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Abstract

The direct interpolation of a transfer function needs exponentially many data in terms of the number of the fractions in the grading
curve. The suggested transfer function construction method - based on a double approximation technique, the grading entropy
concept and at most quadratic many data in terms of the fraction number – is tested on the example of the dry density of sands here
using some previously measured data. In the first approximation step a “preliminary transfer function” is interpolated in the non-
normalized grading entropy diagram on the basis of some “optimal” soil data. In the second approximation step the preliminary
transfer function is extended to the space of the possible grading curves with the constant function. The so determined transfer
function is tested against an independent “non-optimal” data set, measured on some soil series with basically continuous (i.e., not
gap-graded) grading curves. The aim of this paper is to present the main results of the study supporting the goodness of the method
and the predictability of the dry density transfer function.
Keywords: grading curve, grading entropy, void ratio, density, sand, transfer function

··································································································································································································································· 

1. Introduction

A transfer function - describing the relation between the grad-
ing curves and a physical property or a physical property function
- can extremely be useful in those cases when the measurement
of the soil property is troublesome (e.g., unsaturated soil func-
tions). The theoretical determination of a transfer function is
hindered by the fact that the soil structure is intractable with
geometrical models (see e.g., Dexter and Tanner, 1971). The
direct interpolation of the transfer function on the basis of some
measured data is obstructed by the fact that the number of the
data increases exponentially with the number of the fractions in
the grading curve. Because of this reason, the dry density transfer
function is generally interpolated for two- and three-fraction soils
only (see e.g., Kabai, 1972, Lörincz 1986; Yu and Standish 1988).

To overcome this difficulty a double approximation technique
has been elaborated based on the grading entropy concept and a
few measured data (Imre et al., 2008). The number of the data
needed for this method increases linearly with the number of

fractions in the best possible case.
The grading entropy S - as it is described in the next section –

is a kind of statistical entropy of the grading curves. It is the sum
of the two “entropy coordinates” – the base entropy S0 and the
entropy increment ∆S - which can be normalized in some extent
resulting in the relative base entropy A and the normalized
entropy increment B. The grading curves can be represented in
the two dimensional space of two entropy coordinates, a possible
representation – the simplified form of the so called normalized
entropy diagram - is shown in Fig. 1.

The problems of filtering (Lörincz, 1993a), particle migration
(Lörincz, 1993b) and, the change of the grading curves due to
particle crushing (Lörincz et al., 2005) have been described in
terms of the grading entropy coordinates, in agreement with
some theoretical studies (Einav, 2007). The “best soils” for con-
crete production have the entropy coordinates A=2/3 and maxi-
mum B (Lörincz, 1990, see Fig. 1). There is an experimental
evidence (Lörincz, 1986) that, if A<2/3 then the soil structure is
unstable since the large particles are “swimming” in the matrix
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of the small particles; otherwise the soil structure is stable (Fig.
1).

For the elaboration of the transfer function construction
method a few mathematical features of the grading entropy
concept were necessary to be analysed (e.g., the inverse image of
an entropy diagram point, the meaning of entropy coordinates,
the properties of the optimal grading curves, the shape of the
entropy diagram, see in Imre et al., 2008). These are described in
sections 3 and 4. The suggested transfer function construction
method consists of two steps. The first approximation is made in
the entropy diagram allowing a visualization of the main ten-
dencies of the transfer function. The so determined “preliminary
transfer function” is extended onto the inverse image of the
entropy diagram points in the second step. The method is briefly
described in section 5.

The method was first tested on an example of a simple soil
property, the dry density of sands The results of this are
summarized in this paper verifying the assumption of the general
transfer function construction method and giving an approximate
dry density transfer function for a class of sands with “conti-
nuous” (not gap-graded) grading curves. 

The minimum dry density was treated only using the fact that
from this the maximum dry density can be estimated (Kabai,
1972). The previously measured data of Lörincz (1986), con-
cerning some “optimal” soil series with five-fraction and a mini-
mum grain diameter of dmin = 0.063 mm was used to construct
the preliminary dry density transfer function. A second indepen-
dent data set previously measured on some non-optimal but
continuous (i.e., not gap-graded) soil series with nine fractions
and minimum grain diameter of dmin = 0.063 mm (Kabai, 1972)
was used to test the validity of the preliminary dry density
transfer function.

2. Grading Entropy

In this section the grading entropy concept of Lörincz (1986) is
briefly presented together with some notions used in the transfer
function construction method (Imre et al., 2008).

2.1 Statistical Entropy
Let us consider M elements in m cells and, Mi elements in the i-

th cell. The statistical entropy Ss is (Korn and Korn, 1975):

(1)

where s is the specific entropy or the entropy of an element given
by 

, , (2)

In Eq. (2), b is the base of the logarithm, and α i is the relative
frequency of the i-th cell, given by

(3)

Let us consider two statistical cells, with relative frequencies
of α1 and α2 =1-α1. If the base of the logarithm is set to 2 in Eq.
(2) then the maximal specific entropy of this system is equal to 1
at the point where the relative frequencies are equal to α1 = α2 =
0.5. In the following, the base of the logarithm will be considered
to be equal to 2.The specific entropy is written as follows:

(4)

As it will be shown later on, this function – being similar to a
half-ellipse (Fig. 2) – determines the shape of the boundary lines
of the entropy diagram for small N. 

