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Abstract

This paper presents a numerical formulation for frictional contact problems associated with pile penetration. The frictional contact at
the soil–pile interface is formulated using the theory of hardening/softening plasticity, so that advanced models for the interface can be
dealt with. A smooth discretisation of the pile surface is proposed using BéZIER polynomials. An automatic load stepping scheme is pro-
posed, which features an error control algorithm and automatic subincrementation of the load increments. The numerical algorithms are
then used to analyse the installation process of pushed-in axial piles. It is shown that the smooth discretisation of the pile surface is
effective in reducing the oscillation in the predicted pile resistances and the automatic load stepping scheme outperforms the classical
Newton–Raphson scheme for this type of problem.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Contact problems involving nonsmooth frictional laws
are known to be difficult to solve. This is particularly the
case when such problems involve large deformation and
nonlinear material behaviour. In geotechnical engineering,
penetration problems such as the insertion of piles and
in situ testing devices into the ground typically involve fric-
tional contact, large deformation and material nonlineari-
ties. Though very difficult, numerical modelling of these
problems is important because it can lead to more accurate
estimation of the pile capacity and better interpretation of
the tests results.

Mathematically, contact problems are usually expressed
by variational inequalities or formulated as constrained
optimisation problems. Within the algorithmic treatment
the contact areas and locations are first estimated and then
assumed to be known, so that the inequality constraints
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become equalities and during each iteration one can con-
sider variational equalities. These are enforced by using
either the penalty or the Lagrange-multiplier method (or
a combination of both, such as the augmented Lagrangian
method). These procedures, combined with constitutive
relations describing the soil behaviour, lead to a set of non-
linear equations in terms of displacements and/or contact
tractions, and are typically solved by Newton-type itera-
tion methods. Since the actual contact areas and locations
within each load step (or time step for time-dependent
problems) are not known a priori, the overall solution algo-
rithms needs to handle not only the material nonlinearity,
but also converge to the correct contact conditions. When
friction has to be considered, additional nonsmoothness is
added to the problem due to its special constitutive behav-
iour. Here the contact within a step can be either in a stick
state (no sliding) or a slip state, depending on the tangen-
tial traction forces. These contact nonlinearities, when
added to the material and geometric nonlinearities, pose
a severe challenge to the convergence and stability of tradi-
tional solution algorithms. Even though significant
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advances have been made in designing algorithms for solv-
ing contact problems, merely achieving convergence can be
very difficult under many circumstances [4,9,2,17,7]. This is
especially true for contact problems in soils, where the con-
stitutive models are usually complex.

In this paper, we first summarise the finite element for-
mulation of kinematic constraints for frictional contact
using a C1-smooth interpolation. This formulation is
partly based on the formulation of Wriggers et al. [18],
but is enhanced to provide a unified treatment of soil and
interface constitutive models. For algorithmic treatment
of material and geometric nonlinearities, the automatic
load stepping scheme of Abbo and Sloan [1] and Sheng
and Sloan [13] is generalised to solve the discretised equa-
tions. This algorithm is also compared with the standard
Newton method. Finally, these methods are used to model
the installation of axial pushed-in piles and their bearing
capacity.
2. Theoretical background of frictional contact

2.1. Kinematics at the interface

Consider a system of solid bodies in contact. Contact
kinematics state that, for any admissible displacement,
there is no inter-penetration between any two bodies. The
normal contact constraints can be represented as

gN P 0 ð1Þ
where gN is the gap between the two bodies. In large defor-
mation mechanics this gap is computed by a closest point
projection of a point on the boundary of one body (body
2, called the slave surface S), to the surface of the other
body (body 1, called the master surface M). This leads to
the formula

gN ¼ ðx2 � �x1Þ � �n1 ð2Þ
where x is the current coordinates, the bar describes the
closest point projection, and �n1 is the normal vector of
the master surface at the projection point.

For frictional contact one has to describe the relative
tangential motion at the contact interface between the
two bodies. This can be performed by defining the relative
tangential velocity as

_gT ¼
d

dt
f½1� �n1 � �n1�ðx2 � �x1Þg ð3Þ
2.2. Constitutive behaviour at interface

The constitutive behaviour at the interface between two
bodies can be split into constitutive relations for the nor-
mal and the tangential directions. There are various possi-
bilities to formulate constitutive equations at the contact
interface. The three main procedures used in contact
mechanics are: (i) the gap function is considered as a con-
straint so that the related stresses are reactions; (ii) the gap
function defines the approach between the contacting
bodies, then the contact stresses result from constitutive
relations describing that approach; (iii) a regularisation of
the constraint is used which leads to the penalty method.
In this paper we will use the third method due to its sim-
plicity and wide application in engineering software.

2.2.1. Normal direction

Using the penalty method for normal contact yields the
relationship

tN ¼ eNgN ð4Þ
where tN is the normal component of the traction vector at
the contact interface, eN is a penalty parameter for the nor-
mal contact, and gN is the gap defined in (2). In the case of
frictionless contact this is the only stress at the contact
interface.

We note that we can write the latter equations also in
rate form as

_tN ¼ eN _gN ð5Þ
2.2.2. Tangential direction
The interfacial behaviour related to the frictional

response will be discussed briefly in the following. We will
formulate the friction interface law in an incremental form,
similar to the treatment of elasto-plastic constitutive mod-
els in plasticity theory. Hence a general algorithmic treat-
ment using different integration schemes will be possible.
Similar formulations have been considered within a finite
element formulation for use with Newton-type solution
algorithms by Wriggers [16], Giannokopoulos [5], Wriggers
et al. [19] and Laursen and Simo [6] but have not been for-
mulated using automatic load stepping schemes such as the
one derived in Abbo and Sloan [1]. The response in the tan-
gential direction can be divided into two different actions.
In the first, no tangential relative displacement of the two
bodies occurs and is the so-called stick condition. The sec-
ond action is associated with a relative tangential move-
ment at the contact interface and is known as slip.

Within the elasto-plastic approach the tangential rela-
tive velocity between the bodies _gT can be split into an elas-
tic (stick) part _gst

T and a plastic (slip) part _gsl
T. This yields the

rate form

_gT ¼ _gst
T þ _gsl

T ð6Þ

The elastic part of the relative tangential velocity can be
formulated using a penalty regularisation. Assuming a lin-
ear elastic relation yields the standard and rate forms

tT ¼ eTgst
T and _tT ¼ eT _gst

T ð7Þ
where eT is the regularisation parameter which could be
viewed as an elastic or spring constant applied in the
tangential direction, and tT ¼ ½1� �n1 � �n1�t denotes the
tangential components of the traction.

