

It is noted that the original van Genuchten parameteriza-
tion is recovered for wm = 0.
2.1. Discretization

Using standard finite element notation, the continuous
moisture contents and pressure heads are approximated as:

hðx; tÞ � NðxÞhðtÞ; wðx; tÞ � NðxÞwðtÞ ð7Þ
where the same shape functions N(x) have been used for
both variables. Following the conventional finite element
discretization procedure, the following set of nonlinear or-
dinary differential equations emerges:

M
dh
dt
þ ðKþ SÞwþ gþ q ¼ 0 ð8Þ

with

M ¼
Z

X
NTNdX; K ¼

Z
X

BTKðwÞBdX;

g ¼
Z

X
BTKðwÞedX; S ¼

Z
X

NT h
/

SsNdX;

q ¼
Z

C
NTqdC ð9Þ

where e = $z = (0,0,1)T, B = $N, and q is the mass flux
out of the boundary C. The integration of these matrices
is carried out in an approximate manner using standard
weighting and lumping schemes (see Appendix 1).

The backward Euler scheme is applied for the temporal
discretization to finally arrive at a set of fully discrete equa-
tions given by:

rnþ1 ¼Mðhnþ1 � hnÞ þ DtnðKnþ1wnþ1 þ Snþ1ðwnþ1 � wnÞ
þ gnþ1 þ qnþ1Þ ¼ 0 ð10Þ

where subscript n refers to the known state and n + 1 to the
new unknown state.
3. Solution algorithm

3.1. Conventional mixed scheme

We consider the solution of the discrete governing equa-
tions (10) supplemented with the moisture content-pressure
head relation (3). As already discussed only the pressure
head is uniquely defined under both saturated and unsatu-
rated conditions. The pressure head must therefore in gen-
eral be used as primary variable when solving the above
equations. An iterative Newton-type scheme can then be
written as:

Initial point : h0
nþ1 ¼ hn; w0

nþ1 ¼ wn

Pressure head increment : Dw ¼ �ðJj
nþ1Þ

�1
r

j
nþ1

Update pressure head : wjþ1
nþ1 ¼ wj

nþ1 þ Dw

Update moisture content : hjþ1
nþ1 ¼ hðwjþ1

nþ1Þ

where superscript j refers to the iteration number and sub-
script n to the time step. The Jacobian is given by:

Jj
nþ1 ¼

oTr

ow

� �j

nþ1

ð11Þ

and is usually non-symmetric. The necessary analytical
expressions of the matrices involved in setting up the Jaco-
bian are given in Appendix 1.
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3.2. Primary variable switching technique

As mentioned previously, the performance of the above
scheme is quite poor. This is especially the case for prob-
lems of infiltration into initially very dry soils as demon-
strated by Forsyth et al. [4], Lehman and Ackerer [12],
and Diersch and Perrochet [3]. On the other hand, it has
been observed that using the moisture content as the pri-
mary variable greatly improves the stability of the iterative
procedure. This choice of primary variable is, however,
confined to strictly unsaturated conditions. For this reason,
so-called primary variable switching procedures have been
proposed [4,3]. The idea is here to use the moisture content
as primary variable in nodes that are partially saturated
and the pressure head in nodes that are fully saturated.
As an example of the primary variable switching technique,
consider a three node element in which nodes 1 and 2 are
fully saturated and node 3 is partially saturated. The pri-
mary variable vector would then be:

x ¼ ðw1;w2; h3ÞT ð12Þ
whereas the secondary variable vector is

y ¼ ðh1; h2;w3Þ
T
: ð13Þ

The Jacobian associated with the primary variable vector is
given by:

Jx ¼
o

Tr

ox
¼

or1=ow1 or1=ow2 or1=oh3

or2=ow1 or2=ow2 or2=oh3

or3=ow1 or3=ow2 or3=oh3

2
64

3
75: ð14Þ

In analogy with the case where the primary variables are the
three pressure heads, this Jacobian can be used to first com-
pute an increment Dx, then update x, and finally update the
secondary variables y on the basis of the retention curve.

As for the choice of primary variables, Forsyth et al. [4] and
Diersch and Perrochet [3] recommend that a switch is made
from moisture content to pressure head once the saturation
reaches 0.99. The state of the primary variables is monitored
in the Newton iterations and the possible switch is performed
immediately after the switching criterion is fulfilled.