2.2 Statistical Cells for the Grading Entropy (Fractions and
Elementary Cells)

Two statistical cell systems are used as follows. The primary
statistical cells or fractions are defined by successive multi-
plication with a factor of 2 (i.e., the same constant as the base of
the logarithm in Eq. (4)), starting from an (arbitrary) elementary
cell width d0, on the pattern of the classical sieve hole diameters
follows. If the fractions are numbered by a serial number j (j =1,
2...) then the diameter range for fraction j:

Ss Ms=

s αi
i 1=

m

∑ logbαi–= αi 0≠ m 1≥

αi
Mi

M
------=

s 1
ln2
------- αi

i 1=

m

∑ lnαi=

Fig. 1. The Normalized Entropy Diagram with the Particle Migra-
tion Zones (I-piping. II-stable. III-stable with suffosion) and
the Maximum Entropy Points for Various N Values

Fig. 2. The Statistical Entropy for Two Statistical Cells and Its Nu-
merical Approximation with a Half-ellipse
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(5)

where d0 is the elementary cell width (Table 1). The number of
the fractions N is the difference of the serial numbers of finest
and coarsest fractions as follows:

(6)

A secondary cell system is defined with an equal width of d0,
assuming that the distribution is uniform within a fraction. The
number of the elementary cells Ci in fraction i is equal to: 

(7)

The relative frequency of any elementary cell in fraction i is
equal to:

 (8)

where xi is the relative frequency of fraction i. A note can be added
concerning the statistical cell definition. As it will be shown later
on, the concept is basically not influenced by the selection of the
elementary cell width d0. For convenience, the height of the SiO4

tetrahedron (2-22 mm, Imre, 1995) is adopted here.

2.3 Space of the Possible Grading Curves, Simplex Rep-
resentation

The space of the possible grading curves consists of such
grading curves that are composed from the same N consecutive
fractions with the same minimum grain diameter dmin (being
larger than or equal to d0) and with the distribution being uniform
within each fraction. Only N -1 relative frequencies xi (i = 1, 2, 3,
..., N) are independent: 

, , (9)

Eq. (9) is the defining equation of N-1 dimensional closed
simplex. Both the closed and open simplex are denoted by ∆, in
the inner simplex points (i.e., in the open simplex) every relative
frequency is greater than zero, at the boundary of the simplex at
least one relative frequency is zero. The N-1 dimensional simplex
is the N-1 dimensional analogy of the triangle or tetrahedron (i.e.,
the 2 and 3 dimensional instances). Due to the one-to-one
relationship between the possible grading curves and the points
of N-1 dimensional closed simplex, the latter is frequently used
in the description of the grading entropy map.

2.4 The Definition of the Grading Entropy
The grading entropy S is the statistical entropy of the grading

curve in terms of the elementary statistical cells. It can be derived
by inserting the relative frequency of the secondary cell α i (i.e.,
Eq. (8)) into Eq. (4): 

, xi ≥ 0 (10)

The grading entropy S can be split

(11)

into the base entropy S0 and the entropy increment ∆S. The
difference of the grading entropy S and the entropy increment ∆S
is a linear function, the base entropy S0: 

(12)

where S0k is the grading entropy of the k-th fraction (Table 1),
which is a positive integer, which can be derived from Eqs. (7)
and (10) as follows:

(13)

(14)

The entropy increment ∆S can be expressed as follows:

(15)

which is extended to the vertices by zero value. The entropy
increment ∆S is the statistical specific entropy of the grading
curve in terms of the fractions. It is independent of the selection
of d0. The width of the secondary cell system d0 is generally set
to be equal to the minimum grain diameter dmin for the sake of the
simplest computation. It follows from the defining equations that
the range of the non-normalized entropy coordinates is depen-
dent on N, ∆S varies between 0 and lnN/ln2 and S0 varies
between S0min and S0max.

2.5 Normalized Grading Entropy Co-ordinates
The normalized base entropy, the so-called relative base

entropy A is defined as follows: 

(16)

where S0max and S0min are the eigen-entropies of the largest and the
smallest fractions in the mixture, respectively. The relative base
entropy can be rewritten as follows: 

(17)

The normalized entropy increment is defined as follows:

(18)
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Table 1. Fraction (Eigen-) Entropies

Fraction serial number i 1 ... 23 24 25

d limits in [mm] 2-22-2-21 1-2 2-4 4-8

S0i [-] 0 22 23 24
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The normalized coordinates are independent of the selection of
d0. The normalized coordinate B varies between 0 and 1/ln2 and
A varies between 0 and 1.

2.6 The Analysis of the Grading Entropy Coordinate Func-
tions

The base entropy S0 (relative base entropy A) is the mean of the
entropy (reduced entropy) of the fractions, weighted by the rela-
tive frequencies. The grading entropy co-ordinate A is linearly
related to the area of the sub-graph of the grading curve (Imre et
al., 2008). The grading curves with the same A have the same
sub-graph area, any two of them may deviate from each-other in
such a way that “equal areas are found below and above”.

The entropy increment ∆S (and the normalized entropy incre-
ment B) is the mean of the logarithm of the relative frequencies,
weighted by the relative frequencies. It is the continuous, sym-
metric and strictly concave function of the relative frequencies,
being its second derivative negative definite. It has a single
maximum at the gravity centre of the simplex. The correspond-
ing distribution is the “most uniform”, each xi is equal to 1/N. 

It can be noted that a similar statement holds for the grading
entropy S if the relative frequency of the elementary cells is
considered instead of the relative frequency of the fractions as
the independent variables. The entropy S has a single maximum
if the relative frequencies of the elementary cells are equal (and,
therefore, relative frequencies of successive fractions xi are
doubled).

3. The Grading Entropy Diagram

The normalized entropy map fn: ∆→[A,B] is defined between
the N-1 dimensional open simplex and the two dimensional
space of the normalized grading entropy coordinates, for a given
value of N. It can readily be seen that this map is continuous on
the open simplex and can continuously be extended to the closed
simplex. The image of the compact simplex – the (normalized)
entropy diagram – is compact (bounded and closed). 

