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Soil anchors are commonly used as foundation systems for
structures requiring uplift resistance, such as transmission
towers, or for structures requiring lateral resistance, such as
sheet pile walls. To date, the design of these anchors has
been largely based on empiricism. This paper applies nu-
merical limit analysis to rigorously evaluate the stability of
vertical and horizontal strip anchors in undrained clay.
Rigorous bounds on the ultimate pull-out capacity are
obtained by using two numerical procedures that are based
on ®nite element formulations of the upper and lower bound
theorems of limit analysis. These formulations follow stan-
dard procedure by assuming a rigid perfectly plastic clay
model with a Tresca yield criterion, and generate large
linear programming problems. By obtaining both upper and
lower bound estimates of the pull-out capacity, the true pull-
out resistance can be bracketed from above and below.
Results are presented in the familiar form of break-out
factors based on various soil strength pro®les and geome-
tries, and are compared with existing numerical and empiri-
cal solutions.
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Les ancrages de scellement sont utiliseÂs couramment comme
systeÁmes de fondation pour les structures qui demandent
une reÂsistance au releÁvement, comme les tours de transmis-
sions, ou pour les structures demandant une reÂsistance
lateÂrale, comme les murs de palplanches. A ce jour, la forme
de ces ancrages a eÂteÂ le plus souvent deÂtermineÂe de manieÁre
empirique. Cet exposeÂ applique l'analyse de limite numeÂr-
ique pour eÂvaluer de manieÁre rigoureuse la stabiliteÂ des
bandes d'ancrage verticales et horizontales dans de l'argile
non draineÂe. Nous obtenons des limites rigoureuses de la
capaciteÂ de retenue ultime en utilisant deux proceÂdures
numeÂriques qui sont baseÂes sur les formules d'eÂleÂments ®nis
des theÂoreÁmes de limite supeÂrieure et infeÂrieure d'analyse
limite. Ces formules suivent une proceÂdure standard en
supposant un modeÁle d'argile rigide parfaitement plastique
avec un criteÁre d'eÂlasticiteÂ Tresca et elles produisent d'im-
portants probleÁmes de programmation lineÂaire. En obtenant
les estimations de limite supeÂrieure et infeÂrieure de la
capaciteÂ de retenue, la veÂritable reÂsistance de retenue peut
eÃtre cerneÂe par le haut et par le bas. Nous preÂsentons les
reÂsultats sous la forme familieÁre de facteurs de deÂcroche-
ment baseÂs sur divers pro®ls et geÂomeÂtries de reÂsistance du
sol ; ces reÂsultats sont compareÂs aux solutions numeÂriques et
empiriques existantes.

INTRODUCTION

Background and objectives
The design of many engineering structures requires founda-

tion systems to resist vertical uplift or horizontal pullout forces.
These type of structures, which may include transmission towers
or earth-retaining walls, are commonly supported directly by
soil anchors. More recently, anchors have been used to provide
a simple and economical mooring system for offshore ¯oating
oil and gas facilities. As the range of applications for anchors
expands to include the support of more elaborate and substan-
tially larger structures, a greater understanding of their behav-
iour is required.

The objectives of the present paper are: (1) to present
rigorous bounding solutions for the ultimate capacity of hori-
zontal and vertical strip anchors in both homogeneous and
inhomogeneous clay soils; and (2) to compare these limit analy-
sis solutions with empirical and numerical results presented
previously in the literature by a number of authors. The effect
of anchor plate roughness upon the ultimate capacity will also
be considered.

Previous studies
During the last 30 years a number of researchers have

proposed approximate techniques to estimate the ultimate uplift
capacity of anchors in various soil types. Most existing theor-
etical and experimental research, however, has focused on
predicting anchor behaviour and capacity in sand. In contrast,
the study of anchors embedded in undrained clay has attracted

only limited attention. A comprehensive overview on the topic
of anchors is given by Das (1990).

Most of the results from studies of anchors in clay either
consist of simple analytical solutions or are derived empirically
from laboratory model tests. These results can be found in the
works of Meyerhof & Adams (1968), Vesic (1971), Meyerhof
(1973), Das (1978, 1980), Ranjan & Arora (1980), and Das et
al. (1985a, 1985b). The uplift capacity of anchors is typically
expressed in terms of a break-out factor, which is a function of
the anchor shape, embedment depth, overburden pressure and
the soil properties.

In contrast to the variety of experimental results discussed
above, very few numerical analyses have been performed to
determine the pull-out capacity of anchors in clay, with the
most rigorous study being by Rowe & Davis (1982). In their
paper, results were presented for both horizontal and vertical
strip anchors embedded in homogeneous saturated clay. These
were obtained using an elasto-plastic ®nite element analysis that
incorporated soil±structure interaction theory at the soil/anchor
boundary. The effects of anchor roughness, thickness and shape
were also considered. Other displacement ®nite element studies
on the behaviour of anchors in clay have been made by Ashbee
(1969) and Davie & Sutherland (1977), although very limited
results were reported.

Although the limit theorems provide a simple and useful way
of analysing the stability of geotechnical structures, they have
not been widely applied to the problem of anchors in soil.
Numerical upper and lower bound techniques have recently been
used to study numerous problems including the undrained
stability of a trapdoor (Sloan et al., 1990), the stability of
slopes (Yu et al., 1998), the bearing capacity of foundations (Yu
& Sloan, 1994; Meri®eld et al., 1999; Ukritchon et al., 1998),
and reinforced soils (Yu & Sloan, 1997), and tunnels Sloan &
Assadi, 1991 & 1992.

Rowe (1978) and Gunn (1980) used the bound theorems to
produce simple solutions for the case of a horizontal strip
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anchor and trapdoor respectively. However, owing to the dif®-
culty in manually constructing statically admissible (lower
bound) stress ®elds and kinematically admissible (upper bound)
velocity ®elds, the simple solutions obtained were unable to
bracket the pull-out capacity to suf®cient accuracy. The purpose
of this paper is to take full advantage of the ability of recent
numerical formulations of the limit theorems to bracket the
actual collapse load accurately from above and below. The
lower and upper bounds are computed, respectively, using the
numerical techniques developed by Sloan (1988) and Sloan &
Kleeman (1995).