Although conceptually simple, the primary variable
switching procedure can be somewhat awkward to imple-
(a)

Fig. 1. Pressure as primary variable (a) and m
ment and further, gives rise to a possible inconsistency.
Thus, if a node is at a degree of saturation below the switch-
ing value, say, S = 0.98 and then in the next iteration the
predicted saturation in that node exceeds unity, e.g.,
S = 1.01, there is a problem. In Forsyth et al. [4] and
Diersch and Perrochet [3] procedures for handling this situ-
ation are not described, but we would assume that the sat-
uration is set equal to unity and the pressure head equal to
zero, after which, in the next iteration the pressure is used as
primary variable. Such interference, however, has a ten-
dency to destroy the convergence of iterative procedure.
Furthermore, it can expected that the problem worsens as
the mesh gets denser and the zero-pressure front propagates
across an increasing number of nodes in each time step.

3.3. Alternating updates procedure

In the following a new and very efficient and robust
method for solving the mixed form of the governing equa-
tion is described. It turns out that the method is quite sim-
ilar to the primary variable switching technique, but
significantly easier to implement and furthermore, free of
the problems associated with the transition from partially
to fully saturated conditions described above. Before the
algorithm is derived, however, it is appropriate to look into
the reasons for the inefficiency of using the pressure heads
as primary variables throughout.

This is illustrated in Fig. 1(a) and (b). In Fig. 1(a) the
steps taken in the conventional mixed method with
pressure heads as primary variable are shown. We start
at a point (w0,h0) and then compute an increment Dw.
The moisture content variable is then updated as
h = h(w0 + Dw). The new state is, however, extremely sen-
sitive to the exact magnitude of the increment Dw. Indeed,
if this increment is given a small perturbation dw the con-
sequences with respect to h are quite severe in that we then
arrive at the point h = h(w0 + Dw + dw) which is ‘far’ from
h = h(w0 + Dw). Thus, even small differences in Dw may
result in huge differences in the new h and thereby in the
hydraulic conductivity. Under such circumstances New-
ton-type procedures are bound to fail.

In Fig. 1(b) the variant of scheme with moisture content
as primary variable is illustrated. Here a small perturbation
(b)

oisture content as primary variable (b).



θ

ψ
Δ

Δθ∼

Δ

Δθ∼

θ > θTOL
∼

Conventional 
update

Modified 
update

K. Krabbenhøft / Advances in Water Resources 30 (2007) 483–492 487
in Dh results in an even smaller change in Dw, and thus, this
algorithm is much less likely to experience divergence of the
iterations.

The new iterative procedure, in the following referred to
as the alternating updates procedure, attempts to pay due
attention to these features together with the fact that, in
general, w is the only unique variable. Therefore, in each
iteration, an increment Dw is computed in the usual way as
with the pressure heads as primary variables. Next, instead
of updating the pressure variables as wjþ1

nþ1 ¼ wj
nþ1 þDw and

then the moisture contents by hjþ1
nþ1 ¼ h wjþ1

nþ1

� �
as is done in

the conventional method, an increment D~h is computed as:

D~h ¼ oh
ow

� �j

nþ1

Dw: ð15Þ

This is followed by the computation of an intermediate
point:

~hjþ1
nþ1 ¼ hj

nþ1 þ D~h: ð16Þ
Next, each node k in the mesh is checked and if ~hjþ1

nþ1

� �
k

is
less than some value hTOL 6 hs we set

hjþ1
nþ1

� �
k
¼ ~hjþ1

nþ1

� �
k

ð17Þ
and then compute the corresponding nodal value wjþ1

nþ1

� �
k

as

wjþ1
nþ1

� �
k
¼ w hjþ1

nþ1

� �
k

	 

: ð18Þ

In the following we will refer to this as a modified update.

If ~hjþ1
nþ1

	 

k

is greater than hTOL we proceed with a conven-

tional update, i.e., the pressure variables are updated as
wjþ1

nþ1

� �
k
¼ wj

nþ1

� �
k
þ Dwj

n

� �
k

and the corresponding mois-

ture contents computed as hjþ1
nþ1

� �
k
¼ h wjþ1

nþ1

� �
k

	 

. In prac-

tice we use a value of hTOL very close to hs, typically
hTOL/hs 2 (0.98,0.9995). The full iterative procedure is sum-
marized in Box 1 and illustrated in Fig. 2.
Box 1. Alternating updates procedure