Due to this compactness, there exists a minimum and a
maximum value for B at every specified A. The conditional mini-
mum and maximum points and the corresponding simplex points
are treated in this section. The non-normalized and the
normalised entropy coordinates differ in scaling. Therefore, it is
enough to analyse the normalized grading entropy diagram, the
same results apply to the non-normalized grading entropy
diagram.

3.1 Analysis of the Conditional Minimum
The points of the minimum B line of the entropy diagram are

mapped from the vertices and the edges of the simplex (i.e., from
the fractions and the two-fraction mixtures, see App. 1). To select
the vertex or edge points with a specified A and minimum B, the
entropy coordinates has to be computed which can be done as
follows. The relative base entropy A of the points of edge i – j -
according to Eq. (17) - is equal to: 

(19)

The A coordinate of vertex k is equal to (k-1)/(N-1) and the B
coordinate is equal to zero. The points of edge i– j map in
between the image of vertices I and j in terms of A, especially
edge 1 – N maps into the interval [0,1] in terms of A. The B
coordinate of points of the edge i – j can be computed according
to Eq. (18) as follows:

(20)

It follows from Eqs. (19) and (20) that the image of any two
edges differ in A-scaling only. In practice the image of edge 1 – N
is used as an approximate minimum B bounding line (see Fig. 1).

3.2 Analysis of the Conditional Maximum
According to the result of the various analyses (Lörincz, 1986;

Imre et al., 2008, App. 1), the points of the maximum B line of
the entropy diagram are uniquely related to some inner points of
the simplex which can be characterized by the following coor-
dinates:

(21)

(22)

where parameter a is the root of the following equation :

(23)

Following from the Descartes rule of signs, polynomial y has
one and only one positive root for a. This root defines one point
in the simplex (“optimal point”) and one grading curve in the
space of the possible grading curves (“optimal grading curve”).
The optimal points (and optimal grading curves) map into the
points of the maximum B line in a one-to-one way.

As A varies between 0 and 1 then the positive root a of Eq. (23)
varies continuously between 0 and ∞, the extreme values
represent the extreme fractions 1 and N. Both polynomial y and,
the maximum line of B line are symmetric. If a* is the positive
root at A* then a = 1/a* is a root at A = 1-A*. The symmetry
“axis” can be found at a = 1 and A = 0.5 where xi = 1/N.

3.3 The Distribution of the Optimal Grading Curves
The equation of a finite final fractal distribution is as follows

(Einav, 2007):

(24)

Taking into account that the fraction limits can be expressed by
the powers of 2 (i.e., di = dmin 2i, i=1, 2, ..., N, see Inequality (5)),
it can be derived that the relative frequencies of this distribution
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has the same factorized form as indicated by Eq. (22) for the
optimal grading curves if the following expression is used for a:

(25)

It can therefore be noticed that the distribution of the optimal
grading curve agrees with the fractal distribution at the fraction
limits. The fractal-dimension n = 2 is related to the maximum
entropy point and, n = 3 (where Eq. (24) is not valid) is related to
the maximum entropy increment point.

The optimal grading curve has therefore finite fractal distri-
bution at the fraction boundaries. The grading curves with the
same A have the same sub-graph area, any two of them may
deviate from each-other in such a way that “equal areas are
found below and above”. Considering the grading curves where
the A = constant condition is met, it can be said that the optimal
grading curve has the most uniform distribution, with the
minimum curve length. The optimal grading curve is therefore a
kind of mean for the grading curves with the same A. 

4. The Inverse Image of the Entropy Diagram
Points

The structure of the inverse image of a specified normalized
diagram point [A,B] is different for the regular and the critical
values of the normalized entropy map fn: ∆→[A,B]. A specified
diagram point [A,B] is regular or critical value if the rank of the
first derivative of the map is maximal or not maximal, respec-
tively, at the inverse image points. (The maximum rank is equal
to 2 which is the dimension of the entropy diagram.) 

The critical values of the entropy map are the points of the
maximum B line. The inverse image of a critical value is an
optimal (or critical) point which was treated in the previous
section. In this section the analysis is completed by the dis-
cussion of the inverse image of the regular values. Since the non-
normalized and the normalised entropy coordinates differ only in
scaling, it is again enough to analyse only the inverse image of
the normalized entropy diagram points, as the same results apply
to the non-normalized entropy diagram points. 

4.1 Analytical Formulae
It follows from the regular value theorem (see e.g., Hirsch,

1976; Milnor, 1981) that the inverse image of the entropy diagram
point [A,B] – if it is a regular value – is an N –3 dimensional
manifold which can be computed as the solution of the following
system of equations: 

(26)

(27)

(28)

Geometrically, the inverse image of the normalized entropy
diagram point [A,B] is situated on the A = constant, N-2 dimen-
sional hyper-plane section of the simplex (see Figs. 3(a), 4(a)).
The inverse image of a point of the maximum B line (which is a
critical value) is an optimal point, a kind of centre of the A =
constant simplex section. The inverse image of an inner diagram
point (which is a regular value) is similar to a N-3 dimensional
sphere, “centred” to optimal point (see App.1). These are visual-
ised in some examples as follows.

4.2 Examples
The inverse image of some regular values (see Figs. 3(b), 4(b))

was computed with Eqs. (26) to (28) for the two (N = 3) and a
three dimensional (N = 4) simplex. The corresponding optimal
points were determined using Eqs. (21) to (23). The result is
shown in Figs. 5 (a) and 6 (a). It consists of some parts of a N-3
dimensional “circle”, being “centred” to the optimal point on the
A = constant hyper-plane section of the simplex.

