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A general method for de"ning the number of cycles
of repeated loading

M. D. Liu and J. P. Carter*,s
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SUMMARY

In geotechnical engineering designs and safety checks, the number of cycles of repeated loading N is
frequently used as a parameter for calculating the response of soil structures under the repeated loading.
However, there appears to be a lack of rational methods for calculating N for repeated loadings along
general stress paths. A new method for de"ning N is proposed in this paper, based on the assumption that
a yield surface may be identi"ed for the material. It is demonstrated that the proposed method provides
a rational and useful means for engineering calculation of soil deformations under repeated loadings.
Copyright ( 2001 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The foundations of some engineering structures are frequently subject to repeated loadings
involving potentially large numbers of cycles. Some examples of these loadings are storm e!ects
on o!shore structures, seismic ground movements during an earthquake, and the e!ects of tra$c
movement on pavements. The consequences of repeated loading vary widely, from improving the
strength and sti!ness of the soil to inducing catastrophic failure. In geotechnical engineering
practice, perhaps the most important analytical approach for considering the e!ects of such
repeated loading has been to express the response of the geomaterial in terms of N, the number of
cycles of loading, via empirical formulae (e.g. References [1}5]). However, it appears that there is
no consistent de"nition of N, which is both rational and suitable for general loadings, and in
particular is applicable where the magnitude of the cyclic loading varies. Consequently, a key
parameter in calculating the e!ect of repeated loading, the value of N, is usually estimated
arbitrarily if the stress path is not identical for each cycle [6}8,4]. In this article, a general and
rational method for calculating N for repeated loadings is proposed. It has the advantage that
existing empirical equations and some constitutive models can be applied to repeated loading
along general stress paths. Examination of the applicability of the proposed method for some
practical cases is made.



Figure 2. Uniform repeated loading along stress path ABCD.

Figure 1. Uniform repeated loading along stress path AB.

2. GENERAL METHOD FOR DEFINING THE CYCLE NUMBER, N

In the "rst instance, consider one of the simplest cases of repeated loading, i.e. a uniform cyclic
loading on a soil carried out in a conventional triaxial apparatus by varying the axial loading
only under constant con"ning pressure and fully drained conditions. The exact stress path may be
traced in mean stress*deviatoric stress space (p@!q) as APBPAPBPAPBPAPBP

APBPA (Figure 1). Suppose the "rst loading AB is virgin loading, so that the counting of the
cycle number for repeated loading starts with subsequent loading. The value of the cycle number
N, is equal to 1 for the "rst unloading and reloading stress path BAB; the value of cycle N is equal
to 2 for the second unloading and reloading stress path BAB, and so on. The number of cycles for
the repeated loading and its corresponding stress path can be given as follows:

APBPAPBPAPBPAPBPAPB

C N"1 C N"2 C N"3 C N"4 C

For this case, estimating the value of N at anytime during the repeated loading is straightforward.
However, di$culty arises in some other situations, such as the following:

(1) Cases where the stress path for the repeated loading is the same in each cycle, i.e. uniform
repeated loading, but the stress path is generally non-linear in the p@!q space (Figure 2), and
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Figure 3. Loading along stress path OABCDEFG.

(2) Cases where the stress path for the repeated loading is not the same for each cycle, i.e.
non-uniform repeated loadings (Figure 3).

In order to determine the cycle number for repeated loadings for more complicated stress
paths, a general method is required. In the method proposed here, the cycle number, N, is
associated with the variation of a yield surface, not necessarily with the variation of a stress state.
The former describes events in at least a two-dimensional space (e.g. the change in a characteristic
area in p@!q space), while the latter describes events in one-dimensional space (e.g. the change in
a characteristic length of the stress path).