Time stepping: n = 0, . . .,nmax

Initial point: h0
nþ1 ¼ hn; w0

nþ1 ¼ wn

Iterations: j = 0, . . ., jmax or until convergence

Residual and Jacobian: r
j
nþ1; J

j
nþ1

Increment: Dw ¼ � J
j
nþ1

� ��1
r

j
nþ1

Prediction: ~hj
nþ1 ¼ hj

nþ1 þ oh
ow

h ij

nþ1
Dw

Variable check: k = 1, . . .,no. nodes

If ~hjþ1
nþ1

� �
k
< hTOL (modified update)

hjþ1
nþ1

� �
k
¼ ~hjþ1

nþ1

� �
k

w
jþ1
nþ1

� �
k
¼ w ðhjþ1

nþ1Þk
� �

else (conventional update)

w
jþ1
nþ1

� �
k
¼ w

j
nþ1

� �
k
þ Dwj

n

� �
k

hjþ1
nþ1

� �
k
¼ h w

jþ1
nþ1

� �
k

	 

End variable check

End iterations

End time stepping
3.3.1. Convergence criterion

The iterations are terminated when the following crite-
rion is satisfied:

rjþ1
nþ1

�� ��
2
< erel r0

nþ1

�� ��
2
þ eabs ð19Þ

where erel and eabs are user-specified tolerances. In the tests
presented in Section 4 we have used erel = eabs = 10�9

although this may be unnecessarily stringent. A number
of more lenient convergence criteria have been discussed
by Huang et al. [8].

3.4. Alternating updates versus primary variable switching

Whereas the standard primary variable switching proce-
dure in a given node makes use of either moisture content
or pressure head depending on the state of the node, the
new alternating update procedure operates with two possi-
ble types of update. However, as will be shown in the fol-
lowing, the two methods are in fact very similar, but with
the difference that the new method handles the transition
from partially to fully saturated conditions in a more logi-
cal and consistent way.

If the medium is fully saturated it is obvious that the two
methods are identical because in this case they both take
the form of the conventional mixed formulation with pres-
sure head as primary variable. Under partially saturated
conditions, however, it is not so obvious. Here the primary
variable switching method uses the moisture content as pri-
mary variable whereas the new method uses the modified
update.

If moisture content is used as primary variable the new
iterative state hjþ1

nþ1;w
jþ1
nþ1

� �
is computed through the follow-

ing steps1

Fig. 2. Alternating update procedure.
1 In order not to cloud the major points with indices, in the following all
vectors and matrices refer to the iterative point ð Þjnþ1 if nothing else is
indicated, whereas ( )new refers to the new iterative point ð Þjþ1

nþ1.
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Dh ¼ �J�1
h r

hnew ¼ hþ Dh

wnew ¼ wðhnewÞ
ð20Þ

where the moisture content Jacobian is given by:

Jh ¼
oTr

oh
¼ oTr

ow

ow

oh
¼ JwC ð21Þ

with

C ¼ ow
oh

ð22Þ

The steps taken in (20) to compute the new pressure head
may thus be written in more compact form as:

wnew ¼ wðh� J�1
h rÞ ð23Þ

If the pressure head is taken as primary variable and the
modified update rule is used the new state is computed as:

Dw ¼ �J�1
w r

Dh ¼ C�1Dw

hnew ¼ hþ Dh

wnew ¼ wðhnewÞ

ð24Þ

or in compact form as

wnew ¼ wðh� C�1J�1
w rÞ ð25Þ

Now, using (20) and the fact that for general non-singular
matrices A and B, the inverse of the product is related to
the product of the inverse by (AB)�1 = B�1A�1 it is seen
that

J�1
h ¼ ðJwCÞ�1 ¼ C�1J�1

w ð26Þ

This means that (23) and (25) are identical, i.e.,

wnew ¼ wðh� J�1
h rÞ ¼ wðh� C�1J�1

w rÞ: ð27Þ

Thus, it has been shown that the modified update in fact
corresponds to using the moisture content as primary var-
iable as is done in the conventional primary variable
switching procedure. As already discussed, the use of pres-
sure head as primary variable is equivalent to the conven-
tional update, and the new method can therefore be seen
as a reformulation of the primary variable switching proce-
dure. However, whereas the latter chooses the primary
variables solely on the basis of the current nodal values,
the new method chooses the method of update based on
a predicted state, and is in this way more consistent in that
no provisions have to be made in order to ensure that the
saturation does not attain values greater than unity. In-
deed, if the predicted saturation is greater than unity, the
conventional update is used and if not, the alternative
update is applied as shown in Fig. 2. With the primary
variable switching technique, however, one can easily
encounter situations where in the beginning of the itera-
tions, the saturation is below unity and then at some point,
when the transition to the fully saturated state is made, ex-
ceeds unity. Furthermore, the alternating updates proce-
dure is believed to be considerably easier to implement
than primary variable switching techniques of the type dis-
cussed above. Thus, it is straightforward to modify existing
code as the new procedure only involves modification of
the way the variables are updated whereas all global matri-
ces and vectors (including the Jacobian) remain unchanged.