Now we will describe the constitutive model for sliding.
A general choice for the slip criterion function, which can
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model the often-observed softening behaviour at an inter-
face, depends on the normal pressure tN and the total slid-
ing distance gv according to

fsðtT; tN; gvÞ ¼ ktTk � hðtN; gvÞ 6 0 ð8Þ
where h is defined by experimental observations, and gv

plays a similar role as the hardening/softening parameter
in plasticity. A simpler criterion which yields the classical
Coulomb friction model, can be written as follows

fsðtT; tNÞ ¼ ktTk � ltN 6 0 ð9Þ
where l is the friction coefficient.

The evolution equations for the (plastic) slip can be
specified as

_gsl
T ¼ _k

ogsðtTÞ
otT

¼ _knT with nT ¼
tT

ktTk
ð10Þ

_gv ¼ _k ð11Þ

which denote the normality rule for fixed contact pressure
and the evolution of total slip. The function gs = itTi in
(10) defines the so-called plastic potential. Once we have
a sliding motion in the contact area, the slip condition be-
comes fs = 0. The corresponding consistency rule for the
slip condition (8) then yields

_f s ¼
ofs

otT

_tT þ
ofs

otN

_tN þ
ofs

ogv

_gv

¼ oktTk
otT

� _tT �
oh
otN

_tN �
oh
ogv

_gv ¼ 0 ð12Þ

Now using the rate form of the constitutive relations (7)
at the contact interface, we have

_tT ¼ eTð _gT � _knTÞ ð13Þ
and by inserting (10) and (11) into (12) we obtain an equa-
tion for the slip parameter as

_k ¼ 1

eT þ oh
otN

ðeTnT � _gT �
oh
otN

eN _gNÞ ð14Þ

Finally, inserting this expression for _k into (13) yields
the incremental tangential tractions

_tT ¼ eT 1� eT

eT þ oh
ogv

nT � nT

" #
_gT þ eN

eT

eT þ oh
ogv

oh
otN

_gNnT

ð15Þ
This equation allows the tangential traction to be com-
puted from the increments in the tangential and normal
gap functions in the case of sliding. Note that oh/ogv and
oh/otN depend on the total amount of slip and the normal
pressure.

For the Coulomb friction model defined by (9), we have
oh/otN = l and oh/ogv = 0. Inserting these equations into
(15) yields the incremental tangential tractions

_tT ¼ eT½1� nT � nT� _gT þ leN _gNnT ð16Þ
Note that the first term in (16) disappears when we con-
sider a two-dimensional problem.
2.3. Boundary value problem and weak forms

The basis of the finite element method is the principle of
virtual work. This states that if du are virtual displacement
fields satisfying the displacement boundary conditions,
then equilibrium is satisfied provided

X
a

�
Z

V a
deTrdV þ

Z
V a

duTbdV þ
Z

Sa
r

duTtdS

 !
þ \Interface contributions" ¼ 0 ð17Þ

where de denotes the variation of the strain tensor, r is the
stress tensor, q is the density, b is the body force vector, t is
the distributed force acting on the boundary Sr of the vol-
ume V, and the summation is over the number of bodies.
When finite deformations are considered, the stress and
strain measures in (17) will depend on the configuration
(volume and boundaries) used.

The interface contributions are the virtual work done by
the tractions at the contact interface for a virtual normal
and tangential gap, and must be added whenever contact
takes place. These terms have the formZ

Sc

ðtNdgN þ tTdgTÞdS ð18Þ

where dgN and dgT are the virtual normal and tangential
gap, respectively. When the penalty method is used, the
normal and tangential tractions can be replaced by the nor-
mal and tangential gap functions using Eqs. (4) and (5),
respectively. Note that we assume that the contact area
Sc is known within a step of the iterative solution
algorithm.

Combining Eqs. (17) and (18) for the penalty formula-
tion leads toX

a

�
Z

V a
deTrdV þ

Z
V a

duTbdV þ
Z

Sa
r

duTtdS

 !

þ
Z

Sc

ðtNdgN þ tTdgTÞdS ¼ 0 ð19Þ

To solve the weak form (19), we must first discretise the
domain as well as the contact interfaces. In the following,
we consider the discretisation of contact interfaces that
undergo large sliding motions such as those that occur in
the pile penetration process.
2.4. Discretisation of the contact surfaces

One approach that is widely used in nonlinear finite ele-
ment simulation of contact problems is the so-called node-
to-segment contact element as depicted in Fig. 1. Here, the
contact constraint is enforced for each slave node while
the master surface is discretised into straight or curved,
smooth segments. The formulation for a straight discretisa-
tion of master surface can be found in monographs such as
that of Wriggers [17]. In pile penetration problems, using
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Fig. 1. Node-to-segment contact: smooth discretisation of the master
surface, n 2 [�1,+1].
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straight segments for the pile surface tends to cause mesh
tangling and it is thus preferable to use smooth segments
[12,14]. Therefore, we now present a smooth discretisation
of the master surface using BéZIER polynomials.

Assume that the discrete slave node xs comes into con-
tact with the master segment x1 � x2, as shown in Fig. 1.
We then need the neighbouring nodes x0 and x3 to define
a complete interpolation between x1 and x2. For that we
use two interpolating polynomials, defined by two mid-
nodes (mid-way between the two master nodes) and two
tangent vectors. The mid-nodes x01 and x12 represent
end-points of the polynomial, while the tangent vectors,
x1 � x0 and x2 � x1 are defined by a line between the mas-
ter surface nodes. The geometry so defined is called the 1st
interpolation of the active segment defined by nodes x1 and
x2. The 2nd interpolation is defined by the end points x12

and x23 and the tangents x2 � x1 and x3 � x2. The polyno-
mial which has the minimum distance to the slave node xs

must be chosen as the active one. The selection is based on
the value of the surface coordinate on the segment x2 � x1,
and is computed from

g ¼ ðxs � x1Þ �
x2 � x1

kx2 � x1k2
; 0 6 g 6 1 ð20Þ

Since the mid-point x12 is located at g ¼ 1
2

we can define the
1st interpolation by g 6 1

2
and the 2nd interpolation by

g > 1
2
. The relevant interpolation is used to calculate the

contact residual and the associated tangent matrix. For
simplicity, we suppose that the second polynomial defined
by x12 and x23 is closer to the slave node, thus all vectors
and matrices are described with respect to this interpola-
tion. The interpolation can now be defined as

x1ðnÞ ¼ B1ðnÞx12 þ B2ðnÞxþ12 þ B3ðnÞx�23 þ B4ðnÞx23 ð21Þ
where the BéZIER interpolation functions are stated in
Appendix A.1.