PROBLEM OF ANCHOR CAPACITY

Problem de®nition
Soil anchors may be positioned either vertically or horizon-

tally depending on the load orientation or type of structure
requiring support. Anchors are typically constructed from steel
or concrete, and can be circular (including helical), square or
rectangular in shape. A general layout of the problem to be
analysed is shown in Fig. 1.

After Rowe & Davis (1982), the analysis of anchor behaviour
can be divided into two distinct categories, namely those of
immediate breakaway and no breakaway. In the immediate
breakaway case it is assumed that the soil/anchor interface
cannot sustain tension, so that, upon loading, the vertical stress
immediately below the anchor reduces to zero and the anchor is
no longer in contact with the underlying soil. This represents
the case where there is no adhesion or suction between the soil
and anchor. In the no breakaway case the opposite is assumed,
with the soil/anchor interface sustaining adequate tension to
ensure the anchor remains in contact with the soil at all times.
This models the case where an adhesion or suction exists
between the anchor and the soil. In reality it is likely that the
true breakaway state will fall somewhere between the extremi-
ties of the immediate breakaway and no breakaway cases.

The suction force developed between the anchor and soil is
likely to be a function of several variables, including the
embedment depth, soil permeability, undrained shear strength
and loading rate. The actual magnitude of any adhesion or
suction force is therefore highly uncertain, and should not be
relied upon in the routine design of anchors. For this reason,
the anchor analyses presented in this paper are performed for

the immediate breakaway case only. This will result in con-
servative estimates of the actual pull-out resistance with suction.

After allowing for immediate and no breakaway behaviour,
anchors can be further classi®ed as shallow or deep, depending
on their mode of failure. This point is illustrated in Fig. 2. An
anchor is classi®ed as shallow if, at ultimate collapse, the
observed failure mechanism reaches the surface (Fig. 2(a), (b)).
In contrast, a deep anchor is one whose failure mode is
characterized by localized shear around the anchor and is not
affected by the location of the soil surface (Fig. 2(c)).

For a given anchor size, B, and soil type, (ã, cu), there exists
a critical embedment depth, Hcr, at which the failure mechan-
ism no longer extends to the soil surface and becomes fully
localised around the anchor. When this type of behaviour oc-
curs, the ultimate capacity of the anchor will have reached a
maximum limiting value. Physically, this transition arises be-
cause the undrained shear strength is assumed to be independent
of the mean normal stress. From a practical point of view, this
result is important as embedding the anchor beyond Hcr will
not lead to an appreciable increase in anchor capacity, Qu (see
Fig. 2(d)).

In light of the above discussion it is proposed to present the
anchor capacity, qu, in a form similar to that outlined by Rowe
(1978), which can account for both inhomogeneous material
and deep anchor behaviour.

Pull-out capacity of anchors in undrained clay
For a inhomogeneous soil pro®le, the change in soil cohesion

with depth is assumed to vary linearly according to

cu(z) � cuo � rz

where cuo is the undrained shear strength at the ground surface,
z is the depth below the ground surface, and r � dcu=dz.

In this paper, theoretical solutions are derived for problems
where H=B ranges from 1 to 10 and rB=cuo varies from 0´1 to
1. It is anticipated that this will cover most problems of
practical interest.

The ultimate anchor pull-out capacity in undrained clay is
usually expressed as a function of the undrained shear strength
in the following form:

qu � cu Nc (1)

where for a homogeneous soil pro®le

H = Ha

HaH 

Qu = quB

Qu = quB

cuo, ρ,γ

cuo, ρ,γ
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Fig. 1. Problem notation: (a) horizontal plate anchors; (b) vertical
plate anchors
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Fig. 2. Shallow and deep anchor behaviour
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Nc � qu

cu

� �
ã6�0,r�0

� Nco � ãHa

cu

(2)

and the term Nco is de®ned as

Nco � qu

cu

� �
ã�0,r�0

(3)

For an inhomogeneous soil pro®le, the break-out factor can be
expressed as

Nc � qu

cuo

� �
ã6�0,r6�0

� Ncor � ãHa

cuo

(4)

where Ncor is de®ned as

Ncor � qu

cuo

� �
ã�0,r6�0

(5)

with Ha � H for horizontal anchors and Ha � H ÿ B=2 for
vertical anchors (see Fig. 2(b)).

Implicit in equation (1) is the assumption that the effects of
soil unit weight and cohesion are independent of each other and
may be superimposed. It will be shown that this assumption
generally provides a good approximation to the behaviour of
purely cohesive undrained clay.

The above equations re¯ect the complex nature of the break-
down factor, Nc, as observed by Rowe (1978), which is a
function of both the embedment ratio and overburden pressure.
The latter dependence is expressed in terms of the dimension-
less quantity ãHa=cu and implies that if the ratio of ãHa=cu is
large enough, then the anchor will behave as a deep anchor
even at shallow embedment depths. This will be discussed in a
later section of this paper.

FINITE ELEMENT LIMIT ANALYSIS

The following is only a brief summary of the numerical
formulation of the limit theorems, and only those aspects
speci®cally related to the current study of anchor capacity are
mentioned. Full details of the numerical procedures can be
found in Sloan (1988) and Sloan & Kleeman (1995), and will
not be repeated here.

Finite element lower bound formulation
The lower bound solution is obtained by modelling a stati-

cally admissible stress ®eld using ®nite elements where stress

discontinuities can occur at the interface between adjacent
elements. Application of the stress boundary conditions, equili-
brium equations and yield criterion leads to an expression for
the collapse load that is maximised subject to a set of linear
constraints on the stresses.