3.5. Extended system approach

As discussed in the Introduction, Kees and Miller [9]
have recently presented a procedure where the mass bal-
ance equations are augmented by the relevant pressure–sat-
uration relation after which Newton’s method can be
applied in a straightforward manner. Using the same back-
ward Euler time discretization as before, the equations to
be solved are:

rnþ1 ¼Mðhnþ1 � hnÞ þ DtnðKnþ1wnþ1 þ Snþ1ðwnþ1 � wnÞ
þ gnþ1 þ qnþ1Þ ¼ 0; ð28Þ

pnþ1 ¼ hnþ1 � hðwnþ1Þ ¼ 0: ð29Þ
Application of Newton’s method leads to the following
expression for the increments in w and h:

M DtG

I �C

� �j

nþ1

Dh

Dw

� �
¼ �

r

p

� �j

nþ1

; ð30Þ

where I is the unit matrix and G = oTr/ow (see Appendix
1). The above system can be simplified to:

½MCþ DtG�jnþ1Dw ¼ �½rþMp�jnþ1

Dh ¼ pj
nþ1 þ Cj

nþ1Dw;
ð31Þ

so that the computational burden in each iteration is simi-
lar to the one encountered in the methods described
previously.

After the computation of the iterative increments that
variables are updated as:

wnþ1 ¼ wnþ1 þ Dw;

hnþ1 ¼ hnþ1 þ Dh
ð32Þ

and the process is repeated until convergence. Thus, since the
variables are not forced to comply with the pressure–satura-
tion relation in intermediate stages of the iterations, this rela-
tion will generally only be fulfilled at the point of
convergence. The primary merit of the above approach is
its consistency in relation to Newton’s method so that, in
contrast to what is the case with more conventional methods,
an asymptotically quadratic rate of convergence is guaran-
teed. In practice, however, the performance of the scheme
is somewhat disappointing, i.e., quite similar to the standard
mixed scheme with pressure as primary variable throughout.
This is discussed in more detail in Section 4.

4. Numerical examples

The benefits of primary variable switching are well
documented in the literature [3,4,7] and for this reason
we confine the numerical examples to three simple
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one-dimensional problems. For all problems the perfor-
mance of the proposed procedure is compared to the
conventional mixed procedure with the pressure head as
primary variable and to the extended system scheme of
Kees and Miller [9].

The time step is chosen as:

Dtnþ1 ¼ 2
ffiffiffiffiffiffiffiffiffiffi
Dt0tn

p
þ Dt0 ð33Þ

so that, for a material with negligible capillarity, the front
propagates approximately the same distance in each time
step [2,10]. Thus, the entire time step selection procedure
is controlled by the initial time step Dt0. If the this is chosen
as:

Dt0 ¼
tmax

M2
ð34Þ

a total of M steps will add up to a final time of tmax.
All examples involve infiltration into a 60 cm column of

soil with (modified) van Genuchten parameters Ks =
0.0092 cm/s, hr = 0.102, hs = 0.368, a = 0.0355 cm�1,
n = 2.0, m = 1 � 1/n = 0.5, and wm = 0.0 cm (these model
parameters are identical to those used by [1]). In all cases
the column is discretized by 180 linear two-node finite ele-
ments using upstream weighting for the advective part and
central weighting for the conductive part, see Appendix 1.
The switch between the two types of update is made when
Table 1
Example 1: Solution statistics

Dt0 (s] No. steps Conventional mixed

Section 3.1

No. iter. Iter./step

1.0e�01 1001 3040 3.04
1.0e+00 316 1342 4.24
2.0e+00 224 1142 5.10
5.0e+00 142 919 6.47
1.0e+01 99 904 9.13
2.0e+01 71 a a

1.0e+02 31 a a

1.0e+03 9 a a

1.0e+04 4 a a

a No convergence after 200 iterations. Convergence tolerances eabs = erel = 1
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Fig. 3. Example 1: Moisture conte
the predicted effective saturation reaches a value close to
unity, i.e., when:

~Se ¼
~h� hr

hs � hr

> ~Se
TOL ð35Þ

where a value of ~Se
TOL ¼ 0:98 has been used in all examples.