The inverse image is shown in terms of grading curves in Figs.
5(b) and 6(b). The grading curves form some N-3 dimensional
circles in the following sense. The A = constant condition means
grading curves that have the same sub-graph area. They deviate
from each-other in such a way that “equal areas are found below
and above.” The amount of the deviation depends on the distance

a 2 3 n–( )=

f1 xi
i 1=

N

∑ 1– 0= =

f2 A
xi

i 1=

N

∑ i 1–( )

N 1–
------------------------– 0= =

f3 B 1
ln2lnN
---------------- xi

xi 0≠
∑ lnxi– 0= =

Fig. 3. N=3, the Image of the 2D Simplex in the Entropy Space (a) The Simplex and Its A=0.5 Hyper-plane Section (b) The Entropy Dia-
gram with 3 Points on Coordinate Line A=0.5 (B=1; 1.4 and Bmax.=1.44)
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of the grading curve from the optimal grading curve, which can
be expressed in terms of the difference Bmax - B.

The optimal point is some kind of logarithmical mean of the A
= constant section of the simplex. The optimal grading curves
have the “most uniform”, fractal-like distribution, being concave
if A<0.5, linear if A=0.5, convex if A>0.5 (Fig. 7). The optimal
points constitute a continuous, 1 dimensional line – called optimal
line –between vertices 1 and N (line a in Fig. 5(a)), uniquely
depending on parameter A.

5. The Transfer Function Generation Method 

A transfer function relates the possible grain size distribution
curves and a physical property or a uniquely determinable
parameter of a physical property function. In this section the
general transfer function construction method is described. The
concept of the multiple grading entropy diagrams is briefly
treated beforehand. 

Fig. 4. N=4, the Image of the 3D Simplex in the Entropy Space (a) The Simplex and Its Two Parallel Hyper-plane Sections with A=0.2 and
0.5, (b) The Entropy Diagram with a Point Series on the Coordinate line A=0.2

Fig. 5. N=3, the Inverse Image of Some Entropy Diagram Points Indicated in Fig. 3(b) (a) in the Simplex, (b) in the Space of the Possible
Grading Curves

Fig. 6. N=4, the Inverse Image of Some Entropy Diagram Points Indicated in Fig. 4(b) (a) in the Simplex, (b) in the Space of the Possible
Grading Curves
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5.1 Multiple Grading Entropy Diagrams
More than one simplex can be represented in a unified grading

entropy diagram (Figs. 8, 9). According to the results of an
analysis (Imre et al., 2008), the maximum entropy increment
lines of the different N valued simplexes nearly coincide for the
normalized case if the fraction number N is small but do not
coincide for the non-normalised case. This can also be seen from
the range of the entropy coordinates (B varies between 0 and 1/
ln2 and A varies between 0 and 1, ∆S varies between 0 and lnN/
ln2 and S0 varies between S0min and S0max = S0min + N - 1). The
maximum of the approximate minimum entropy increment lines

is equal to 1 and 1/lnN for the non-normalised the normalised
case, respectively. 

If a different fraction number N value is selected for the same
grading curve - by adding some zero fractions - then the nor-
malized entropy coordinates will be different, the non-nor-
malized entropy coordinates will be unchanged. It follows that
the different N valued simplexes can be considered as the sub-
simplexes of a “large simplex” in the non-normalised grading
entropy diagram; in other words, the notion of the single and the
multiple diagrams coincide in the non-normalized case. The non-
normalized diagram is used in the transfer function construction.
It can be noted that - being pair-wise in a linear relationship - the
normalized coordinates of a specified simplex can be computed
by a linear transformation from the non- normalized coordinates.

5.2 The Algorithm of the Method 
Initially a “large” simplex is defined by specifying the N and

Somin values to describe the space of the possible grading curves.
Then some continuous boundary sub-simplexes are selected and
an optimal grading curve series is specified for each. The soil
property R is experimentally determined for these grading curve
series. 

The soil property value is related to the corresponding points
of the maximum ∆S lines in the non-normalised entropy diagram
(Figs. 9, 10), implying an assumption described later on in this
section. The preliminary transfer function F1: [S0,∆S]→R is
interpolated using the scalars given in the discrete points of the
maximum ∆S lines. 

Finally, the so determined preliminary transfer function is ex-
tended onto the inverse image of the entropy diagram points
resulting in F2: ∆→R. In the simplest case – which is applied
here - the constant function is used for the extension.

5.3 Number of Data Needed for the Construction of a
Transfer Function

Using the fact that the composition of an N - fraction soil can
be represented in the N-1 dimensional simplex of the grading
curves (i.e., the higher dimensional analogy of the triangle
diagram, see section 2), the iso-lines of the physical property can
be interpolated on the basis of some data over the simplex.
However, in larger dimensions, the number of the data needed
for the interpolation could be too large. This is considered as

Fig. 7. Optimal Grading Curves (a) N = 7, A Varies, (b) A = 2/3, N Varies

Fig. 8. Normalized Entropy Diagram for Various (“small”) N Values
(N =1 to 7)

Fig. 9. Non-normalized Entropy Diagram with the Maximum and
Approximate Minimum Entropy Increment Lines for a
“Large” Simplex (N =5, S0min=1) and Some of its Continuous
Sub-simplexes (N =2 and 3, S0min=1 to 4)
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follows.
If the transfer function is approximated directly over the

simplex then data are sampled from a grid generated on the
boundary and in the inner parts of the simplex. For example, in
the case of the triangle diagram some data are needed from the
vertices, edges and from the inner part of the diagram. There are
2N-1 sub-simplexes, where N is the number of the soil fractions
in the grading curve (see section 2). For example this number is
equal to 7 for a triangle, 15 for a tetrahedron and 127 for a 7-
fraction soil. Considering 5 data for each sub-simplex, the
number of the necessary data is around 5×(2N-1). 