In the ®nite element methods, the stress ®eld can be mod-
elled under plane strain conditions using three types of ele-
ments. The body of the mesh is comprised of three-noded
triangular elements, while along the in®nite boundaries triangu-
lar and rectangular extension elements are used. The unknown
stresses within each element are assumed to vary linearly.
Including extension elements in the lower bound mesh permits
the stress ®eld to be extended throughout the semi-in®nite
domain of the problem without violating equilibrium, the stress
boundary conditions, or the yield criterion. This ensures that the
stress ®eld is truly statically admissible, and that a rigorous
lower bound estimate of the collapse load will be found.

Unlike the more familiar displacement ®nite element method,
each node is unique to a particular element and therefore any
number of nodes may share the same coordinates. This enables a
wide range of stress ®elds to be modelled by permitting statically
admissible stress discontinuities at all edges that are shared by
adjacent elements, including those edges that are shared by
adjacent extension elements. To furnish a rigorous lower bound
solution for the collapse load it is necessary to ensure that the
stress ®eld obeys equilibrium, the stress boundary conditions and
the yield criterion. Each of these requirements imposes a separate
set of constraints on the nodal stresses. The present analyses
assume that the undrained shear strength of the clay can be
represented by the Tresca yield criterion, which is replaced by a
series of linear inequalities (Sloan, 1988). This linear approxima-
tion, which is known as a linearised yield surface, is de®ned to
be internal to the Tresca yield surface to preserve the lower
bound property of the solution.

A typical lower bound mesh for a vertical anchor, along with
the applied stress boundary conditions, is shown in Fig. 3. To
model a perfectly rough anchor, no constraints are placed on
the shear stress developed at element nodes located directly in
front of and behind the anchor. The shear stress is therefore
unrestricted, and may vary up to a value less than or equal to
the undrained shear strength of the soil (according to the yield
constraint). Alternatively, a smooth anchor is modelled by
insisting that the shear stress is zero at all element nodes along
the anchor/soil interface. To allow the rear side of the anchor to
separate from the soil (immediate breakaway), the stress dis-
continuity behind the anchor is removed and the shear stress
and normal stress are forced to be equal to zero. This effec-
tively creates a free surface behind the anchor.

5 → 8B

H

5B

Lower bound mesh

Extension
elements

σn = τ = 0

Fig. 3. Typical ®nite element mesh for vertical anchors
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A lower bound solution for the anchor problem is obtained
by maximising the integral of the compressive stress along the
soil anchor interface. As the individual normal stresses at
element nodes on the soil/anchor boundary are allowed to differ,
the anchor is implied to be rigid.

Finite element upper bound formulation
An upper bound on the exact pull-out capacity can be

obtained by modelling a kinematically admissible velocity ®eld.
To be kinematically admissible, a velocity ®eld must satisfy the
set of constraints imposed by compatibility, the velocity bound-
ary conditions and the ¯ow rule. After prescribing a set of
velocities along a speci®ed boundary segment, we can equate
the power dissipated internally (caused by plastic yielding with-
in the soil mass and sliding of the velocity discontinuities) to
the power dissipated by the external loads to yield a strict upper
bound on the true limit load. An advantage of using the upper
bound formulation of Sloan & Kleeman (1995) is that the
direction of shearing along each velocity discontinuity is found
automatically, and need not be speci®ed a priori. A good
indication of the likely failure mechanism can therefore be
obtained without any assumptions being made in advance.

As in the lower bound case, a linear approximation to the
Tresca yield surface is adopted to ensure that the formulation
results in a linear programming problem. Unlike the lower
bound formulation, however, this surface must be external to
the parent yield surface to ensure that the solution found is a
rigorous upper bound on the exact collapse load. This is
achieved by adopting a p-sided prism that circumscribes the
Tresca yield surface.

The three-noded triangle is again used for the upper bound
formulation. Now, however, each node is associated with two
unknown velocities, and each element has p non-negative
plastic multiplier rates (where p is the number of sides in the
linearised yield criterion). A linear variation of the velocities is
assumed within each triangle. For each velocity discontinuity,
there are also four non-negative discontinuity parameters that
describe the velocity jumps along each triangle edge (see Sloan
& Kleeman, 1995).

To de®ne the objective function, the dissipated power (or
some related load parameter) is expressed in terms of the
unknown plastic multiplier rates and discontinuity parameters.
As the soil deforms, power dissipation may occur in the velocity
discontinuities as well as in the triangles.

Once the constraints and the objective function coef®cients
are assembled, a kinematically admissible velocity ®eld is found
that minimises the internal power dissipation for a speci®ed set
of boundary conditions.

A typical upper bound mesh for a horizontal anchor, along
with the applied velocity boundary conditions, is shown in Fig.
4. A void is provided behind the anchor (line element) to ensure
its immediate breakaway from the underlying soil. Modelling
the anchor as a line element creates a series of velocity
discontinuities between the face of the anchor and the soil,
which can be assigned suitable material properties to simulate
various interface conditions. For example, these velocity discon-
tinuities are assigned a strength equal to the undrained shear
strength of the soil for the case of a perfectly rough anchor, and
a strength of zero for the case of a perfectly smooth anchor.

The ®nite element mesh arrangements (both upper and lower
bound) were selected after considerable experimentation. This
process involved adjustment of the mesh dimensions to ensure
that the computed stress or velocity ®elds were contained, as
well as providing a concentration of elements within critical
regions. It is expected that any further mesh re®nements would
only lead to small variations in the estimated collapse load.

An upper bound solution is obtained by prescribing a unit
velocity to the nodes along the line element that represents the
anchor, subject to the constraint that it cannot move horizontally
(u � 0) for horizontal anchors, or vertically (v � 0) for vertical
anchors. After the corresponding optimization problem is solved
for the imposed boundary conditions, the collapse load is found

by equating the dissipated power to the power expended by the
external forces.