Observe that the interpolation is with respect to the seg-
ment x12 � x23 in the coordinate n 2 [�1,+1]. It lies in the
convex hull spanned by the nodes x12, xþ12, x�23 and x23,
where xþ12 and x�23 are on the tangent x12 � x2 and
x23 � x2, respectively (see Fig. 1), and defined by

xþ12 ¼ x12 þ
a
2
ðx2 � x12Þ; x�23 ¼ x23 þ

a
2
ðx2 � x23Þ

The parameter a specifies how far the nodes xþ12 and x�23 are
away from the nodes x12 and x23, respectively. For different
values of a, the shape of the surface interpolation changes.
In the limit for a! 0, we obtain an almost flat segment.
However, the corner region between adjacent segments is
still C1 continuous. Since the shape of the surface changes
during the finite deformation process, a could be adapted
as the calculation proceeds. We found in our analysis that
a good choice is a = 1/3.

Since x12 ¼ 1
2
ðx1 þ x2Þ and x23 ¼ 1

2
ðx2 þ x3Þ we can

define in this case the following interpolation and its
derivative

x1ðnÞ ¼
X3

i¼1

BiðnÞxi; x1
;nðnÞ ¼

X3

i¼1

Bi;nðnÞxi ð22Þ
2.4.1. Projection point

Since the boundary is not straight it is not possible to
obtain a closed form solution for the projection of the slave
node xs onto the master surface. Hence an iterative algo-
rithm has to be used.

Starting from the nonlinear equation which defines the
solution point n with minimal distance between the slave
node and the master segment

½xs � x1ðnÞ� � x1
;nðnÞ ¼ 0 ð23Þ

we can devise a Newton algorithm by solving the linearised
form

fx1
;nðniÞ � x1

;nðniÞ � ½xs � x1ðniÞ� � x1
;nnðniÞgDniþ1

¼ ½xs � x1ðniÞ� � x1
;nðniÞ

niþ1 ¼ ni þ Dniþ1 ð24Þ

This yields ni+1 as the location of the normal projection of
the slave node onto the master surface. It will also be de-
noted by �n in the following.

A good choice for a starting value of this iteration is
provided by the projection onto the straight line defined
by x2 and x1. Noting �1 6 n 6 +1, we then have

n0 ¼ 2
ðxs � x1Þ � ðx2 � x1Þ
ðx2 � x1Þ � ðx2 � x1Þ

� 1 ð25Þ
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2.4.2. Normal contact

For convenience, let a bar on top of a quantity denote
that it is evaluated at the projection point �n or ni+1 (see last
section).

The expression for the gap and its variation are now

gNs ¼ xs �
X3

i¼1

Bið�nÞxi

" #
� �n1

dgNs ¼ gs �
X3

i¼1

Bið�nÞgi

" #
� �n1

ð26Þ

The variation is easily expressed in matrix form as

dgNs ¼ gT
s BNð�nÞ ¼ hgT

s ; g
T
1 ; g

T
2 ; g

T
3 i

�n1

�B1ð�nÞ�n1

�B2ð�nÞ�n1

�B3ð�nÞ�n1

8>>><>>>:
9>>>=>>>; ð27Þ

Using the finite element formulation of the gap variation,
the residual connected with the smooth BéZIER approxima-
tion can be stated. For the penalty method, the weak form
of the normal contact

R
Sc

tNdgN dS ¼
R

Sc
eNgNdgN dS is

approximated by

Cc �
Xnc

s¼1

gT
s ½eNAsgNsBNð�nÞ� ð28Þ

This leads to the vector form of the contact residual for one
slave node s and the associated segment

Fc
Ns ¼ eNAsgNsBnð�nÞ ð29Þ

The linearisation of (28) is given by

DCN �
Xnc

s¼1

eNAsðdgNsDgNs þ gNsDdgNsÞ ð30Þ

With the derivation summarised in Appendix A.2 we thus
obtain the tangent matrix for one slave node s

KNs ¼ eNAsfBNð�nÞðBNð�nÞÞT � gNs½BN;nð�nÞðBnð�nÞÞT

þ Bnð�nÞðBN;nð�nÞÞT þ �b1
nnBnð�nÞðBnð�nÞÞT

� gNs

k�x1
;nk

2
½BN;nð�nÞ þ �b1

nnBnð�nÞ�½BN;nð�nÞ

þ �b1
nnBnð�nÞ�T�g ð31Þ

which is based on the smooth BéZIER formulation for nor-
mal contact.

Note that, for small deformations, one can neglect all
terms in (31) which are multiplied by the gap gN. This
yields a simple expression for the tangent matrix of fric-
tionless smooth contact related to the slave node s and
the associated segment, according to

Klin
Ns ¼ eNAsBNð�nÞBNð�nÞT ð32Þ
2.4.3. Tangential contact

In case of frictional contact we have to distinguish
between stick and slip. This can be done by the evaluation
of the slip condition (9). Here we restrict ourselves to the
classical Coulomb law. Extension to the more general slip
condition (8) is straightforward. Over a time increment
Dt = tn+1 � tn, the incremental tangential displacement is
given by _gT Dt ¼ DgT. The vector of the incremental tan-
gential displacement DgT = DgTa1 follows from the change
of the surface coordinate n in the time step as