In the case of the suggested method, data are sampled from the
optimal lines of some continuous sub-simplexes only. For
example, in the case of the triangle diagram some data may be
used from the vertices, from the continuous edges 1-2 and 2-3
and from the optimal line of the triangle diagram. The number of
the continuous sub-simplexes is 1/2×(N+1)×N, being equal to 6
for the triangle, 10 for a tetrahedron and 28 for a 7-fraction soil.
Considering 4 data for each continuous sub-simplex, the number
of the necessary data is around 2(N+1)N. 

If the preliminary transfer function is characterized by linear
iso-lines then these can be interpolated from less data, being
related to the lower and the upper boundaries of the grading
entropy diagram only. These points map from the optimal line of
the N dimensional simplex and from the N fractions. Considering
N data for the optimal line of the N dimensional simplex, the
number of the necessary data can be as small as about 2N.

5.4 The Evaluation of the Suggested Transfer Function
Construction Method

The suggested method – a double approximation technique –
may give a transfer function from “very few” data. This can be
attributed to application of the grading entropy concept. In the
first step the preliminary transfer function is constructed in terms
of the grading entropy coordinates. For this, optimal grading
curve data are used. In the second step the preliminary transfer
function is extended to the inverse image of the entropy diagram
point. 

The entropy coordinates are pseudo-metrics in the space of the
grading curves giving a strict classification of the grading curves
(Imre et al., 2008). The entropy parameter A measures the sub-
graph area, the A = constant condition means the grading curves
are such that they have the same sub-graph area, and they can
deviate from each-other in such a way that “equal areas are
found below and above”. 

Within the A = constant section of the simplex, the maximum
B is encountered at the optimal point which is a kind of mean
point of the section, which is not necessary the gravity centre.
The corresponding grading curve is a mean grading curve having
the most uniform (fractal) distribution, minimum curve length.
The normalized entropy increment difference Bmax - B measures
distance from this mean. The entropy increment difference
∆Smax-∆S has the same meaning except that the fraction number
is also taken into account. 

According to some earlier results, the relative base entropy A
determines the type of the soil structure (see section 1 and
Lörincz, 1986), it can be considered as a continuous “measure”
of the soil structure (e.g., for a 2-fraction soil, A expresses the
ratio of the small and large grains, increasing with large grain
proportion, mathematically it is related to the area of the grading
curve). The base entropy S0 has the same meaning except that the
minimum grain diameter and the fraction number are also taken
into account. 

It can be said that the entropy coordinates give a strict classi-
fication of the grading curves by characterizing the soil behaviour.
The relative base entropy A can be considered as a continuous
measure concerning the soil structure. The normalized entropy
difference Bmax – B for a given soil structure is the distance of the
grading curve from a mean (or optimal) grading curve. In
addition, the fraction number and the minimum grain diameter
are included in the entropy increment ∆S and in the base entropy
S0.

Fig. 10. The Normalised Entropy Diagram of a Large Simplex (N =
7, S0min =1) and the Continuous Sub-simplexes: The Max-
imum ∆S Lines and the “Zones” of the 2, 3, …, 7 Fraction
Soil Behaviour

Fig. 11. The Definition of the emax Test
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5.5 Assumptions and Approximations
The data are measured on some optimal grading curve series

with various fraction numbers. These map into the maximum ∆S
line with fraction number k in the non-normalized grading
entropy diagram, such that ∆S varies between 0 and lnk/ln2 (Fig.
10). These lines may intersect each-other if the fraction number
is less than N. It is assumed that the scalar values related to the
nearly coinciding points of the maximum ∆S lines are about the
same. The acceptability of this assumption may follow from the
continuity of the non-normalised entropy map. 

The preliminary transfer function can be considered as a
special transfer function such that the function value is the same
for those grading curves that map into the same non-normalized
grading entropy diagram point (i.e., the constant function is used
for the extension onto the inverse image of the entropy diagram
points which is an N-3 dimensional manifold). The approxi-
mations of this transfer function can be characterized as follows.

The optimal grading curve data represent some kind of mean
behavior at a specified value of the base entropy A and fraction
number k. It follows that some extreme behavior is missing from
the preliminary transfer function. The interpolation is made in
“downwards direction” in terms of N. An N-fraction soil may
map below the maximum ∆S line with fraction numbers N. If it

maps in between the maximum ∆S lines with k and k + 1 (k < N)
then its behaviour is interpolated from the optimal soils with
fraction numbers k and k + 1 (Fig. 10).

6. Laboratory Tests

For the elaboration of a dry density transfer function, the
results some previously obtained laboratory emax test data were
used. This section summarizes the emax test procedure and
presents the two independent data sets which were previously
measured and were used for the application. 

6.1 The emax Test 
In the emax test, the sand is poured through a funnel into a

cylinder (10 cm high and 10 cm diameter, Fig. 3). During this
process the bottom of the funnel is positioned just above the
soil surface, so that the possibility for grains to rearrange and
pack is minimized. The results can be expressed in terms of
maximum void ratio emax, minimum dry density ρdmin, minimum
solid volume ratio smin (hoping that the use of s for both the
specific entropy and the solid volume ratio is not confusing) or
maximum specific volume vmax which are in the following
relationships:

Fig. 12. The Entropy Representation of the Optimal Soil Series of Lörincz (1986) (a) in the Normalized Diagram, (b) in the Non-normal-
ized Diagram

Fig. 13. Grading Entropy Representation of the Mixtures Tested by Kabai (1972) (a) The Non-optimal Soils in the Normalized Diagram.
(b) The Non-optimal Soils in the Non-normalized Diagram
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(29)

(30)

(31)

6.2 The Testing Programs
In the work of Lörincz (1986) the emax tests were made on

some optimal mixture series with N=1 to 3, 5 (Fig. 12) and on
some gap-graded mixture series with N= 3, with diameter
between dmin = 0.063 mm and dmax = 2 mm, the grading curves
are shown in Figs. 14 and 15.