For the purpose of illustration, in this paper the modi"ed Cam clay model [9] is examined.
However, the method for determining N is quite general and the method could easily be extended
to other yield surfaces. The modi"ed Cam clay yield surface is elliptical and may be expressed as
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M is the stress ratio (q/p@) at critical state, and p@
0

is the size of the current yield surface. p@
ij

represents the Cartesian components of the e!ective stress state.
For a reconstituted soil, the current yield surface is the maximum yield surface ever associated

with that soil. Virgin loading involves stress increments which go outside the original yield surface
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and cause it to expand. A new surface, described as a pseudo-yield surface, is introduced to
describe stress variation inside the current yield surface. This is a surface in stress space on which
the current stress state always remains. The pseudo-yield surface has a shape similar to the virgin
yield surface, e.g. if the yield surface is elliptical then the pseudo-yield surface will also be an ellipse
with the same aspect ratio. The size of the pseudo-yield surface is denoted by p@

#
, its interception

on the p@-axis.
The value of N for repeated loading is related to stress variations inside the current yield

surface, and thus it is associated with the variation of the pseudo-yield surface. It is suggested that
N should be set equal to 1 for the "rst retreat inside the yield surface following each episode of
virgin yielding. A stress increment which causes the pseudo-yield surface to expand is de"ned as
loading; one that causes it to shrink is unloading. An example is given below to illustrate the
proposed method for calculating the number N.

Suppose a reconstituted soil is loaded for the "rst time from the origin O, along the stress path
OABCDEFG (Figure 3). The variation of the number of cycles N for loading along OABCDEFG
is calculated as follows. For stress path OAB, the yield surface expands monotonically, and the
stress path involves virgin loadings. Stress path BCDEFG is inside the yield surface created
originally by stress path OAB, and includes subsequent loading or reloading. For stress path BC,
the pseudo-yield surface shrinks. Hence, stress path BC is unloading, with unloading "rst
occurring at B, where the pseudo-yield surface starts to shrink. The pseudo-yield surface shrinks
for the "rst time along BC, and therefore, this section of stress path describes unloading for the
"rst time, i.e. N"1. Reloading commences at C and for stress path CD the pseudo-yield surface
expands for the "rst time but remains inside the current yield surface, i.e. N"1.

Stress path DE is unloading, and N"2 over that part of the stress path described by the
interval Da, while N"1 for the part of stress path described by the interval aE. The reason for
this distinction is as follows. For unloading along BC, the pseudo-yield surface decreases from y

1
to y

2
, and furthermore, the reduction of the pseudo-yield surface associated with stress path Da is

included for the "rst time. During unloading along DE, the pseudo-yield surface decreased from
y
3

to y
4
, and the reduction in the pseudo-yield surface associated with stress path Da involves

unloading for the second time, i.e. N"2. However, stress path aE involves unloading for the "rst
time, and therefore, N"1. Similarly, stress path Eb involves reloading with N"1, and stress
path bF is reloading with N"2. Stress path Fc is unloading with N"3, stress path cd is
unloading with N"2, and "nally stress path dG is unloading with N"1.

An alternative way to think of this procedure is as follows. For unloading, when the pseudo-
yield surface shrinks from y

n
to y

n`1
, the area between pseudo-yield surface y

n
and pseudo-yield

surface y
n`1

is traversed once. Suppose an unloading stress increment with its pseudo-yield
surface shrinks from y to y#dy. The cycle number N for this unloading stress increment is equal
to the total number of traverses of that area for the particular unloading between pseudo-yield
surfaces y and y#dy. The value of N for reloading can be calculated in a similar way.

The following two points should be noted. Because the size of the yield surface increases with
both the mean stress level and the deviatoric stress level, the cycle number N is dependent on
stress level in two aspects: the determination of the current yield surface and the variation in the
area of the pseudo-yield surface. The value of N is calculated for stress excursions inside the
current yield surface. This surface is de"ned by the stress level a soil has previously experienced.
The value of N is set equal to 1 for the "rst retreat inside the yield surface following each episode
of virgin yielding. Compared with the traditional methods, i.e. those in which a non-uniform
repeated loading is represented by an equivalent uniform repeated loading with an equivalent

74 M. D. LIU AND J. P. CARTER

Copyright ( 2001 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech., 2001; 25:71}81



Table I. Typical characteristics of a storm assumed in design (after Bjerrum [6]).

Wave group Wave height (m) Wave period (s) No. of waves in a storm

1 0.6 5 497
2 2.1 7.2 490
3 6.1 10 485
4 10.1 11.5 471
5 14.1 12.5 282
6 18 13.2 121
7 22 13.4 32
8 25 13.5 3

number of cycles at a reference stress level (e.g. Reference [8]) the proposed method makes it
possible to analyse the e!ects of the order of cycles of non-uniform repeated loading.