RESULTS AND DISCUSSION

Finite element limit analyses were performed to obtain an
upper and lower bound estimate of the anchor break-out factor,
Nc, for the range of embedment depths and material properties
previously mentioned. These results, along with the effects of
plate roughness and overburden pressure, are discussed in the
following sections. Where possible, past experimental and nu-
merical results are compared with results obtained from the
current study.

Analytical limit analysis and cavity expansion approach
By deriving several analytical solutions for the ultimate

capacity of anchors, a useful check can be made on the bounds
obtained from the numerical ®nite element scheme. As men-
tioned previously, both Rowe (1978) and Gunn (1980) were able
to derive simple bound solutions for a horizontal anchor and
trapdoor problem respectively. For comparison purposes the
solutions of Gunn (1980) have been adopted for shallow hor-
izontal anchors, while for deep horizontal anchors the solutions
of Rowe have been used.

The upper bound theorem states that if a set of external loads
can be found acting on a compatible failure mechanism such
that the work done by these loads in an increment of displace-
ment is equal to the work done by the internal stresses, these
external loads are not lower than the true collapse load. In its
simplest form the failure mechanism may be assumed to be
composed of rigid blocks, and by examining different block
arrangements the best (least) upper bound value can be found.
The lower bound theorem states that if an equilibrium stress
®eld covering the whole body can be found that balances a set
of external loads on the stress boundary, and nowhere exceeds
the material yield criterion, the external loads are not higher
than the true collapse load. By examining different admissible
stress states, the best (highest) lower bound value to the external
loads can be found.

The three-variable block mechanism proposed by Gunn
(1980) is shown in Fig. 5. By equating the power expended by
the loads to the internal power dissipated along the discontinu-
ities, and assuming failure occurs as a result of upward motion,
this mechanism can be used to give an upper bound on the
anchor break-out factor. After modifying this mechanism to
include the variable r for inhomogeneous soils, the following
expression for the anchor break-out factor is obtained:

Nco � qu ÿ ãH

cuo

� cos â[cuo � r(H ÿ z=2)]

cosá sin(á� â)

� sin(á� ä)[cuo � r(H ÿ y=2)]

sin(âÿ ä)sin(á� â)

�
cos â cuo � r(yÿ z)

z
� r(H ÿ y)

� �
sin(âÿ ä)cos ä

� 2
H

B

� � cosá sin(âÿ ä) cuo � r
2

(H ÿ y)

� �
sin(á� â) cos ä

ÿ
sin(á� ä)sin â cuo � r

2
(H ÿ y)

� �
sin(á� â)cos ä

(6)

In the lower bound presented by Gunn, the exact plasticity
solution for the expansion of a thick cylinder in homogeneous
soil is used to construct a statically admissible stress ®eld that
leads to the following expression for the break-out factor:
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Nco � qu ÿ ãH

cu

� 2 loge(2H=B), H=B >
1

2
(7)

The above solutions of Gunn are shown in Fig. 6 for a range of
embedment ratios. The discrepancy between the best upper and
lower bounds is quite substantial, and increases with increasing

H=B. By analysing more elaborate statically admissible stress
®elds and kinematically admissible velocity ®elds, better esti-
mates of the break-out factor Nco could be found. This in turn
would enable the true collapse load to be bracketed more
closely. More elaborate mechanisms are, however, dif®cult to
derive and prove admissible by analytical means.

As shown by Vesic (1971), it is also possible to use cavity
expansion theory to predict the pull-out capacity of horizontal
anchors in soils. Most recently, Yu (2000) has derived the
following expression for the anchor break-out factor:

Nco � qu ÿ ãH

cu

� 2 loge(2H=B)� 1 (8)

This solution was based on the assumption that the break-out of
a plate anchor will occur as soon as the plastic zone of soil (as
calculated from cavity expansion theory) reaches the ground
surface.

As shown in Fig. 2, the ultimate pull-out capacity does not
continue to increase inde®nitely with embedment depth, but
reaches a maximum limiting value when the anchor failure
mechanism becomes localised owing to the effect of overburden
pressure. Although the critical embedment depth, Hcr, is a
complex function of the overburden pressure and embedment

B

H

Discontinuity
above anchor

v = 1 ↑ , u = 0 for line element (anchor) nodes

Void below
anchor

u = 0

u = 0
v = 0

u = v = 0
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u

Fig. 4. Typical ®nite element upper bound mesh for horizontal anchors

H

B

z

y

αβ

δ

Fig. 5. Gunn upper bound mechanism
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depth, the form of the deep failure mechanism essentially
remains unaltered. Rowe (1978) postulated both a kinematically
admissible upper bound solution and a statically admissible
lower bound solution for a deep horizontal anchor (no break-
away) in homogeneous clay. These mechanisms are shown in
Fig. 7, and are applicable to both rough and smooth anchors.
For the case of a horizontal anchor, the stress ®eld is anti-
symmetric about the anchor, and the lower bound and upper
bound estimates of the break-out factor N �c are 10´28 and 11´42
respectively (the asterisk on Nc denotes deep failure). The ®nite
element bound solutions obtained for a deep horizontal anchor
will be compared with the analytical solutions of Rowe in a
later section.

Any number of simple kinematically admissible mechanisms
can be derived for a vertical anchor. Two such mechanisms are
shown in Fig. 8. In these mechanisms an upper bound estimate
of the break-out factor Nco can be obtained by equating the

external rate of work done by the anchor to the power dis-
sipated by sliding along the discontinuities between adjacent
blocks. Velocity diagrams are typically drawn as an aid to
determining power dissipation along discontinuities. For the
mechanisms shown in Fig. 8, the best (minimum) upper bound
can be found by a numerical search for the critical values of
the various angles. A comparison between the two mechanisms
reveals that, for both homogeneous and inhomogeneous soil
pro®les, the best upper bounds are obtained from the ®ve-
variable mechanism over the range of H=B from 1 to 10.