DgTnþ1 ¼ ðnnþ1 � nnÞx1
;nðnnþ1Þ ð33Þ

Using this relation the trial stress follows from (7)

ttr
Tnþ1 ¼ tTn þ eTDgTnþ1 ð34Þ

Using now the slip criterion (9) for Coulomb’s law

f tr
nþ1 ¼ kttr

Tnþ1k þ leNgNnþ1 6 0 ð35Þ

we can distinguish between slip and stick. For f tr
nþ1 < 0 we

have stick. In that case, the tangential force at the contact
point is given by

tTnþ1 ¼ ttr
Tnþ1 ð36Þ

In the case of slip ðf tr
nþ1 P 0Þ, the tangential force follows

from the integration of the evolution Eq. (10). For the
Coulomb law we obtain the same result for an explicit or
implicit Euler integration

tTnþ1 ¼ leNgNnþ1ntr
Tnþ1

with ntr
Tnþ1 ¼ signðnnþ1 � nnÞ

x1
;nðnnþ1Þ

kx1
;nðnnþ1Þk

¼ signðnnþ1 � nnÞa1ðnnþ1Þ

ð37Þ

In case of tangential contact, the weak form
R

Sc
tT � dgT dS

is approximated by the sum

CT �
Xnc

s¼1

dgTs
� tTnþ1As ð38Þ

Since tTn+1 is given for the stick case by (36) and for the slip
case by (37), we only have to compute the variation of the
relative tangential displacement. This variation can be
computed from (23) by

dgT ¼ dnx1
;nðnÞ ð39Þ

Using the variation of dn given in (A.7) of Appendix A, we
obtain from (38) the explicit expression for the residual.
Noting that the tangential force can be written as
tTn+1 = cn+1a1(nn+1) where

stick : cnþ1 ¼ eTðnnþ1 � nnÞkx1
;nðnnþ1Þk ð40Þ

slip : cnþ1 ¼ �leNgNnþ1signðnnþ1 � nnÞ ð41Þ

the residual can be written as

CT �
Xnc

s¼1

dnx1
;nðnnþ1Þ � cnþ1a1ðnnþ1ÞAs

¼ dnkx1
;nðnnþ1Þkcnþ1As ð42Þ

With (A.7) of Appendix A, we can derive the matrix form
from the previous equation for one slave node s
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Fc
Ts ¼ kx1

;nðnnþ1Þkcnþ1AsBnðnnþ1Þ ð43Þ

In the case of small penetrations the term gN in (A.7) of
Appendix A can be neglected and the formulation (43) sim-
plifies to

Fclin
Ts ¼ cnþ1AsBTðnnþ1Þ ð44Þ

where BT is given by (A.6). The linearisation of the residual
in (44) leads to the tangent matrix for the linear case. We
now have to distinguish between the stick case, which
yields the symmetric matrix

Kstick
Ts ¼ eTAsBTðnnþ1ÞðBTðnnþ1ÞÞT ð45Þ

and the slip case which furnishes

Kslip
Ts ¼ �leNsignðnnþ1 � nnÞAsBTðnnþ1ÞðBNðnnþ1ÞÞT ð46Þ
Box 1. Contact algorithm using the Newton–Raphson
method

1. Initialise algorithm: set U = 0

2. Check for contact: g0
Ns 6 0! active node

3. Set all active nodes to state stick
4. LOOP over load increments: n = 1, . . .

4.1. LOOP over iteration: i = 1, . . . , convergence
3. Load stepping algorithms

The algorithms for standard finite element programs fol-
low an active set strategy in which the problem is solved for
a chosen active set of constraints. Combining Eqs. (19),
(28) and (38) leads to the global set of equationsX

a

�
Z

V a
deTrdV þ

Z
V a

duTbdV þ
Z

Sa
r

duTtdS

 !

þ
Z

Sc

ðtNdgN þ tTdgTÞdS ¼ dUTðGðUÞ þ Fc
NðUÞ þ Fc

TðUÞÞ

¼ dUTðGðUÞ þGcðUÞÞ ¼ dUTRðUÞ ¼ 0 ð47Þ

where U is used in place of u to indicate the discretised glo-
bal displacement field, G(U) denotes the domain contribu-
tions to the residual vector, Gc(U) denotes the contact
contributions given by (29) and (43), and R(U) is the global
residual vector. The residual vector follows standard finite
element nomenclature, i.e. the difference between the exter-
nal and internal forces [20].

The global tangent matrix is obtained by linearising (47)
at a given U according to

KðUÞ ¼ oRðUÞ
oU

¼ oðGðUÞ þGcðUÞÞ
oU

¼ ðKepðUÞ þ KNsðUÞ þ KTsðUÞÞ ð48Þ

where Kep is the tangent stiffness matrix due to the elasto-
plastic domains, and KNs and KTs are the tangent matrices
due to the normal and tangential contact which are given
by Eqs. (31), (45) and (46).
4.1.1. Solve: dUi ¼ ðKðUi�1
n ÞÞ

�1
RðUi�1

n Þ
4.1.2. Update DUi

1 ¼ DUi�1
1 þ dUi and

Ui
n ¼ Un�1 þ DUi

1

4.1.3. Check for convergence kRðUi
nÞk 6

ITOL � kFext
n k ) exit iteration

4.1.4. Check for contact: gn
Ns 6 0!

active node
4.2. END LOOP

5. END LOOP
3.1. Newton–Raphson scheme

The Newton–Raphson scheme solves the system (47) by
iteration as follows

dUi ¼ oR

oU

� ��1

RðUi�1Þ ¼ ðKðUi�1ÞÞ�1
RðUi�1Þ ð49Þ

Ui ¼ Ui�1 þ dUi ð50Þ
In practice, the Newton–Raphson scheme is often applied
incrementally over the load path. This scheme combined
with the active set strategy is summarised in Box 1. Note
that the stick point n0 for each slave node is updated only
when the tangential contact is in a slip state during a load
increment and after the iteration loop is converged. The
convergence of the iteration is determined by comparing
the residual vector with the current external force vector
Fext (step 4.1.3 in Box 1). The contact mode is always set
to a stick state when a slave node gets in contact with a mas-
ter surface for the first time, or re-gains contact with a mas-
ter surface after losing contact in a previous step. In the
standard Newton–Raphson method, the tangent matrix is
updated in each iteration loop, while in the modified New-
ton–Raphson method, the tangent matrix is updated once
at the start of the load increment and is then kept constant
during the iteration. The residual vector R(U)and hence the
contact force vector Gc(U) are updated in each iteration.

