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The problem of the expansion of an initially thick-walled cylinder due to an internal pressure under conditions of plane 
strain is considered. The cylinder is composed of an elasto-plastic, Tresca material with an associated flow rule. No restric- 
tion is placed on the magnitude of the deformation or on the magnitude of the material parameters. Solutions are presented 
for a particular initial (stress free) geometry and it is shown that the maximum value of the internal pressure is a function of 
the deformation to strength parameter ratio. 

1. Introduction 

Much attention has been paid to the problem of  
the expansion of  a cylinder due to internal pressure 
for both rigid plastic and elasto-plastic materials. For 
a survey of  this work reference may be made to a text 
by Hill [1] and to papers by Hodge and White [2], 
Allen and Sopwith [3], Beliaev and Sinitsky [4] and 
Steele [5]. Koiter [6] gives a lucid description of  the 
basic assumptions and results of  most of  these works 
as well as presenting an infinitesimal strain solution 
for a Tresca [7] material with an associated flow rule. 

For a cylinder expanding under conditions of  plane 
strain, the problem of unrestricted plastic flow has 
been dealt with by Prager and Hodge [8] using the yon 
Mises [9] theory, and by Hill et al. [10] using a treat- 
ment based on the Prandtl-Reuss [11,12] theory. The 
former approach assumes that the material is incom- 
pressible and neglects elastic strains in the plastic 
region, while the latter includes an account of  the 
elastic component of  strain but assumes that changes 
in geometry are small. It is the aim of  this paper to 
solve the problem of  unrestricted flow for a material 
with a Tresca yield criterion and an associated flow 
rule. The present analysis applies to materials possess- 
ing deformation moduli of  any magnitude, including 
the less stiff. That is to say that no restriction is placed 
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on the elastic component of  strain or the magnitude of  
the overall deformation. Exact equations governing 
the finite deformation behaviour are formulated and 
these are solved approximately using a numerical tech- 
nique. 

2. Governing equations 

A general method of  analysis for the problem of  
finite elasto,plastic deformation has been presented 
by Carter et al. [13]. This analysis will be applied to 
the problem described in fig. 1. For the case of  plane 
strain cylinder expansion the use of  symmetry allows 
simplifications to be made to the general equations 
governing finite deformation. 

Consider a typical particle of  the deforming cylin- 
der to be located at time t o at a distance r0 from its 
centre 0. At some later time t this material particle 
occupies a position which is a distance r from 0. From 
symmetry we see that displacement may occur only 
in the radial direction. This change in location u = r - r o  
is a result of  an increase in internal pressure from P0 
to p during the time interval (to, t). The radial velocity 
of  the particle at time t is given by 

Ou du 
o -- ~ (r0, t) = ~ (r, t). (1) 

Since there are no rotations and no radial or tangential 
shear deformations associated with the expansion, a 
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(a) time = 0 (b) time = t, 

Cc) time = t 

Fig. 1. Cylinder expansion. 

complete description of the deformation is given, in 
Eulerian terms, by the vector of rate quantities 

(2) 

A description of the stress field at r, at time t, is also 
given by 

fJT = (o,,, o/M), (3) 

where u,.,. and uee are the radial and tangential normal 
stress components, respectively, and tensile stresses are 
reckoned positive. 

We assume that the material of the cylinder obeys 
a general rate law given by 

Q= DC, (4) 

where the dot indicates material differentiation with 
respect to time (in the absence of rotations i provides 

an objective measure of the stress rate and there is no 
need to employ a more general measure such as that 
due to Jaunann [14]). For an elastic material the ma- 
trix D is given by 

D= 
A+2G, A 

A 3 
(5) 

where A and G are the Lame’ parameters of the classi- 
cal theory of elasticity. 