In the work of Kabai (1972) on sand compaction six non-
optimal grading curve series were tested with the emax test and
Proctor tests, which were defined in terms of U (uniformity
coefficient), dmax, d10, as it can be seen in Table 2, Figs. 13 and 16.
The diameter varied between dmin = 0.063 mm and dmax = 20 mm.
These were denoted by A0, B0, B1, B2, B3, B0 . The members of
series A0 were one-diameter soils.

7. Results

In this section the transfer function is constructed with the
direct interpolation method for 3-fraction soils using the previ-
ously measured data set of Lörincz (1986). The suggested
general transfer function construction method is applied to the
same data set and the results are compared.

7.1 Direct Transfer Function Construction
The dry density level lines were interpolated over the triangle

diagram (Fig. 17) using the data of Lörincz (1986) concerning
two- and three-fraction soils (optimal and gap-graded, Figs. 14,
15). The so determined dry density transfer functions show the
following consistent results. 

In accordance with the earlier results, the dry density is in-
creasing with decreasing relative frequency of the medium frac-
tion. The maximum density is related to the gap-graded mixture
with 1/3 finest, 2/3 coarsest ratio. This point maps to the mini-
mum B line at about A=2/3 in the normalized grading entropy
diagram.

emax
1 smim–

smin
----------------=

ρdmin sminρs=

vmax
1

smin
--------=

Fig. 14. (a) to (f) the Optimal Soil Tested by Lörincz (1986)

Fig. 15. (a) to (c) the Gap-graded Soil Tested by Lörincz (1986)
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Following from the fact that the level lines have a nearly
vertical tangent on the bottom (“gap-graded”) triangle edge, it
can be assumed that the maximum density point of the vertical
line sections of the triangle diagram (i.e., which are the constant
A sections) might be found on the bottom triangle edge. In terms
of any fraction number, it can be assumed that the maximum
density point of the constant A sections of the simplex might be

found on the simplex edge 1-N, at the grading curve with finest
and coarsest fractions in ratio of (1-A) : A. 

7.2 Transfer Function Construction with the Suggested
Method

The optimal points constitute a continuous one dimensional
line – optimal line – within the simplex, between vertices 1 and

Fig. 16. (a) to (f) the Soil Mixture Series Tested by Kabai (1972)

Table 2. The Grading Curve Series of Kabai (1972)

Sign of series B0 B1 B2 B3 C0

dmax [mm] 0.145-20.0 0.29-4.74 0.58-1.54 1.24-9.42 4.74

d10 [mm] 0.145 0.29 0.58 1.24

U [-] 1-30 1-5 1-5 1-3 1-8

Fig. 17. The Triangle Diagram (2D Simplex) to Represent the Results of the emax Test, smin Iso-lines for Three 3 - Component Continuous
Mixtures Consisting of Different Fractions (a) Fractions C, D, E, (b) Fractions A, B, C
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N, being uniquely dependent on the entropy parameter A.
Representing the measured smin values of the optimal points in
the function of the relative base entropy A, the results show that
the measured A - smin functions are similar for N=2, 3 and 5. The
maximum smin value is found at about A=2/3 in every case (Fig.
18).

Representing the smin data of the optimal soils with fraction
number of N = 1, 2, 3 and 5 in the non-normalized grading entropy
diagram it can be found that the assumption of the method is
acceptable since the smin values of the (nearly) coinciding points

of the maximum ∆S lines are about the same (Fig. 19). 
The preliminary dry density transfer function – the mean soil

behavior – is characterized by parallel, nearly linear level lines
with negative slope. The mean dry density is increasing with
both entropy coordinates. It can broadly be said that the mean
density is increasing with N and with the grain diameter (see
Table 3).

Using the fact that the A - smin functions of the optimal grading
curve series have a maximum at A=2/3 (see Fig. 18), the slope of
the iso-lines can be estimated as the slope of the tangent of the
maximum ∆S line at A=2/3. It can be shown that the tangent of
this slope is equal to -1 for N=2.

7.3 Comparing the Result of the Direct and the Suggested
Transfer Function Construction Method 

The image of the smin level lines through the entropy map is a
“two sheeted cover” for a three-fraction soil (Fig. 20). Each
entropy diagram point will belong to two iso-density lines from
the simplex since each point on the entropy diagram may have 2
discrete inverse points in the simplex (i.e., 0 dimensional circles).
The smin value is not the same on these. For example, a diagram
point may belong to both the smin=0.55 and smin=0.57 level lines.
The slopes of the two sheets at each point differ (see Fig. 20(b)).

Noting that, x1, x2, x3 denotes the proportion of fine fraction,
middle fraction and coarse fraction; respectively, the following
was observed. The level lines mapped from the upper part of the
triangle diagram (bounded by the optimal line – line “a” – of the
triangle diagram and the continuous edges 1-2 and 2-3) are
present, however, the iso-density lines mapped from the lower
part of the triangle diagram (bounded by the optimal line – line
“a” – of the triangle diagram and the triangle edge 1-3) are not
present in the preliminary transfer function. It follows that the
densest point information is missing from the preliminary

Fig. 18. The Variation of the smin Data with A (a) Value of smin along the Optimal Line N=3, (b) Value of smin along the Optimal Line for N=2
and 5

Fig. 19. The Dry Density Transfer Function Defined by the smin

Level Lines of Optimal Soils

Table 3. Loosest State for the Fractions of Lörincz (1986)

Fraction sign A B C D E

d limits in [mm] 0.071-0.125 0.125-0.25 0.25-0.5 0.5-1.0 1.0-2.0

smin [-] 0.4983 0.5132 0.5285 0.5484 0.5674
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transfer function.
For larger dimensions it can be said that the density infor-

mation of some two dimensional subspaces of the simplex are
carried into the preliminary dry density transfer function only.
These surfaces are situated between the optimal lines of the
continuous sub-simplexes with neighboring dimensions.