3. APPLICATIONS

3.1. Pore pressure development

In checks for the possibility of liquefaction of an o!shore foundation under cyclic loading caused
by storms or earthquakes, the empirical equation proposed by De Alba et al. [10] is often used to
compute the pore pressure development under repeated undrained loading [8, 11]. This equation
is given as

u

p@
7,0

"

2

n
arcsinA

N

N
-
B
1@2h

(4)

where N is the number of cycles, u is the value of the excess pore pressure at cycle N, p@
7,0

is the
initial vertical e!ective stress, N

-
is the number of cycles required to induce liquefaction in the soil

at a given initial stress state p@
7,0

and a given total stress path, and h is a material parameter.
Equation (4) is an empirical formula based on data from tests which have the following features:
(1) the test is an undrained test, and (2) the total stress path for each cycle of the test is the same.
Consequently, the equation is applicable to tests in which the features are the same as or similar
to those described above. However, during earthquake loading or storm loading, the cyclic
loading is most usually made up of cycles of di!erent magnitudes. For example, the make-up of
a typical design storm is as shown in Table I (after Bjerrum [6]). It appears that until now there
has been no rational method for applying equation (4) to loading situations with non-uniform
repeated loading, because there has been no consistent method to de"ne the cycle number N for
use with Equation (4).

Based on the proposed de"nition of the number of cycles presented above, Equation (4) can
now be applied to describe the pore pressure development under non-uniform cyclic loading. The
loading applied by the design storm listed in Table I is examined as an example.

In the engineering computation of the development of pore pressure for an o!shore foundation,
a widely used method assumes that the total stress path applied to the foundation by a wave is
determined by the wave height, irrespective of the sequence of its occurrence [11]. Consequently,
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the total stress increment for the loadings applied by waves of the same height, or the same group,
is the same. Therefore, the e!ect of the typical storm listed in Table I may be substituted as a series
of repeated loadings with eight groups of uniform repeated loadings. It is highly likely, therefore,
that the order of the occurrence of waves of di!erent heights will in#uence the total pore pressure
produced.

To obtain the pore pressure increment due to the mth wave of the nth group of uniform
repeated loading, Equation (4) is di!erentiated, to give

du
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dN

nhN
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sin2h~1(un/2p@
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) cos(un/2p@
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)
(5)

It is noted that the initial vertical e!ective stress, p@
7,0

, is a constant, that h is a material constant
and that only u varies with N. As illustrated in the previous section, the value of N is dependent
on stress history, and N may take di!erent values for any given linear reloading or unloading
stress path. The group of waves applying uniform repeated loading is divided in such a way that
the cycle number N increases in successive order. Suppose the value of the cycle number for the
"rst wave of the nth group is N(n, 0)#1; then the value of N for the mth wave of the nth group is
N(n, 0)#m. Parameter N

-,n
is the number of cycles required to induce liquefaction at the given

initial stress p@
7,0

and under the same total stress path as imposed by the nth group of waves.
Integrating equation (5) from the end of the (n!1)th group of cycles to the end of the mth cycle

of loading in the nth group, the following equation is obtained:
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where u D
n~1

is the pore pressure at the end of the (n!1)th group of uniform cycles, and *u
$

is
included to account for any dissipation of pore pressure that may occur from the end of the
(n!1)th group of repeated loading to the end of the mth cycle of the nth group.

Equation (6) is applicable for repeated loadings along any stress path. Because N may take
di!erent values for one reloading or unloading stress path, it may be necessary to divide a stress
path into several parts for integration. N

-,n
is dependent on the total stress path and its value is

found from experimental data. Consequently, if a stress path is divided into several parts for
integration, the values of N

-,n
are di!erent for di!erent parts.

If the value of N is the same for a complete reloading and unloading stress path in the nth group
of repeated loading, a simpli"ed expression for Equation (6) can be derived. Under this situation,
N

-,n
is a constant, and N varies from N(n, 0) to N(n, 0)#m. Based on the original Equation (4), the

second term on the right-hand side of Equation (6) can be written as
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A simpli"ed equation for the pore pressure development is thus obtained
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Figure 4. Sequence for the design waves (series 1).