This material yields according to the Tresca crite- 
rion which may be written 

ur - u3 = 2c, (6) 

where u1 > ua > u3 (tension positive) are the prin- 

cipal stresses and c is the yield limit in pure shear. We 
assume, without proof, that in this problem ur = oee, 
u3 = urr, and that the intermediate principal stress u2 
is the axial stress component u,.. . This is not an un- 
reasonable assumption for the solutions presented 

later. Koiter [6] has shown that it is in fact valid for 
the small strain theory when the initial value of the 

ratio of external to internal radii, br/ar, is less than 

5.75. We note also that it is valid in the other 
extreme, i.e. the finite strain solution for a material 

that remains elastic. 
Once yielding has occurred the cylinder material 

flows plastically according to an associated flow law 

and the matrix D is then given by 

Integration of eq. (4) with respect to time gives 

t 

O= Dcdt+q,, 
s (8) 
to 

where u o is the vector of stress components at r. at 
time to. 

We may replace the equation of total equilibrium 
by the virtual work expression which, in the absence 
of body-forces, may be written 

ldaTodV = ldvp dS, (9) 
V s 

where V is the cross-section of the cylinder and S its 
inner surface at time t. The outer surface remains 

stress free. The incremental velocity dv is compatible 
with the incremental deformation rates de and the 
velocity boundary conditions on the inner cylindrical 

surface. 
Substitution of eq. (8) into the virtual work expres- 

sion gives 

/drT($Dcdt)dV=~pdS /kTaodV. (10) 
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Because V and S are changing with time it is generally 
impossible to solve eq. (10) exactly and an approxi- 
mate numerical solution is necessary. 

3. Numerical solution 

An approximate solution for the displacement and 
stress fileds u and o can be obtained using the finite 
element technique for spatial integration in eq. (14). 

Because of symmetry we focus attention on only 
one radial line of the cylinder. If such a continuous 
line is divided into a discrete number of conforming 
elements then suppose that the displacement field u 
can be adequately represented by values at the con- 
necting nodes 1,2 ..... N and let 

a6 r = (u], us ..... uN) = U q) - 6  to(t), (I1) 

where fi T(t) is the vector of total nodal displacements 
in the time interval (0, t). The subscripts in eq. (11) 
refer to the node numbers. 

Suppose that the continuous velocity field can be 
approximated by 

v =AA~=A~, (12) 

where the form of A will depend upon the particular 
type of element used and will, in general, depend upon 
its current position. It follows then that the vector 
of deformation rates may be related to 6 by the ap- 
proximation 

= B~, (13) 

where 

\ l/r /A .  

Substituting into eq. (1 O) it is found that for arbitrary 
variations/xb consistent with the velocity boundary 
conditions 

A~i T Ba- DB'6dt dV 
v t o 

= A6 T f p . d ~ -  A'~ T fnTI lo  dV,  (14) 
S v 

and thus that 

DB6 dt dV= f p . d S -  f B  ToO dV, 
V S v 

(15) 

where TIT = (1,0,  ..., 0) with N terms. 
This finite element equation is an integral equation 

in time and an approximate solution may be obtained 
by following a load path using a number of finite but 
small steps. For any such step in time At we approxi- 
mate all time-dependent quantities by their average 
values for this particular step. Eq. (16) then reduces 
to the approximate set of equations 

g a f f  = L (16) 

where 

F g = 3BTDB dV 

and 

f-- dV 
P 

The bar denotes some average or representative value 
of the quantity .for the current time step and the inte- 
grations are performed over the 'mean' configuration. 
Iteration may thus be necessary within each time step. 
In this manner spatial and time integrations are per- 
formed simultaneously to obtain the time-varying do- 
main V. The solution at any time t is completed by 
integration of the constitutive equations (4) to obtain 
the stress field owithin F. 

4. The cylinder solutions 

The numerical technique described above was 
applied to the expansion of a cylinder the finite ele- 
ment idealization of which is shown in fig. 2. The 
mesh is shown at the stress-free configuration at 
time t --- 0 when bi/ai = 2. 

In addition there are two closed form solutions to 
this problem that are, strictly speaking, applicable 
only under certain circumstances. 