8. Discussion

In this section the first dry density transfer function is validated
and discussed. The practical use of the first dry density transfer
function is presented through an example.

8.1 Validation of the Dry Density Transfer Function
The preliminary transfer function is a special transfer function

where the constant function is used for the extension onto the
inverse image of the entropy diagram points (i.e., the function
value is the same for those grading curves that map into the same
non-normalized grading entropy diagram point). Being con-
structed from optimal grading curve data which represent a kind
of mean behavior at a specified value of the base entropy, some
extreme behavior is missing from the preliminary transfer func-
tion.

To test the goodness of this simplest possible dry density transfer
function, the data of the independent, non-optimal grading curve
series of Kabai (1972) were represented in the non-normalized
grading entropy diagram. According to the results, the scalar
values related to such grading curves that map close to each-
other are slightly different only (Fig. 21). Therefore, the iso-
density lines could have been constructed in the non-normalized
grading entropy diagram. The iso-density lines of the two exper-
imental works (using optimal, non-optimal soils) show surpri-
singly good agreement (Fig. 22).

These results can possibly be attributed to the fact that the non-
optimal, continuous grading curve series map mostly to the
vicinity of the maximum B line (see Fig. 13), the entropy map
“contracts” the inner part of the simplex. This can also be seen
from Figs. 3(b) and 5(a).

Fig. 20. The Entropy Map of the smin Transfer Function (a) The Triangle Diagram with Some smin Iso-lines, (b) The Entropy Diagram with
the Image of the smin Iso-lines

Fig. 21. The Approximate Dry Density Transfer Function Defined
by ρdmin Level Lines from the Non-optimal Soil Data of
Kabai (1972)

Fig. 22. The smin Level Lines Constructed from the Optimal Soil
Data of Lörincz (1986) and from the Non-optimal Soil
Data of Kabai (1972)
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8.2 The Practical Use of the Results
The preliminary dry density transfer function (see Fig. 19) - as

the simplest possible transfer function - was successfully tested
against some “basically” continuous soils. It can therefore be
used to determine the density of some continuous soil mixtures
which can be done as follows (see also the Appendix 2).

At first the entropy coordinates of the specified grading curve
are computed. Then the minimum density is interpolated on Fig.
19. Finally – based the experimental fact that the ratio of the
minimum and the maximum dry density is about equal to 0.92
for sands (Kabai, 1972) – the maximum dry density can be
estimated.

9. Conclusions

The direct interpolation of a transfer function can be made on
the basis of about c exp(N) measured data where N is the number
of the fractions in the grading curve. The suggested method – a
double approximation technique – gives a good approximation
for the transfer function on the basis of about c N2 data which can
be decreased to c N in the best possible case.

This can be attributed to grading entropy concept which is
applied in both the interpolation and the data selection phases.
The grading entropy coordinates give a strict classification of the
grading curves incorporating the following basic variables: a
continuous measure of the soil structure (mathematically in the
form of the area of subgraph of the grading curve), a distance
from the optimal grading curve (with fractal distribution) for a
given soil structure; the fraction number and the minimum grain
diameter. 

Needing very few data, it is important to test the suggested
transfer function construction method in the practice. Taking the
simplest case first, a dry density transfer function was construct-
ed on the basis of some previously measured data. The results of
this study can be summarized as follows.

The assumption of the general transfer function construction
method was acceptable in the first application to the dry density.
The preliminary transfer function could have been interpolated
in the non-normalized grading entropy diagram from optimal
soil data showing an increase with increasing entropy coordinates
(i.e., the mean dry density basically increases with the fraction
number N, and with minimum grain diameter dmin). This result
supports the applicability of the general transfer function
construction method. In addition, the preliminary dry density
transfer function is characterized by approximately linear iso-
lines. It follows that the extension for a “larger” space (in terms
of parameters N, dmin) can be realized with a few (around N)
additional measurements.

The preliminary dry density transfer function is the simplest
possible dry density transfer function such that the same function
value is considered for those grading curves that map into the
same non-normalized grading entropy diagram point. (The
constant function is used for the extension to the inverse image
of the entropy diagram point, which is an N-3 dimensional

manifold of the grading curves). The validity was tested using
second, non-optimal data set. The results suggest that this simple
dry density transfer function can be used to determine the dry
density - the basic input parameter of most of the geotechnical
models (see e.g., Scheuermann and Bieberstein, 2007) – for a
class sands with basically continuous grading curve.

The results of the direct interpolation of the dry density transfer
function over the triangle diagram (N = 3) indicate that the
maximum dry density of the vertical sections of the triangle
diagram can possibly be found at the gap-graded grading curves
with finest and coarsest fraction ratio of (1-A) : A. Generally
speaking, the maximum dry density point of the constant A
sections of the simplex might be the point of simplex edge 1 - N.
Especially, the maximum dry density might be encountered at A
= 2/3 for the whole simplex. These hypotheses can be further
investigated and, the results can be used for the extension of the
preliminary dry density transfer function.

It can be concluded that the assumption of the suggested
method was verified by the dry density application. It was
proved that the so determined simplest possible (preliminary)
dry density transfer function can be used for the determination of
the dry density of a class of sands with basically continuous
grading curve. It follows that the suggested transfer function
construction method was verified. In other words, the transfer
function construction method can be applied to any other soil
property (function) if “a few”, specially selected data are available.