The behaviour of deep vertical anchors in homogeneous soils
will essentially be the same as for deep horizontal anchors (see
Fig. 7).

Horizontal anchors in homogeneous soils
The computed upper and lower bound estimates of the

anchor break-out factor Nco for homogeneous soils (r � 0) are
shown graphically in Fig. 9. These results show that, for
practical design purposes, suf®ciently small error bounds were
achieved, with the true value of the anchor break-out factor
typically being bracketed to within �5%. These error bounds
are smaller for shallow embedment depths, being less than
�2:5% for ratios of H=B below 5.

The value of the break-out factor Nco obtained from the ®nite
element limit analysis can be approximated by the following
equations:

Nco � 2:56 loge(2H=B) Lower bound (9)

Nco � 2:76 loge(2H=B) Upper bound (10)

Figure 9(a) compares the ®nite element limit analysis solutions
with the results of Gunn stated previously. It can be seen that
the greatest improvement on the existing solutions of Gunn is
provided by the lower bound technique. The analytical lower
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bound solution of Gunn is very conservative over the full range
of embedment ratios, and is as much as 25% below the ®nite
element lower bound solution. In contrast, while the ®nite
element upper bounds improve on those of Gunn for anchors at
larger embedment depths (H=B . 4), the Gunn mechanism is
quite close to the optimal one for anchors where H=B , 4. This
can be veri®ed by comparing the failure mechanism predicted
by Gunn with the ®nite element upper bound velocity ®eld, as
shown in Fig. 10(a). For a small embedment ratio (H=B � 2),
the mechanism of Gunn is very similar to the ®nite element
velocity ®eld, while for greater embedment ratios (H=B � 7)
the mechanism is no longer an accurate representation of the
likely failure mode. The velocity ®elds shown in Fig. 10(a) are
typical of the type of failure mode observed for horizontal
anchors.

The cavity expansion solution of Yu (2000), given by equa-
tion (8), has also been plotted in Fig. 9(a). This solution
compares favourably with the lower bound ®nite element pre-
dictions, and underestimates the break-out factor only slightly
for ratios of H=B . 3.

The ®nite element solutions of Rowe & Davis (1982) have
also been included in Fig. 9(a). For anchors at small embedment
ratios (H=B , 3), these solutions plot very close to the upper
and lower bound solutions, but appear to be grossly conserva-
tive for deeper embedment ratios. The reason for this latter
discrepancy is the de®nition of failure adopted by Rowe &
Davis. In their ®nite element analyses they found that, in many
cases, the deformations prior to collapse were so great that for
practical purposes failure could be deemed to have occurred at
a load below the collapse load. For this type of problem, where

H /B = 2

H /B = 7

H /B = 6

H /B = 2

H /B = 4

(a)

(b)

Mechanism of Gunn

Five-variable mechanism

Fig. 10. Comparison of upper bound failure mechanisms for anchors in homogeneous clay (ãH=cu � 0). Arrows
indicate ®nite element upper bound velocity ®eld
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the ultimate capacity is reached only after large deformations,
Rowe & Davis de®ned the failure load as the load that would
give rise to a displacement four times that predicted by an
elastic analysis. This was termed the k4 failure criterion, and it
is essentially a serviceability constraint on the ultimate load.
For embedment ratios greater than 3 the collapse load was
found to be limited by the k4 condition, which explains the
plateau of the curve shown in Fig. 9(a). This de®nition of
failure is in contrast to that used in plasticity analysis, where
failure is governed solely by the load-carrying capacity of the
soil, and is reached when a signi®cant portion of the soil mass
has yielded and unrestrained plastic ¯ow is imminent. By
adopting the de®nition of failure suggested by Rowe & Davis,
the ultimate capacity prediction will be obtained when the
anchor is still in the range of contained plastic deformation
prior to ultimate collapse.

A comparison of the ®nite element limit analysis results
against a variety of laboratory model test results is shown in
Fig. 9(b). These tests were performed using small model
anchors, typically less than 50 mm wide. For such small anchors
the depth of burial (H) need only be small. This reduces the
physical size of the required model, and allows a large range of
embedment ratios (H=B) to be analysed in the laboratory.
Although convenient in terms of sample and model preparation,
the overburden pressures are likely to be very small at these
depths, and the term ãHa=cu in equation (2) becomes insignif-
icant. It is therefore reasonable to assume that, for comparison
purposes, the break-out factor back-®gured from laboratory tests
is equivalent to Nco as given by equation (3). Based on this
assumption, the test results of Das, Meyerhof and Rowe have
been plotted in Fig. 9(b).

The test results of Rowe (1978) have been taken from the raw
laboratory test data, and the curve shown in Fig. 9(b) represents
a line of best ®t. The results of Rowe compare favourably with
the ®nite element limit analysis results and are close to the
lower bound solution. The solutions of Das also compare well
with the bound solutions, but are closer to the upper bound for
embedment ratios (H=B) greater than about 4. Note that the
tests of Rowe and Das were both performed on rectangular
anchors with width-to-length ratios greater than or equal to 5.
For comparison purposes it has been assumed that the anchor is
essentially behaving as an in®nite strip at these aspect ratios.
Based on the observations of Rowe, who observed only small
differences in pull-out capacity for anchors with aspect ratios of
5 and 8 respectively, this assumption appears to be reasonable.

The value of the break-out factor estimated using the approx-
imate relationship suggested by Meyerhof (1973) is clearly
over-conservative, and is as much as 50% below the ®nite
element bound solutions.

Effect of overburden pressure. The numerical results discussed
above have been limited to soil with no unit weight, and
therefore the effect of soil weight (overburden) needs to be
investigated. If our assumption of superposition is valid then it
would be expected that the ultimate anchor capacity, as given in
equations (1) and (2), would increase linearly with the
dimensionless overburden pressure, ãHa=cu. The results from
further lower bound analyses that include cohesion and soil
weight, shown in Fig. 11, con®rm that this is indeed the case.
This conclusion is in agreement with the observations of Rowe
(1978).