Table II. Calculation of the number of cycles for Series 1.

Wave order Wave height (m) No. of waves in a storm Value of N

1 25 3 From 1 to 3.
2 22 32 From 4 to 35.
3 18 121 From 36 to 156.
4 14.1 282 From 157 to 438.
5 10.1 471 From 439 to 909.
6 6.1 485 From 910 to 1394.
7 2.1 490 From 1395 to 1884.
8 0.6 497 From 1885 to 2381.

It is possible to consider the storm described in Table I as consisting of various sequences of
parcels of the nominated waves. Two di!erent sequences of the waves are considered here.

One possible sequence of the waves for the design storm is illustrated in Figure 4. Although
such a sequence is highly unlikely to occur in practice, it does serve as a useful illustration of the
proposed method for calculating N. In this sequence the biggest waves come "rst, followed by the
smaller waves in parcels of descending wave height. Suppose the stress increment caused by the
"rst wave is included inside the existing yield surface of the soil (i.e. virgin yielding will not occur
for the loading caused by the entire group of waves) and the value of N for the "rst wave is
equal to 1. The cycle numbers calculated according to the proposed method are then as listed in
Table II.

For this series, the simpli"ed Equation (8) can be employed directly to compute the develop-
ment of pore pressure, because the value of N is the same for a complete reloading and unloading
stress path in any one parcel of waves.

An alternative arrangement of the waves of the design storm is illustrated in Figure 5. As
shown in the "gure, all seven parcels of waves are divided into two sub-groups, except for
the parcel with the biggest waves. Therefore, there are 15 parcels of uniform cyclic loading.
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Figure 5. Sequence for the design waves (series 2).

Table III. Calculation of the number of cycles for series 2.

Wave order Wave height (m) No. of waves
in a storm

Value of N

1 0.6 249 From 1 to 249.

2 2.1 245 Wave height 0}0.6 m: from 250 to 494
Wave height 0.6}2.1 m: from 1 to 245

3 6.1 243 Wave height 0}0.6 m: from 495 to 737
Wave height 0.6}2.1 m: from 246 to 488
Wave height 2.1}6.1 m: from 1 to 243

4 10.1 236 Wave height 0}0.6 m: from 738 to 973
Wave height 0.6}2.1 m: from 489 to 724
Wave height 2.1}6.1 m: from 244 to 479
Wave height 6.1}10.1 m: from 1 to 236

5 14.1 141 Wave height 0}0.6 m: from 974 to 1115
Wave height 0.6}2.1 m: from 725 to 865
Wave height 2.1}6.1 m: from 480 to 620
Wave height 6.1}10.1 m: from 237 to 377
Wave height 10.1}14.1 m: from 1 to 141

Suppose all stress increments caused by all waves are included inside the existing yield surface
(i.e. virgin yielding will not occur for the loading caused by the entire group of waves), and the
value of N for the "rst wave is equal to 1. The cycle numbers calculated according to the proposed
method for this sequence are as listed in Table III. For this case the more general Equation (6) is
required for the calculation of pore pressure development. Since N is de"ned, du can be
computed.

A numerical example can be found from a report by Liu and Carter [12] to illustrate the use of
the equations derived in this section to calculate the development of pore pressure of a soil
element under cyclic loading.

Similarly, the empirical equations describing the accumulation of pore pressure for repeated
loading, such as those proposed by Bjerrum [6] and Tsatsanifos and Sarma [7], can also be
extended in the same manner for repeated loading along general stress paths.
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Table IV. Values of a and b for a medium dense North Michigan sand (after Lentz and Baladi [12]).

p@
3
"35 kPa p@

3
"35 kPa p@

3
"35 kPa p@

3
"35 kPa p@

3
"35 kPa

Test p@
$
"34 kPa p@

$
"69 kPa p@

$
"101 kPa p@

$
"119 kPa p@

$
"129 kPa

a 9.9]10~6 2.967]10~4 8.287]10~4 8.685]10~4 1.2331]10~3
b 1.935]10~5 6.912]10~5 1.6096]10~4 2.283]10~4 4.0374]10~4