(a) A solution reported by Hill [1] and Koiter [6] 
and strictly applicable only when G/c = ~.  This is the 



104 J.P. Carter / Expansion of a cylinder under finite plane strain 

b I = 2Q 1 

I- q 
1 2 3 4 5 6 7 8 9 1 0 1 1  

o 
Fig. 2. Finite element mesh at t = 0. 

conventional small strain solution that does have prac- 
tical application for materials of  high deformation 
modulus. According to this theory the maximum 
internal pressure, Prt, which is determined by com- 
plete yield within the cylinder is given by 

Pn/C = 2 ln(bl/al). ( l  7) 

(b) A solution for materials of  infinite strength (i.e. 
G/c = 0) is presented in the Appendix and the current 
value of  the outer radius b is plotted against the inter- 
nal pressure in fig. 3 for the case when Poisson's ratio, 
u = 0.3. For G/c = 0 the maximum pressure, Pc, which 
corresponds to elastic instability is given by 

Pc/G = 2 ln(bi/al). (18) 

We thus note the interesting result that 

Pc/PH = G/c. ( ] 9 )  

A solution for the material with G/c = 0 was also 
obtained using the numerical technique described 
above and numerical displacement results are com- 
pared with the rigorous solution in fig. 3. The elastic 
dilatation that is a consequence of  adopting the mate- 
rial rate law of  eq. (4) is evident from fig. 4, where 
the volume is plotted as a function of the outer radius 
b (VI, V are the cross-sectional areas at times 0 and t). 
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Fig. 3. Elastic cylinder expansion. 
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Neither of  the closed form solutions (a) and (b) are 
strictly applicable to real materials as these possess 
finite values of  G/c. However, either may provide ade- 
quate predictions of  the behaviour of  cylinders made 
from many materials in engineering use. 

An examination of  the behaviour of  materials with 
a variety of  G/c values has been made using the numer 
ical technique described above. The relationship 
between the outer radius and the internal pressure for 
cylinders with u = 0.3 is plotted in fig. 5. Note that 
for stiffer materials, e.g. G/c >~ 38.5, the closed form 
solution (a) gives a very good approximation to the 
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Fig. 5. Elasto-plastic cylinder behaviour. 
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Fig. 6. Comparison of stress distributions. 

expansion behaviour. The stresses obtained for the 
case of G/c = 38.5 are shown in fig. 6 to be in close 
agreement with those of the closed form solution. For 
less stiff materials the elasto-plastic behaviour becomes 
more like that predicted by the analytic method (b). 
The curve for G/c = 0 has no unique position on fig. 5 

because the ordinate is plotted as p/c, but it is noted 
that for values of G/c less than about 0.385 the elasto- 
plastic behaviour is almost identical with that pre- 
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Fig. 7. Maximum pressure vs. material properties. 

dieted by method (b) - at least for the range of dis- 
placements plotted. This may not continue to be the 
case when the cylinder expands further to become 
one with very thin walls. 

The relationship between the maximum pressure, 

P max, and the material properties is given in fig. 7. As 
G/c is increased pmax approaches the value predicted 

by method (a), while for lower values of G/c the limit- 

ing value is that of pc, the elastic instability pressure. 
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Appendix: elastic cylinder expansion 

Consider the cylinder of fig. l(c) which had the initial 
(stress free) configuration shown in fig. l(a). We examine 
here the particular case of a cylinder composed of a material 
possessing infinite strength (G/c = 0). For an infinitesimal 
change in the pressure dp, the outer and inner radii change 
by amounts d6 and da, respectively, where from the elastic 
small strain theory we have 

(A.1) 

(A.21 

Let the parameter R = b/a. Then, on combination of eqs. 
(A.l) and (A.2) we obtain 

dRfR = -2dp/G, (A.3) 

whence 

R = RI ,-2plG, (A.4) 

where 

RI = bI/aI. 

The maximum pressure, pc will occur when R = 1, i.e. 

@c/G) = 2 In RI (A.5) 

Current values of radii a and b at the pressure p are then given 

by 

l-R2 
- In - I 11 1-R: ’ 

(‘4.6) 
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In Iff--~l = In I ~ i I  + lnI~l 1'  (A.7) 
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