Figure 11 shows that the ultimate anchor capacity increases
linearly with overburden pressure up to a limiting value. This
limiting value re¯ects the transition from shallow to deep
anchor behaviour where the mode of failure becomes fully
contained around the anchor. At a given embedment depth, an
anchor may behave as either shallow or deep, depending on the
dimensionless overburden ratio, ãHa=cu. This is illustrated in
Fig. 12, where an upper bound analysis has been performed on
an anchor at an embedment ratio of 3. For this embedment
ratio, the anchor behaves as a deep anchor once ãHa=cu . 7.
The critical overburden ratio ãHa=cu, which marks the transi-
tion from shallow to deep anchor behaviour, reduces for in-

creasing embedment ratios. For example, referring to Fig. 11, it
is evident that the critical overburden ratio is approximately 3´5
for H=B � 10.

For deep anchors, the limiting values of the break-out factor
Nc� were found to be 11´16 and 11´86. These values compare
well with the analytical solutions of Rowe, who found lower
and upper bounds of 10´28 and 11´42. The upper bound velocity
®eld for a deep anchor, shown in Fig. 13, is similar to the
analytical upper bound mechanism of Rowe (shown as a dashed
line). For deep anchors, the form of the velocity ®eld at
collapse is essentially independent of the overburden pressure.

The velocity diagrams at collapse for shallow anchors, where
the overburden pressure is insuf®cient to cause localised deep
failure, are illustrated for various embedment ratios in Fig. 14.
For anchors at small embedment ratios (H=B � 1) the failure
mechanism consists of the upward movement of a rigid soil
block immediately above the anchor. As the anchor embedment
depth increases, the zone of plastic shearing extends outward
from the anchor edges and causes an increase in the area over
which deformations occur at the surface.

Effect of anchor roughness. The effect of anchor roughness on
the break-out factor, Nco, was found to be almost linear with
increasing embedment ratio (H=B). For an anchor with
H=B � 1, for example, changing the roughness from perfectly
rough to perfectly smooth reduces Nco by just 1%. For
embedment ratios of H=B � 5, 8 and 10, this change in anchor
roughness decreases Nco by 5%, 8% and 10% respectively. These
results are consistent with the collapse velocity diagrams shown
in Fig. 14. For embedment ratios greater than about 5, lateral
shearing of the soil takes place at the anchor level and signi®cant
shear stresses are developed along a rough anchor/soil interface.
In contrast, for H=B � 1, no velocity jump is observed along the
anchor/soil interface as the rigid block of soil above the anchor
moves vertically upwards.

Although a reduction in Nco of up to 10% was calculated for
a smooth anchor, the ultimate anchor capacities are affected
little by anchor roughness once the effects of overburden are
included. A similar conclusion was reached by Rowe (1978).
Unfortunately, the authors are not aware of any laboratory
testing that has been performed to quantify the effects of anchor
roughness.

Vertical anchors in homogeneous soils
The computed upper and lower bound estimates of the break-

out factor Nco for a vertical anchor in homogeneous soil
(r � 0) are shown graphically in Fig. 15. Small error bounds
are again achieved, with the true value of the anchor break-out
factor typically being bracketed to within �3% over the range
of embedment ratios.

The value of the break-out factor, Nco, determined from the
®nite element limit analyses can, with suf®cient accuracy, be
approximated by the following equation:
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Fig. 11. Effect of overburden pressure (lower bound)

148 MERIFIELD, SLOAN AND YU



Nco � 2:46 loge(2H=B)� 0:89 Lower bound (11)

Nco � 2:58 loge(2H=B)� 0:98 Upper bound (12)

The various numerical bound solutions and existing numerical
and laboratory results for this case are compared in Figs 15(a)
and 15(b) respectively.

Referring to Fig. 15(a), it is clear that the ®ve-variable upper
bound mechanism (Fig. 8(b)) is unable to model the true
collapse mechanism accurately over the full range of embed-
ment ratios. The reason for this is shown in Fig. 10(b), which
compares the velocity ®elds for the various ®nite element upper
bound analyses with the velocity ®elds predicted by the ®ve-
variable rigid block mechanism. Up to a ratio of H=B � 3, the
rigid block and ®nite element collapse mechanisms are similar,
and the computed solutions for Nco are typically within 3% of
each other. For embedment ratios greater than 3, however, the
rigid block mechanism is no longer a good representation of the
true collapse mechanism, and the break-out factor Nco is over-
estimated by as much as 25%.

The results of Rowe (1978) are again dif®cult to compare
against, owing to the k4 de®nition of failure adopted. In the

study by Rowe, the break-out factor was found to be limited by
the k4 de®nition of failure once H=B exceeds 2. Consequently,
for embedment ratios above 2, the break-out factors determined
by Rowe plot well below the ®nite element bound solutions.

Das et al. (1985a, 1985b) and Ranjan & Arora (1980)
conducted a number of laboratory pull-out tests on vertical
anchors with width to length ratios (L=B) varying from 1
(square) to 5 (rectangular). From the ultimate pull-out load
obtained, the break-out factor Nc was back-calculated using an
expression similar to equation (1). However, unlike equation
(1), the ultimate pull-out load was assumed to be independent
of the overburden pressure. This is clearly not the case at full
scale, and therefore using these results, without adding the
contribution due to unit weight, could lead to a very conserva-
tive estimate of the ultimate pull-out load. Owing to the use of
small-scale model tests, the break-out factor determined by Das
& Ranjan is again assumed equivalent to the break-out factor
Nco given by equation (3). Fig. 15(b) shows the results of
various pull-out tests on vertical anchors with an aspect ratio
(L=B) of approximately 5. As for the horizontal anchor, it is
assumed that at this aspect ratio the anchor is essentially

γHa/cu

γHa/cu = 3·0

qu/cu = Nc = 7·86

N
c

10

(a)

(b)

(c)

0

2

4

6

8

10

12

14

Nc = Nco(H /B = 3)

Nc* = 11·86

Nco

2 3 4 5 6 7 8 9 10

(a)

γHa/cu = 4·4

qu/cu = Nc = 9·36

(b)

γHa/cu = 7·5

qu/cu = Nc* = 11·86

(c)

 

Fig. 12. Effect of overburden pressure, H=B � 3, homogeneous soil
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behaving as a strip. The results of Das & Ranjan compare
reasonably well with the ®nite element bound solutions, tending
to be slightly conservative for embedment ratios below 5.