3.2. Soil deformation under repeated loading with a large number of cycles

To describe the deformation of soil under repeated loadings with a large number of cycles, say
more than 20 cycles, it is frequently necessary to include the number of cycles N as a parameter in
constitutive models. This type of approach is clearly expedient and pragmatic, but for engineering
application it is generally preferable to the alternative more rigorous approach [2,4,5]. The
alternative method, which follows the strict requirements of the theory of elastoplasticity, is too
complicated and also often yields less accurate numerical solutions. An example is given here to
illustrate this point.

In the design and rehabilitation of highway and airport pavements, the empirical equation
proposed by Lentz and Baladi [13] is often used to estimate the permanent deformation of the
pavement [4]. The equation is as follows:

e
1
"a#b ln N (9)

where e
1

is the accumulated permanent strain, a and b are two empirical constants and their
values are dependent on the materials tested and the stress paths applied and N is the number of
cycles of repeated loading.

The values of a and b are usually determined from conventional drained triaxial tests with "xed
con"ning pressure. Consequently, for a given material, a and b are dependent on the amplitude of
the axial stress and con"ning stress. The values for a and b identi"ed for a medium dense North
Michigan sand are listed in Table IV. In this table, p@

$
and p@

3
are the amplitude of the deviator

stress (the maximum di!erence between the axial stress and the con"ning pressure) and the
con"ning stress, respectively.

Empirical equation (9) should be applicable to calculating the permanent strain for cyclic
loading along any stress path, now that the cycle number N for repeated loading along general
stress paths can be determined via the proposed method. To illustrate the signi"cance of the
proposed method, a simple hypothetical example is given here. Suppose a cyclic test is carried out
on a soil identical to that used by Lentz and Baladi [13]. During the test the con"ning stress is kept
constant with p@

3
"35 kPa. The sample is "rstly subjected to 1 million cycles of uniform repeated

loading with p@
$
"129 kPa, followed by 3 million cycles of uniform repeated loading with

p@
$
"119 kPa, followed by 10 million cycles of uniform repeated loading with p@

$
"101 kPa,

followed by 100 million cycles of uniform repeated loading with p@
$
"69 kPa, and "nally followed

by 1000 million cycles of uniform repeated loading with p@
$
"34 kPa. Based on the available

information, the key question to answer is how much permanent strain is accumulated by this sample.
According to equation (9), the permanent axial strain for cyclic loading along the same stress

path from cycle N
0

to cycle N
1

can be calculated by

*e
1
D
N0 50 N1

"b ln
N

1
N

0

(10)
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Table V. Calculation of permanent strains.

Stress path Total no. of Values of N for *e
1

for each e
1

if each stress path is
p@
3
"35 kPa cycles every cycle stress path applied to a fresh sample

p@
$
"129 kPa 1]106 From 1 to 1]106 0.6811% 0.6811%

(N"1]106)
p@
$
"119 kPa 3]106 From (1]106#1) 0.0316% 0.4273%

to 4]106 (N"3]106)
p@
$
"101 kPa 1]107 From (4]106#1) 0.0202% 0.3423%

to 1.4]107 (N"1]107)
p@
$
"69 kPa 1]108 From (1.4]107#1) 0.0145% 0.157%

to 1.14]108 (N"1]108)
p@
$
"34 kPa 1]109 From (1.14]108#1) 0.0044% 0.0411%

to 1.114]109 (N"1]109

There are "ve di!erent stress paths for this repeated loading, and the previous loading history has
an in#uence on the value of N appropriate to subsequent loading. The permanent axial strain
accumulated under the full pattern of repeated loading is calculated to be 0.7518%.

The details of these calculations are shown in Table V. For comparison, the permanent axial
strains produced if each of the "ve parcels of the cyclic loading is applied to a fresh identical
sample have also been calculated.