Furthermore, in all examples we have assumed a vanishing
compressibility, i.e., Ss = 0.
4.1. Example 1

In the first example, constant pressure head boundary
conditions are imposed as wtop = �75 cm and wbottom =
�1000 cm. The initial pressure head is winit = �1000 cm
throughout the domain. The performance of the three
methods under these conditions is shown in Table 1, and
the moisture content and pressure head profiles are illus-
trated in Fig. 3. As can be seen, the new method clearly
outperforms the conventional mixed w algorithm. Not only
are the iteration counts lower, but whereas the conven-
tional method fails at large values of Dt0 the new method
seems to handle this without any significant problems. It
is also noted that the performance of the extended system
scheme of Kees and Miller [9] in all cases is very similar
to that of the conventional mixed scheme.
Extended system Alternating updates

Section 3.5 Section 3.3

No. iter. Iter./step No. iter. Iter./step

3067 3.06 2723 2.72
1337 4.23 988 3.13
1142 5.10 763 3.41
918 6.46 576 4.06
891 9.00 417 4.21
a a 306 4.31
a a 173 5.58
a a 75 8.33
a a 38 9.50

0�9.
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Table 2
Example 2: Solution statistics

Dt0 (s] No. steps Conventional mixed Extended system Alternating updates

Section 3.1 Section 3.5 Section 3.3

No. iter. Iter./step No. iter. Iter./step No. iter. Iter./step

1.0e�04 1733 6932 4.00 6935 4.00 5210 3.01
2.0e�04 1225 4909 4.01 4915 4.01 3691 3.01
5.0e�04 775 3755 4.85 3794 4.90 2406 3.10
1.0e�03 548 a a a a 2166 3.95
1.0e�02 174 a a a a 901 5.18
1.0e�01 55 a a a a 467 8.49
1.0e+00 18 a a a a 283 15.7
1.0e+01 6 a a a a 229 38.2

a No convergence after 200 iterations. Convergence tolerances eabs = erel = 10�9.
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Fig. 4. Example 2: Moisture content and pressure head profiles.
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4.2. Example 2

Next a somewhat more challenging example is consid-
ered. The material and geometry are identical to that of
the previous example, but the bottom is now a no-flow
boundary, qbottom = 0 and at the top a pressure of
wtop = +100 cm is imposed, i.e., the infiltration is carried
out with a constant free water table of 100 cm at the top
of the column. From a physical point of view, the model-
ling of this type of infiltration by Richards’ equation is
Table 3
Example 3: Solution statistics

Dt0(s] No. steps Conventional mixed

Section 3.1

No. iter. No. iter.

5.0e�05 2450 9805 4.00
1.0e�04 1733 6948 4.01
2.0e�04 1225 a a

1.0e�03 548 a a

1.0e�02 174 a a

1.0e�01 55 a a

1.0e+00 18 a a

1.0e+01 6 a a

a No convergence after 200 iterations. Convergence tolerances eabs = erel = 1
problematic due to air entrapment as the wetting front
propagates down through the column. It must therefore
implicitly be assumed that the bottom boundary is of such
a nature that a constant air pressure is maintained at all
times, i.e., that the bottom boundary is impenetrable with
respect to the liquid phase but allows a free exchange of
air with the surroundings.

The solution statistics are given in Table 2. Compared to
the previous example, somewhat higher iteration counts are
seen. In Fig. 4 the reason for this is shown: because of
Extended system Alternating updates

Section 3.5 Section 3.3

Iter./step Iter./step No. iter. Iter./step

9805 4.00 7361 3.00
6976 4.03 5208 3.01
a a 3695 3.02
a a 2200 4.01
a a 1006 5.78
a a 588 10.7
a a 410 22.8
a a 299 49.8

0�9.



Table 4
Example 3, Dt0 = 0.01 s: Convergence behaviour of the alternating updates scheme

Ite. no. Time step no.