The break-out factors determined by Meyerhof are again
over-conservative, and plot as much as 35% below the ®nite
element lower bound solutions.

Effect of overburden pressure. As was the case for horizontal
anchors, the ultimate anchor capacity increases linearly with
overburden pressure up to a limiting value that re¯ects the

Mechanism of Rowe

Fig. 13. Upper bound velocity ®eld for a deep anchor
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Fig. 14. Upper bound velocity ®elds for shallow anchors
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Fig. 15. Break-out factors for vertical anchors in homogeneous soil:
(a) comparison with existing numerical solutions; (b) comparison
with existing laboratory test results
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transition from shallow to deep anchor behaviour. This is
illustrated in Fig. 16, and con®rms that the principle of
superposition is valid.

For deep anchors, the limiting value of Nc� determined from
the ®nite element lower and upper bound analyses was found to
be 10´47 and 11´86 respectively. The upper bound value of
11´86 is identical to that determined for a horizontal anchor,
while the lower bound result of 10´47 is approximately 6%
below that determined for a deep horizontal anchor. Physically
it would be expected that the limiting value of the break-out
factor Nc� would be the same for both deep horizontal and deep
vertical anchors. This follows from our assumption that the
undrained shear strength is independent of the mean normal
stress and thus the initial stress conditions.

For shallow anchors, the typical modes of failure are shown
in the velocity diagrams of Fig. 10(b). As the anchor embed-
ment ratio increases, the zone of plastic shearing increases to
include an area of soil located above, behind and below the
anchor.

Effect of anchor roughness. For embedment ratios (H=B)
greater than or equal to 2, the anchor roughness is likely to have
little in¯uence on the ultimate anchor capacity. For these
embedment ratios only small reductions (, 4%) in the break-
out factor Nco were computed.

The ultimate capacity of a smooth vertical anchor with an
embedment ratio less than 2 was found to be as much as 22%
lower than that for a rough anchor. This agrees with the ®ndings
of Rowe & Davis (1982), where the reduction was found to be
as high as 30%. The upper bound velocity diagram at collapse
for anchors with an embedment ratio less than 2 shows that a
large velocity jump exists at the soil/anchor interface: that is,
the soil has moved (slipped) relative to the anchor. As discussed
previously for the horizontal anchor, this indicates the develop-
ment of signi®cant shear stresses at the anchor/soil interface.
These shear stresses are resisted by the interface and therefore
contribute to the anchor's capacity.

Effect of increasing strength with depth
In reality, soil strength pro®les are not homogeneous but may

increase or decrease with depth or consist of distinct layers
having signi®cantly different properties. To ascertain the effect
of a inhomogeneous soil on the capacity of an anchor, the
speci®c case of a soil whose strength increases linearly with
depth has been analysed. Although this is a common condition
in the ®eld, the authors are unaware of any attempts to
determine its effect on anchor capacity.

For the case of a soil whose strength increases linearly with
depth, the new break-out factor Ncor is given by equation (5).
Owing to the extra strength available, the magnitude of Ncor
will be greater than the break-out factor Nco (equation (3)) for
a homogeneous soil with strength cu � cuo.

To cover most inhomogeneous problems of practical interest,
the dimensionless ratio rB=cuo was varied between 0´1 and 1.
For the sake of brevity, however, only the numerical results for
cases of rB=cuo � 0:1, 0´5 and 1´0 are shown in Fig. 17. In
reality, it is unlikely that the dimensionless ratio rB=cuo would
be greater than about 0´2. Over the range of problems analysed,
the error bounds on the true break-out factor are around �3%
for vertical anchors and vary from �3% to �6% for horizontal
anchors.

Horizontal anchors. The break-out factors Ncor determined
for horizontal anchors, along with the rigid block solution of
Gunn, are shown in Fig. 17(a). The Gunn mechanism gives
solutions that are very close to the ®nite element upper bound
solutions for all embedment ratios from 1 to 10. The reason for
this good agreement is that the lateral extent of plastic yielding
above the anchor is reduced by the assumed inhomogeneous soil
pro®le. As a consequence, the mechanism of Gunn predicts the
true failure mechanism better than it does for a homogeneous
soil.

By using Fig. 17(a), an expression for the pullout factor Ncor
can be derived as a function of the embedment ratio H=B.
However, this requires a separate equation for each strength
pro®le rB=cuo. Clearly, for design purposes, a single parametric
equation that can be used for a whole range of strength pro®les
is more desirable.

In deriving such a parametric equation it is expected that the
pullout factor Ncor will be a function of the dimensionless
variables rB=cuo and H=B (or rH=cuo). Referring to Fig.
18(a), it appears that a unique relation exists between the ratio
Ncor=Nco and the dimensionless ratio rB(2H=Bÿ 1)=2cuo.
Both the lower bound and upper bound results (approx. 220
data points) are presented on this ®gure and in most cases are
within 1±2% of each other. By inserting a line of best ®t
through the data, the break-out factor can approximated by
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Ncor � Nco 1� 0:383
rB

cuo

2H

B
ÿ 1

� �� �
(13)

where, for a safe design, Nco is given by equation (9).
This equation can be con®rmed by reproducing the plot in

Fig. 18(a) using the rigid block results obtained using the
mechanism of Gunn.