4. CONCLUSION

A new method for de"ning the number of cycles, N, during repeated loadings has been presented.
It is proposed that the value of N is associated with the variation of the pseudo-yield surface.
A stress increment which causes the pseudo-yield surface to expand is de"ned as loading, and
a stress increment which causes the pseudo-yield surface to shrink is de"ned as unloading. The
cycle number N for reloading and unloading is calculated separately. Based on the proposed
method, a large number of valuable semi-empirical formulae and some constitutive equations
which contain the number of cycles N as a parameter can thus be applied rationally for
engineering calculation of soil deformation under repeated loadings that may be either simple or
complicated in nature.

It should be pointed out that the method to calculate the cycle number N proposed in this
paper is rational, but not unique. Other suggestions may also be possible. The validation of the
proposed method for use with the vast number of equations using N as a variable for cyclic
loading along complicated stress paths still requires checking. Such validations are beyond the
scope of this paper, and have not yet been attempted because of the lack of necessary experi-
mental data. However, a possible means to check the validity experimentally is suggested as
follows.

(a) Determine the response of samples of a given soil to uniform repeated loadings (with
N being constant in each cycle). Several sets of di!erent cyclic stress paths should be carried
out.
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(b) Based on the experimental data, determine the parameters for the empirical equation
describing the soil response under uniform cyclic loading.

(c) Design and conduct an experiment with cyclic loading along a complicated stress path.
d) Predict the strain or appropriate response quantity for the designed test according to the

empirical equation, the measured equation parameters, and the cycle number determined by
the proposed method.

(e) Compare the prediction with the measured data.

ACKNOWLEDGEMENTS

The work described in this paper forms part of an overall research programme investigating the constitutive
behaviour of geo-materials with structure. Partial funding was provided by the Special Research Centre for
O!shore Foundation Systems, established and supported under the Australian Research Council's Research
Centres Program.

REFERENCES

1. Finn WDL. Dynamic response analyses of saturated sands, In Soil Mechanics2¹ransient and Cyclic ¸oading, Pande
et al. (eds), 1982; 105}132.

2. Janbu N. Soil models in o!shore engineering. GeHotechnique 1985; 35(3):241}281.
3. Ishihara K. Liquefaction and #ow failure during earthquakes. GeHotechnique 1993; 43(3):351}415.
4. Brown SF. Soil mechanics in pavement engineering. GeHotechnique 1996; 46(3):383}426.
5. Liu MD, Carter JP. On the volumetric deformation of reconstituted soils. Research Report No. R765, Sydney

University, International Journal for Numerical and Analytical Methods in Geomechanics, accepted for publication.
6. Bjerrum L. Geotechnical problems involved in foundations of structures in the North sea. GeHotechnique 1973; 23(3):

319}358.
7. Tsatsanifos CP, Sarma SK. Pore pressure rise during cyclic loading of sands. Journal of Geotechnical Engineering,

ASCE 1982; 108(GT2):315}319.
8. Seed HB, Idriss IM. On the importance of dissipation e!ects in evaluating pore pressure changes due to cyclic loading.

In Soil Mechanics: Transient and Cyclic Loads, Pande, Zienkiewwicz (eds). Wiley: New York, 1982.
9. Roscoe KH, Burland JB. On the generalized stress}strain behaviour of &&wet clay'' In Engineering Plasticity, Heyman,

Leckie (eds), 1968; 535}609.
10. De Alba P, Seed HB, Chan CK. Sand liquefaction in large-scale simple shear tests. Journal of Geotechnical

Engineering, ASCE 1976; 109(GT9):909}927.
11. Rahman MS, Seed HB, Booker JR. Pore pressure development under o!shore gravity structures. Journal of

Geotechnical Engineering, ASCE 1977; 103(GT12):1419}1436.
12. Liu MD, Carter JP. A general method for de"ning the number of cycles of repeated loading. Research Report No.

R787, Sydney University.
13. Lentz RW, Baladi GY. Simpli"ed procedure to characterise permanent strain in sand subjected to cyclic loading. In

Soil under Cyclic and ¹ransient ¸oading, Pande et al. (eds), 1980; 89}95.
14. Kaggwa WS. Cyclic behaviour of carbonate sediments. PhD ¹hesis, Sydney University, 1988.

METHOD FOR REPEATED LOADING 81

Copyright ( 2001 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech., 2001; 25:71}81