1 41 81 121 161

0 1.00e+00 7.48e�01 1.00e+00 1.00e+00 8.31e�01
1 5.02e�01 1.00e+00 7.16e�01 6.74e�01 1.00e+00
2 2.53e�01 1.59e�01 1.36e�01 1.13e�01 1.28e�01
3 1.28e�01 1.13e�02 3.18e�02 7.47e�03 6.34e�03
4 6.51e�02 6.61e�03 1.42e�03 8.29e�05 2.29e�05
5 3.17e�02 2.15e�06 2.91e�06 3.73e�09 6.96e�10
6 1.21e�02 2.32e�12 1.22e�11 1.86e�13 �
7 1.87e�03 – – – –
8 3.65e�05 – – – –
9 1.38e�08 – – – –

10 8.24e�14 – – – –

The table shows the relative norms of the residual at a selected number of points in time.
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the high pressure at the top, the fronts are much sharper
and furthermore, the variation in saturation within the col-
umn is much greater. Again the conventional method has
problems with convergence for large time steps and again,
the performance of the extended system scheme is for all
practical purposes identical. On the other hand, the new
method converges regardless of the time step, and although
the number of iterations per time step increases as the time
step increases, the total number of iterations decreases.

4.3. Example 3

As a final example we consider the case where the soil
initially is very dry corresponding to winit = �10 000 cm,
and otherwise all other parameters are as in the previous
example. Such conditions are known to cause severe prob-
lems for the convergence of the mixed method with pres-
sure as primary variable [4,12,3]. The results shown in
Table 3 confirm this, where the conventional method and
the extended system scheme break down unless very small
time steps are used. The new method, however, is largely
unaffected as compared to the previous example.

Finally, the convergence behaviour of the alternating
updates scheme for an initial time step of Dt0 = 0.01 s is
shown in Table 4. The rate of convergence here appears
to be asymptotically quadratic. This type of convergence
behaviour is also observed for the two other schemes (when
they do converge) although, as discussed earlier, only the
method of Kees and Miller [9] can be regarded a true New-
ton scheme.
5. Conclusions

A new method for robust computation of saturated–
unsaturated flow through porous media has been pre-
sented. The method can be seen as a reformulation of the
primary variable switching technique applicable to the
mixed form of the governing equation. Besides being easier
to implement, the new method also resolves a number of
inconsistencies associated with the conventional variable
switching technique. Furthermore, the method is easily
incorporated into existing codes which solve the mixed
form of the governing equation with the pressure head as
primary variable. Previously reported advantages of pri-
mary variable switching, including infiltration into very
dry soils, have been confirmed by a number of examples.
Finally, the method is not confined to the particular dis-
cretization used in this work but is applicable to general
finite element/difference/volume schemes in arbitrary spa-
tial dimensions.

Appendix 1. Finite element matrices

For low-order elements the mass matrix can be lumped
as:

M ¼
Z

X
NTNdX � V

n
I ð36Þ

where V is the element volume, n is the number of nodes
per element and I the n · n unit matrix. We then have

o
T

ow
ðMhÞ ¼ dMðdh=dwÞ ð37Þ

where (dh/dw) is a diagonal matrix with entries (dh/dw)ij =
(dh/dw)(wi) for i = j and zero otherwise.

The conductivity matrix is approximated as:

K ¼
Z

X
BTKðwÞBdX � �K �K ð38Þ

where

�K ¼
Z

X
BTBdX ð39Þ

and �K is a representative element conductivity. This may be
written as:

�K ¼ wKk ð40Þ
where k contains the nodal conductivities and wK is a
weighting vector. The required Jacobian is given by:
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oT

ow
ðKwÞ ¼ �K wT

KkIþ wwT
Kðdk=dwÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

non-symmetric

2
64

3
75 ð41Þ

where (dk/dw) is a diagonal matrix with entries (dk/dw)ij =
(dK/dw)(wi) for i = j and zero otherwise.

The convective vector is approximated as:

g ¼
Z

X
BTKðwÞedX � wT

g k

Z
X

BTedX ð42Þ

where, as in the above, wg is a weighting vector. The rele-
vant Jacobian is given by:

oTg

ow
¼
Z

X
BTedX½wT

g ðdk=dwÞ� ð43Þ

which is generally unsymmetric.
It should be noted that wg may or may not be equal to

the vector wK used for the conductive part. In some cases, it
is preferable to use a central weighting for the conductive
part and an upstream weighting for the convective part.

Finally, assuming that / and Ss are constant within each
element, the storativity matrix is approximated as:

S ¼
Z

X
NT h

/
SsNdX � Ss

/
MdiagðhÞ ð44Þ

where diag (h) is a diagonal matrix with entries [diag (h)]ij
= hi for i = j and zero otherwise.

The Jacobian associated with the storativity term in (10)
is given by:

oT

ow
ðSðw� w0ÞÞ ¼

Ss

/
ðdiag ðhÞ þ ðdh=dwÞdiag ðw� w0ÞÞ

ð45Þ
where w0 is considered known.
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