The above algorithm may require a further modification
when the penalty parameter is so large that it leads to ill-
conditioned global equations. In this case, the so-called
augmented Lagrangian method has to be used. The aug-
mented Lagrangian method is implemented using a double
loop algorithm with an additional loop outside the Newton
iteration loop in Box 1 to update the Lagrange multipliers.
The Lagrange multipliers (usually the normal contact stres-
ses) are first held constant during the Newton iteration
loop to solve for the weak form and are then updated by
adding to them the current penalty forces. Within this
structure, the updates of the Lagrange multipliers are per-
formed in such a way that the new equilibrated solution
results in a reduction of the penalty forces, and hence a
reduction of the constraint violation. Since the Lagrange
multipliers are fixed during the Newton inner loop for
the displacements, the augmented Lagrangian method
can be considered as a displacement method, but the
Lagrange multiplier ensures that its accuracy is not signif-
icantly affected by the penalty parameters.
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3.2. Automatic load stepping scheme

An alternative method for solving the system of non-
linear equations is to use the incremental Euler methods
with different orders of accuracy, e.g. the first-order accu-
rate Euler method and the second-order accurate modified
Euler method. The difference between such a pair of solu-
tions naturally constructs a measure of the load path error,
and can be used to control the load step sizes. Abbo and
Sloan [1] and Sheng and Sloan [13] have successfully
applied such methods to solve quasi-static problems for
elasto-plastic soils. When applying a similar solution phi-
losophy to problems involving contact constraints, one
special issue is the local error measures. Traditionally, such
a local error measure is only performed for degrees of free-
dom like displacements. If the Lagrange-multiplier method
is used, the contact traction forces are degrees of freedom
and can be naturally included in the local error measure,
so that the error and convergence behaviour in the contact
constraints can be controlled directly. However, if the pen-
alty method or the augmented Lagrangian method is used,
the primary unknowns are the nodal displacements and the
traditional method applies.

To apply the automatic load stepping method, we first
note that the residual vector consists of the external force
vector Fext and the internal force vector Fint,
RðUÞ ¼
X

a

Z
V a

NTbdV þ
X

a

Z
Sa

r

NTtdS|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl} �
X

a

Z
V a

BTrdV �
Xnc

s¼1

ðFc
Ns þ Fc

TsÞ
 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼ FextðUÞ � FintðUÞ

ð51Þ
where the matrix N contains the shape functions, and the
matrix B contains the derivatives of the shape functions.
Note that the contact forces are considered as a part of
the internal force in Eq. (51). The internal forces are always
a function of the displacement field. The external forces
also depend on the displacement field in large deformations
(or in small deformations where the reactions at nonzero
prescribed displacements are treated as external forces).

With the separation of the external and internal forces,
we can compute the two displacement increments based
on the known displacement Un�1

DU1 ¼ ½KðUn�1Þ��1ðFext
n � Fext

n�1Þ ð52Þ
DU2 ¼ ½KðUn�1 þ DU1Þ��1ðFext

n � Fext
n�1Þ ð53Þ

where the tangent matrix K is given by Eq. (48). With these
displacement increments, the first-order accurate Euler and
the second-order accurate modified Euler updates are then
given by

Un ¼ Un�1 þ DU1 ð54ÞbUn ¼ Un�1 þ 1
2
ðDU1 þ DU2Þ ð55Þ
respectively. The difference of the two updates normalised
by the current displacement norm constitutes a relative
error measure

R ¼ k
bUn �Unk
kUnk

¼ 1

2

kDU2 � DU1k
kUnk

ð56Þ

This relative error is then used to control the size of the
load substep. The current load substep is accepted if R is
less than a user-defined tolerance, DTOL, and rejected
otherwise. In either case, the size for the next substep is cal-
culated according to

q ¼ 0:7
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DTOL=R

p
ð57Þ

DT nþ1 ¼ qDT n ð58Þ

where DT is a pseudo-time step and is used to control the
increment of external forces. The coefficient of 0.7 is in-
cluded to prevent the step control mechanism from choos-
ing load substeps which just fail to meet the local error
tolerance and may be regarded as a safety factor.

When the relative error does not exceed the tolerance
DTOL and the substep is accepted, the first-order accurate
Euler solution is further iterated to reduce the unbalanced
forces, using the Newton iteration:

Ui
n ¼ Un�1 þ DUi

1 ð59Þ
DUi
1 ¼ DUi�1

1 þ dUi ð60Þ
dUi ¼ ðKðUi�1

n ÞÞ
�1

RðUi�1
n Þ ð61Þ

where dUi represents the iterative displacement correc-
tion. To start the procedure, the displacements U0

n are
set to Un�1 + DU1. The iteration is stopped once the
condition kRðUÞk 6 ITOL � kFext

n k is satisfied. If the con-
dition kRðUÞk 6 ITOL � kFext

n k is not satisfied within
the maximum number of iterations (typically set to 10),
the substep is regarded as a failure. The step size is then
reduced according to Eq. (58) and the step is restarted.
The iteration tolerance ITOL is typically set to
ITOL = DTOL/10, to minimise the load path error for
a given setting of DTOL and avoid needless iteration
[13].

Compared to the Newton–Raphson scheme (supposing it
requires only one iteration in each load increment), the auto-
matic scheme requires one extra tangent matrix formation/
factorisation and one extra equation back-substitution. In
reality, the number of iterations in the Newton–Raphson
scheme may be well above one, and hence the true saving
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of the automatic scheme lies in the reduction of the number
of iterations.

The automatic algorithm combined with the active set
strategy is summarised in Box 2. Again, the stick point n0

for each slave node is updated only when the tangential
contact is in a slip state during the substep and after a suc-
cessful substep (step 4.4.4 in Box 2). The contact mode is
always set to a stick state when a slave node comes in con-
tact with a master surface for the first time, or re-gains con-
tact with a master surface after losing contact in a previous
step. The tangent matrix used in the Newton iteration (step
4.4.2) can be computed at the fixed displacement
Un = Un�1 + DU1, leading to a modified Newton–Raphson
method for reducing the unbalanced forces.
Box 2. Contact algorithm using the automatic load
stepping

1. Initialise algorithm: set U = 0

2. Check for contact: g0
Ns 6 0! active node

3. Set all active nodes to state stick
4. LOOP over coarse increments: n = 1, . . .

4.1. Solve: DU1 ¼ ½KðUn�1Þ��1ðFext
n � Fext

n�1Þ and
update Un = Un�1 + DU1

4.2. Check for contact: gn
Ns 6 0! active node

4.3. Solve: DU2 ¼ ½KðUn�1 þ DU1Þ��1ðFext
n � Fext

n�1Þ
4.4. IF R 6 DTOL, iteration i = 1, . . ., convergence

4.4.1. Check for convergence iR(U)i 6 ITOL Æ
iFexti) exit iteration with a new step

size for next substep according to (35)
4.4.2. Solve: dUi ¼ ðKðUi�1

n ÞÞ
�1

RðUi�1
n Þ

4.4.3. Update DUi
1 ¼ DUi�1

1 þ dUi

and Ui
n ¼ Un�1 þ DUi

1

4.4.4. Check for contact: gn
Ns 6 0! active node

4.5. ELSE, reduce step size according to (58) and
restart step 4.1

5. END LOOP
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Fig. 2. Mesh and boundary conditions for the pile installation (four-
noded quadrilateral elements with four integration points).
4. Applications