The effect of unit weight has also been investigated, and it
was again found that the ultimate anchor capacity increases
linearly with overburden pressure up to a limiting value. At this
point there is a transition from shallow to deep anchor behav-
iour. Based on the ®nite element bound results, the limiting
value of the break-out factor Ncr� can be approximated by

Ncr� � Nc� 1� rH

cuo

� �
(14)

where Nc� � 11:16. The form of equation (14) suggests that the
ultimate capacity of deep horizontal anchors in the assumed
inhomogeneous soil pro®le is simply a function of the soil
cohesion at the anchor level. From equation (4), Nc � Ncr� ,
and substituting equation (14) into equation (1) yields

qu � cuo Nc� 1� rH

cuo

� �
� Nc� cu(H)

where cu(H) � the soil cohesion at depth H below the ground
level.

The observed upper bound velocity diagram for deep hor-
izontal anchors is essentially the same as that shown in Fig. 13,
irrespective of the rate of strength increase, r.

Vertical anchors. The break-out factors Ncor determined from
the ®nite element formulations, along with the ®ve-variable rigid

block solutions derived previously, are shown in Fig. 17(b). The
rigid block predictions are close to the ®nite element upper
bounds for H=B , 5 but, for ratios greater than this, tend to
overestimate the break-out factor by up to 15%. This represents a
small improvement compared with the results obtained for
homogeneous soils where, for larger embedment ratios, the over-
prediction was around 25%.

For design purposes, a single parametric equation for the
breakout factor Ncor can again be obtained by quantifying the
trend shown in Fig. 18(b). By inserting a line of best ®t through
the data, the break-out factor can be approximated by

Ncor � Nco 1� 0:408
rB

cuo

2H

B
ÿ 1

� �� �
(15)

The inclusion of overburden pressure again produces a linear
increase in the ultimate anchor capacity up to a limiting value.
The limiting value of the break-out factor Ncr� can be approxi-
mated by

Ncr� � Nc� 1� rB

2cuo

2H

B
ÿ 1

� �� �
(16)

By substituting equation (16) into equation (1), we see that the
ultimate capacity of a deep vertical anchor in inhomogeneous
soil is a function of the soil cohesion at anchor level. This
implies that qu � Nc� cu(Ha), where Nc� � 10:47.

SUGGESTED PROCEDURE FOR ESTIMATION OF UPLIFT

CAPACITY

1. Determine representative values of the material parameters
cuo, r and ã.

2. Knowing the anchor size B and embedment depth H ,
calculate the embedment ratio H=B and overburden ratio
ãHa=cuo.

3. Calculate the break-out factor Nco using equation (9) or (11)
depending on the anchor orientation.

4. Adopt Nc� � 11:16 for horizontal anchors, and Nc� � 10:47
for vertical anchors.

5. For homogeneous soils:
(i) Calculate the break-out factor Nc using equation (2).

(ii) If Nc > Nc� then the anchor is a deep anchor. The
ultimate pull-out capacity is given by equation (1),
where Nc � Nc� � 11:16.

(iii) If Nc < Nc� then the anchor is a shallow anchor. The
ultimate pull-out capacity is given by equation (1),
where Nc is the value obtained in 5(i).

6. For inhomogeneous soils:
(i) Calculate the break-out factor Ncor using equation (13)

or (15). The value of Nco is that found in 3.
(ii) Calculate the breakout factor Nc using equation (4).

(iii) Calculate the limiting value of the break-out factor
Ncr� using equation (14) or (16). The value of Nco is
that found in 3.

(iv) If Nc > Ncr� then the anchor is a deep anchor. The
ultimate pull-out capacity is given by equation (1),
where Nc � Ncr� .

(v) If Nc < Ncr� then the anchor is a shallow anchor. The
ultimate pull-out capacity is given by equation (1),
where Nc is the value obtained in 6(ii).

CONCLUSIONS

Rigourous lower and upper bound solutions for the ultimate
capacity of horizontal and vertical strip anchors in both homo-
geneous and inhomogeneous clay soils have been presented.
Consideration has been given to the effect of anchor embedment
depth, anchor roughness, material homogeneity and overburden
pressure. Results are for the case where no suction forces exist
between the anchor and soil, which constitutes what is known
as the `immediate breakaway' condition.

The results obtained have been presented in terms of familiar
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Fig. 18. Effect of increasing soil cohesion: lower bound results
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break-out factors in both graphical and numerical form to
facilitate their use in solving practical design problems. A
systematic design approach has also been proposed.

The following conclusions can be drawn from the results
presented in this paper:

(a) For most cases in this study, it is found that the exact
anchor capacity can be predicted to within �5% using
numerical ®nite element formulations of the lower and
upper bound limit theorems.

(b) Existing numerical solutions can differ from the bound
solutions by up to �25% for a homogeneous soil, with a
slight reduction in error for an inhomogeneous soil whose
strength increases linearly with depth. The exising solutions
are typically in greatest error when the embedment ratio is
relatively large (H=B . 4).

(c) The bound solutions compare well with published results
from small-scale laboratory tests.

(d ) The ultimate capacity for all anchors was found to increase
linearly with overburden pressure up to a limiting value. This
limiting value re¯ects the transition from shallow to deep
anchor behaviour where the mode of failure becomes
localised around the anchor. At a given embedment depth,
an anchor may behave as shallow or deep, depending on the
dimensionless overburden ratio ãHa=cu. For cases that do not
fail in a deep mode, the principle of superposition is valid.

(e) Anchor roughness was found to increase the ultimate
capacity of vertical anchors with embedment ratios less
than 2 by as much as 22%. The ultimate capacity of
horizontal anchors is less affected by anchor roughness.

( f ) A relationship between the capacity of anchors in homo-
geneous and inhomogeneous soil pro®les has enabled
simple parametric equations to be produced. These equa-
tions can be used to solve practical design problems.
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