The numerical algorithms described above are now
used to analyse the pile penetration problem in geotech-
nical engineering. This case also represents in situ cone
penetration testing. Numerical modelling of penetration
problems is important because it can improve our under-
standing of the physical processes involved, which in
turn can lead to better interpretation of cone penetration
tests and more accurate estimation of pile capacity. For
example, the initial stresses caused by pile installation
significantly affect pile bearing capacity [3], but cannot
be easily estimated. Penetration problems are very diffi-
cult to model rigorously, however, due to the severe geo-
metrical, material and frictional contact nonlinearities.
Sheng et al. [10–12] have used the contact modelling
capacity of commercial finite element codes to simulate
cone penetration tests and pile installation. Due to the
strong nonlinearities caused by frictional contact, large
deformation and elasto-plasticity, it was found that the
most challenging part of this type of analyses was to
design a set of appropriate time steps that leads to a
convergent solution. The success of such a simulation
is very often a matter of experience and patience of
the modeller. Sometimes, extremely small time steps have
to be used at certain occasions during the penetration
process, leading to very slow analyses. Another challenge
in modelling penetration problems using commercial soft-
ware is due to the large stiffness variation of the soil and
the penetrometer. The penetrometer or the pile usually
has to be treated as a rigid body. Such an analysis can
of course not predict the stresses in the penetrometer
or in the pile. Therefore, the main goal here is to dem-
onstrate that the algorithms presented in this paper are
relatively robust and fast. To do that, we apply these
numerical algorithms to model the full installation pro-
cess of an axial pile.
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For simplicity, we limit our attention to quasi-static
problems involving no time-dependent behaviour. We thus
assume the pile is jacked into the ground at a constant
speed, with the behaviour of the soil being fully drained
and rate-independent. Furthermore, we use the simple pen-
alty method for contact treatment and the Coulomb fric-
tion law for the constitutive behaviour at the soil–pile
interface. Unless indicated otherwise, the penalty parame-
ter is set to 104 kN/m3. An explicit stress integration
scheme with automatic substepping and error control is
used to solve the stresses at the integration points [13].
The stress integration error tolerance is set to 10�6 if not
stated otherwise. The large deformation formulation fol-
lows the updated Lagrangian method with the Jaumann
stress rate [8].

The mesh for the pile installation problem is shown in
Fig. 2. Linear quadrilateral axi-symmetric elements with
four integration points are used for both the soil and the
pile. Quadratic or high order elements could be used to
reduce element locking or to improve the accuracy, but
would require special treatment of the contact constraints
[17] and thus are not used here. The pile is modelled with
two columns of elements. The radius of the soil elements
underneath the pile is roughly one half of the pile shaft
radius. The soil is modelled by the modified Cam clay
model, while the pile is treated as an elastic material with
a Young’s modulus of 100 GPa. The soil and pile proper-
ties are given in Fig. 2, where k is the slope of the normal
compression line, j is the slope of the unloading-reloading
line, e0 is the initial void ratio when the soil is under its own
weight, and OCR is the overconsolidation ratio. All the soil
a b

Fig. 3. Deformed mesh at different penetration depths (a) 0.9 m, l
parameters remain constant with depth. The frictional
coefficient between the pile and soil is assumed to vary
between 0.0 and 0.2. Note that commercial codes such as
ABAQUS will not be able to model such a pile installation,
mainly due to the consideration of the pile stiffness.

The pile is initially located above the ground surface.
Gravity loading is first applied to the soil to establish the
initial in situ stress states prior to the pile installation. Once
the initial stresses are established, all nodal displacements
are set to zero and the void ratio of the soil is set to the
given value of e0. The initial yield surface locations at the
integration points are determined by the given OCR and
the initial stress states. The pile is then pushed into the soil
to a depth of 9 m by prescribing the displacements at its top
boundary. As the soil is modelled as a rate-independent
material, the velocity of pile penetration is not of concern
in the analysis.

In the analysis, the Newton–Raphson scheme uses an
iteration tolerance of ITOL = 10�4. Within each load
increment, the maximum number of Newton iterations is
limited to 100. If equilibrium is not achieved within this
number of iterations, the analysis is normally regarded as
a failure, but may be allowed to continue in some cases
to obtain a solution (regardless of unbalanced forces).
The automatic scheme uses a displacement tolerance of
DTOL = 10�3 and an iteration tolerance of ITOL = 10�4.
The maximum number of iterations within each substep is
limited to 10.

With a total displacement of 9.0 m imposed at the top
end of the pile, neither method is able to furnish a solution
with 100 increments or less. The automatic scheme is able
c d

= 0.1, (b) 4.5 m, l = 0.1, (c) 9.0 m, l = 0.1, (d) 9.0 m, l = 0.1.
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Fig. 4. Pile resistance during push-in installation (AB0: automatic scheme
with smoothed master segments and l = 0; AS0: automatic scheme with
straight master segment; NB0: Newton–Raphson scheme with smoothed
master segment and l = 0). (a) Comparison between smooth and straight
discretisation of pile surface. (b) Comparison between automatic and
Newton–Raphson scheme.
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to furnish a solution with 1000 coarse increments. The
Newton–Raphson scheme is unable to furnish a solution
even with 10,000 increments, if the unbalanced force norm
is limited to the prescribed tolerance ITOL. Nevertheless,
we let the analysis continue even if the unbalanced force
norm is larger than ITOL after the maximum number of
iterations, so that we are able to obtain at least one
‘‘solution’’ from the Newton–Rapshon method.

Fig. 3 shows the deformed meshes at different penetra-
tion depths, obtained from the analysis using the auto-
matic scheme and the smoothed interpolation of the pile
surface. It is shown that the complete penetration of the
pile from the ground surface to a desired depth can be
modelled successfully. The deformed meshes show that
the radial and vertical deformation takes place largely
within the first column of soil elements adjacent to the pile.
This characteristic reveals that the key challenge in model-
ling penetration problems is due to mesh distortion caused
by large deformation. Firstly, the soil elements underneath
the pile should, on one hand, be sufficiently small to guar-
antee the accuracy of the solution, but, on the other hand,
be large enough to have a positive Jacobian. In our exam-
ple, the width of the soil elements underneath the pile is
roughly one half of the pile radius. Further reducing the
element size may lead to numerical breakdown due to a
negative Jacobian caused by mesh distortion. In addition,
the amplitude of the oscillation in the pile resistance
(observed in Fig. 4) is proportional to the soil element size.
Secondly, the cone tip of the pile should be sufficiently
sharp so that the soil elements underneath the pile tip
can gradually move sidewards instead of downwards. As
a consequence, the pile–soil interface friction should be
sufficiently small so that the soil elements will not be
sheared to give a negative Jacobian. In the example studied
here, the cone angle of the pile tip is set to 60�. Test runs
indicate that this angle can be increased to about 90� with-
out causing a numerical breakdown in the automatic
scheme. The pile–soil interface friction coefficient is set to
0.1 and test runs indicate that this parameter cannot be lar-
ger than 0.4 for the problem studied here. All the problems
discussed above are related to severe mesh distortion at
large deformation. An effective solution to this problem
is to use the arbitrary Lagrangian–Eulerian (ALE) method
instead of the updated Lagrangian (UL) method [8]. How-
ever, the ALE method is not used in this study due to its
complexity.

In the zoomed mesh shown in Fig. 3d, we observe that
some overlap of soil elements and the pile elements occurs
around the transition point between the cone and the shaft.
This overlap is not indentation (negative gap), but is caused
by the smooth discretisation of the pile surface (see Fig. 1).
Using a smaller mesh for the pile or a smaller a can reduce
this overlap, but may result in breakdown of the analysis.

Fig. 4 shows the predicted pile resistance during installa-
tion. This resistance is a key design parameter in foundation
engineering, but cannot be easily obtained theoretically
for nonlinear soil models. The total resistance shown in
Fig. 4 is the total vertical reaction force acting on the nodes
at the top end of the pile. If straight segments are used in
the node-to-segment discretisation of the pile–soil contact,
the predicted total resistance oscillates irrespective of the
interface friction (curves denoted by AS in Fig. 4). The
oscillation occurs whenever an element is released from ver-
tical compression beneath the conical end. Once the element
moves above the transition point between the cone and the
shaft, the element is no longer subjected to vertical compres-
sion, but only radial compression and vertical shearing.
Such oscillatory behaviour has also been observed by Simo
and Meschke [15] and Sheng et al. [11]. Smoothing the
transition between the cone and the shaft significantly
reduces, but does not completely remove, the oscillation
(curves denoted by AB in Fig. 4). To completely remove
the oscillation, we need to use much finer soil elements
underneath the pile tip, but this would cause severe mesh
distortion in the UL formulation and hence could only be
done with an ALE formulation.

Fig. 4b compares the results obtained from the two
solution schemes. The total resistances predicted by the
Newton–Raphson scheme are roughly 5% below those
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predicted by the automatic scheme. It should be noted that
the Newton–Raphson solution does not necessarily satisfy
equilibrium at the end of each load step. In addition, the
oscillation in the predicted pile resistance by the Newton–
Raphson scheme is more pronounced than that by the
automatic scheme.

The stress distributions in the pile and surrounding soil
are shown in Fig. 5 for two frictional coefficients l = 0 and
0.1. The radial and hoop stresses in the pile are not uni-
form, with their maximum values occurring at the pile cone
tip. The pile–soil friction seems to affect mainly the defor-
mation pattern of the soil elements around the pile, partic-
ularly those at low depths. The axial stresses in the pile
shaft in Fig. 5 are outside the stress contour legends and
therefore are zoomed in Fig. 6. Their values are signifi-
cantly affected by the pile–soil friction. For a smooth pile,
the axial stress is more or less uniform in the shaft and its
a b

d e
Fig. 5. Stress distributions (penetration depth: 9.0 m; rrr: radial stress; rzz: axia
l = 0.1; (e) rzz, l = 0.1; (f) rhh, l = 0.1.
value multiplied by the cross-sectional area of the pile shaft
is equal to the predicted total pile resistance. For l = 0.1,
the axial stress is not uniform in the pile, with its maximum
value occurring at the pile head.

Table 1 lists the key performance data of the two
schemes for solving the pile penetration problem. The auto-
matic scheme clearly outperforms the Newton–Raphson
scheme. Firstly, with 1000 or less equal increments, the
Newton–Raphson scheme leads to a severely distorted mesh
with negative Jacobians, and cannot model the pile penetra-
tion to a depth of 9 m. With 10,000 equal increments, the
Newton–Raphson scheme gives similar deformed meshes
as shown in Fig. 3, provided the unbalanced force norm
is allowed to exceed the prescribed tolerance after the
maximum number of iterations. The maximum number of
iterations for each load step is set to 20. Secondly, the
automatic scheme is much faster than the Newton–Raphson
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scheme. The CPU times in Table 1 are obtained on an IBM
T41 laptop with a 1.6 GHz Pentium Process and 1.5 GB
RAM. The main saving of the automatic scheme stems from
the reduced number of iterations. It uses roughly 3% of the
iterations of the Newton–Raphson scheme. The average
iterations used for each load step in the Newton–Raphson
scheme is about 17, compared to the maximum number
(20) allowed. The iteration tolerance ITOL is set to 10�4

in all the above analyses. Increasing this tolerance (e.g.,
to 10�3 or 10�2) does not significantly affect the results
shown in Table 1. Table 1 also gives an indicative CPU time
(2–5 days) for a similar analysis using the commercial code
ABAQUS (assuming a rigid pile) [12].

Fig. 7 shows the numbers of substeps and iterations used
in each coarse step for the automatic scheme and Newton–
Raphson scheme, respectively. Note that the numbers of
coarse steps used in the automatic scheme and the
Table 1
Performance of the load stepping schemes (l = 0.1, pile penetration
depth = 9 m)

Schemes Coarse
steps

CPU
time (s)

Total
iterations

Total
substeps

Automatic 1000 3227 5132 2148
Newton–Raphson 10,000 27,896 171,376 0
Sheng et al. [12] �100,000 �300,000 – –
Newton–Raphson scheme are respectively 1000 and
10,000. The number of substeps in the automatic scheme
peaks up to 32 when the pile conical end is just penetrating
into the ground and thereafter gradually decreases to 1. Due
to the large number of load increments used in the Newton–
Raphson scheme, the number of iterations remains at 1 until
the 800th step. This number then increases to the maximum
allowed (20) at around the 1100th step and remains at this
value until the end of the analysis, which indicates that
smaller load steps are required for the Newton–Raphson
scheme once the pile reaches the depth of 1 m. Compared
to the sudden change of iterations in the Newton–Raphson
scheme, the curve for the number of substeps in the auto-
matic scheme is much smoother, indicating that the load
stepping scheme is more robust for this problem.

The numerical results obtained for the pile penetration
problem indicate that the contact algorithm using the
automatic load stepping scheme is indeed an effective
method for solving one of the most challenging problems
in computational geomechanics. Such a process cannot
be rigorously simulated otherwise, leading to the long-
standing difficulty in estimating the effect of stress
changes that accompany pile installation. Even though
real pile foundations are much more complex than the
example shown here and may involve complexities such
as pile groups, pile installation by hammering, and pile
installation in partially drained soils, the success of the
axial pile case represents a significant advance in compu-
tational geomechanics.
5. Conclusions

In geotechnical engineering, the penetration of piles and
in situ testing devices into the ground typically involves
frictional contact, large deformation and complex material
behaviour. Numerical modelling of these problems is
important, because it can lead to more accurate estimation
of the pile capacity and improved interpretation of the test
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results. Penetration problems are, however, known to be
extremely difficult to simulate.

This paper has presented a numerical formulation for
frictional contact problems associated with pile penetra-
tion. The frictional contact for the soil–pile interface has
been formulated using the theory of hardening/softening
plasticity, and a smooth discretisation of the pile surface
has been proposed using BéZIER polynomials. An auto-
matic load stepping scheme has also been presented, which
features an error control algorithm and automatic subin-
crementation of the load increments. The numerical algo-
rithms have then been used to analyse the installation
process of pushed-in axial piles in Cam-clay soils.

The numerical results show that frictional contact the-
ory is indeed an effective approach for modelling the entire
penetration process for a pushed-in pile. Such a process
cannot be rigorously solved otherwise, leading to the
long-standing difficulty in estimating the effect of stress
changes that accompany pile installation. The smooth dis-
cretisation of the pile surface using BéZIER polynomials is
effective in reducing the oscillation of the predicted pile
resistance. It is also shown that the automatic load stepping
scheme outperforms the classical Newton–Raphson
scheme for this type of problem. One remaining challenge
for such a numerical simulation is due to the severe mesh
distortion caused by large deformation. More research on
the arbitrary Eulerian–Lagrangian method used for pene-
tration problems is warranted.

Appendix A

A.1. BÉZIER polynomials

The standard BÉZIER polynomials are given as follows

B1ðnÞ ¼ 1
8
ð1� nÞ3; B2ðnÞ ¼ 3

8
ð1� nÞ2ð1þ nÞ

B3ðnÞ ¼ 3
8
ð1� nÞð1þ nÞ2; B4ðnÞ ¼ 1

8
ð1þ nÞ3

ðA:1Þ

When we use the special interpolation defined in Fig. 1
the BÉZIER interpolation is based on three nodes with the
interpolation functions

B1ðnÞ ¼ 1
2
½B1ðnÞ þ ð1� aÞB2ðnÞ�

B2ðnÞ ¼ 1
2
½B1ðnÞ þ ð1þ aÞðB2ðnÞ þ B3ðnÞÞ þ B4ðnÞ�

B3ðnÞ ¼ 1½B4ðnÞ þ ð1� aÞB3ðnÞ�
ðA:2Þ
2

A.2. Linearisation of the smooth contact formulation

For the linearisation of expression (30) one needs to
compute the variation of the gap. Following Wriggers
[17], we have

DdgN ¼ �ðg1
;nDnþ D�u1

;ndnþ �x1
;nnDndnÞ � �n1 þ gN�n1

� ðg1
;n þ �x1

;nndnÞ 1

�a11

ðD�u1
;n þ �x1

;nndnÞ � �n1 ðA:3Þ
where �a11 ¼ x1
;nð�nÞ � x1

;nð�nÞ. To specify the BéZIER interpola-
tion, we have to express all terms in matrix form, including
dn and Dn as well as the scalar products involving g1

;n and
D�u1

;n. The expression for dn can be found from the variation
of (23) as

dn ¼ 1

�a11 � gNx1
;nnð�nÞ � �n1

f½g2 � g1� � �x1
;n þ gN�n1 � g1

;ng ðA:4Þ

Let us first compute the normal component of the
variation:

g1
;n � �n1 ¼ gT

s BN;nð�nÞ ¼ hgT
s ; g

T
1 ; g

T
2 ; g

T
3 i

0

B1;nð�nÞ�n1

B2;nð�nÞ�n1

B3;nð�nÞ�n1

8>>><>>>:
9>>>=>>>; ðA:5Þ

Note that the same structure can be used for computation
of the normal component of D�u1

;n. Furthermore, we define
the matrix form of ðg2

s � g1Þ � �x1
;n, which is needed to com-

pute dn:

ðg2
s � g1Þ � �x1

;n ¼ gT
s BTð�nÞ ¼ hgT

s ; g
T
1 ; g

T
2 ; g

T
3 i

�x1
;n

�B1ð�nÞ�x1
;n

�B2ð�nÞ�x1
;n

�B3ð�nÞ�x1
;n

8>>>><>>>>:

9>>>>=>>>>;
ðA:6Þ

The matrix form of the variation of the surface coordinate
follows from (A.6) and (A.5) as

dn ¼ gT
s fH�1

nn ½BTð�nÞ þ gNsBN;nð�nÞ�g ¼ gT
s Bnð�nÞ ðA:7Þ

where H�1
nn ¼ ð�a11 � gNs�n

1 � �x1
;nnÞ
�1. Again, the same struc-

ture can be used for the linearisation of D�n.
The matrix form of the linearisation of the gap function

(A.3) can be expressed with (A.5) and (A.7) Thus for (30),
with �b1

nn ¼ �x1
;nn � �n1, we finally obtain

DCN �
Xnc

s¼1

eNAsg
T
s fBNð�nÞðBNð�nÞÞT � gNs½BN;nð�nÞðBnð�nÞÞT

þ Bnð�nÞðBN;nð�nÞÞT þ �b1
nnBnð�nÞðBnð�nÞÞT �

gNs

k�x1
;nk

2

� ½BN;nð�nÞ þ �b1
nnBnð�nÞ�½BN;nð�nÞ þ �b1

nnBnð�nÞ�T�gD�us
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