Further studies can be suggested on the extension of the dry
density transfer function for a “larger” space (in terms of para-
meters N, dmin) using a few (around fraction number N) addi-
tional measurements; moreover, on the extension to the inverse
image of the entropy diagram points using a more sophisticated
function than the constant function. The application of the
method to the unsaturated soil functions has been started by the
estimation of the soil water characteristic curve of sands (Imre et
al., 2008).
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Appendix 1. Geometrical Interpretation of the
Grading Entropy Diagram and the Inverse Image
of the Entropy Diagram Points

Let us consider the N dimensional Euclidean space as the
direct sum of the B axis and the hyper-plane of the simplex. Let
us consider the A = constant and B = constant hyper-planes. Let
us consider the graph of B, denoted by X: ∆→[∆,B]. 

The map X is a homeomorphism, it is continuous, one-to-one
together with its inverse. The graph of B can be visualized in
such a way that above each simplex point, in the vertical
direction (i.e., B axis direction) we indicate a point in distance of
B. The inverse X-1:[∆,B]→∆ can be imagined such that the point
above the simplex in distance B is pushed back into the simplex. 

The entropy diagram can be interpreted as a projection p: [∆,B]
→[A,B] such that the image of the graph of B (denoted by [∆,B])
is projected onto the two dimensional space defined by the
simplex edge 1-N and axis B in the N dimensional Euclidean
space. The direction of the projection is defined by the hyper-
planes A = constant and B = constant. The projection means that
the intersection of [∆,B] with the A = constant and B = constant
hyper-planes in the N dimensional Euclidean space is mapped
into a single point with coordinates [A,B]. This interpretation
follows from the fact that the A coordinate a point of the simplex
edge 1-N is equal to the relative frequency of the fraction N
denoted by xN which is equal to the distance of the intersection of
the A = constant hyper-plane from vertex 1. 

Let us denote the intersection of [∆,B] with the A = constant
hyper-planes in the N dimensional Euclidean space with [A,B]A

and the intersection of [∆,B] with the A = constant and B =
constant hyper-planes in the N dimensional Euclidean with
[A,B]AB.

The graph of B is concave and symmetric (e.g., in the case of
N=3 it is a two dimensional symmetric “cupola” over the two
dimensional triangle diagram). Due to the concaveness and the
symmetry, the image of the graph of B denoted by [∆,B] is
similar to a part of a N–1 dimensional sphere for any N. The non-
empty intersection of a sphere and a plane is a single point or it is
a lower dimensional sphere. It follows that [∆,B]A and [∆,B]AB are
concave and symmetric, being similar to some parts of a N–2 and
an N–3 dimensional spheres, respectively.

Minimum and Maximum Lines of the Entropy Diagram
Let us introduce the restriction of function X onto the A =

constant points of the simplex which is a homeomorphism
denoted by XA: ∆A→[∆A,B]. It follows from the definitions that
[∆A,B] = [∆,B]A , the image of the restriction [∆A,B] is equal to the
intersection of the image of the graph of B [∆,B] with the A =
constant, N-1 dimensional, affine hyper-plane denoted by [∆,B]A.

Being [∆,B]A concave and symmetric, (i) its minimum B
values – which are projected into the minimum B line of the
entropy diagram - are related to its boundary, (ii) its maximum B
value – which is projected into the maximum B line of the
entropy diagram - is related to such a single inner point where the
direction of the projection is in tangent position to [∆,B]A.

Being XA
-1: [∆A,B]→ ∆A a homeomorphism, the inverse of the

minimum points of [∆A,B] – being situated at the boundary of
[∆A,B] – are related to the boundary of ∆A (i.e., the vertices of the
A = constant polyhedron sections of the simple, being situated on
the edges of the simplex). Moreover, the inverse of the maxi-
mum point of [∆A,B] – being a single inner point of [∆A,B] – will
be a single inner point of ∆A. 

Inverse Image of the Entropy Diagram Points
Let us denote the inverse image of the entropy diagram point

[A,B] in the simplex by ∆AB. Let us consider the restriction of the
function X -1:[∆,B]→∆ onto the A = constant and B = constant
points of the image of the graph of B denoted by [∆,B]AB which is
a homeomorphism XA

-1
B:[∆,B]AB→∆. By definition the image of

the restriction [∆,B]AB is ∆AB Being B = constant, the orthogonal
projection between [∆,B]AB and ∆AB is a simple shift and, therefore,
the inverse image of the entropy diagram point [A,B] in the
simplex ∆AB is congruent with [∆,B]AB, it is enough to determine
the structure of [∆,B]AB.

Geometrically, [∆,B]AB can be constructed as the intersection of
[∆,B] with the A = constant and B = constant hyper-planes in the
N dimensional Euclidean space. If the entropy diagram point
[A,B] is a critical value of the entropy map (i.e., it is a point of the
maximum B line, B = Bmax), then [∆,B]AB is a single point, the
maximum point of [∆,B]A such that the direction of the projection
is in tangent position to [∆,B]A. Its inverse image in the simplex
is the optimal (or critical) point.

If the entropy diagram point [A,B] is a regular value (i.e., it is
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an inner point of the diagram), then [∆,B]AB is non-trivial, being
similar to some parts of a N-3 dimensional sphere with increas-
ing radius as B decreases from the value B = Bmax. Its inverse image
in the simplex is similar to some parts of a N-3 dimensional
sphere with increasing radius as B decreases from the value B =
Bmax, being “centred” to optimal point.

Appendix 2. A Numerical Example

Let us determine the density bounds of a soil with a grading
curve consisting of N=4 fractions, the smallest fraction is
between grain diameters of d = 0.063 mm and d = 0.125 mm, the
relative frequencies of the fractions are equal:

(32)

Let us compute the entropy coordinates first. The base entropy
So is given by the following formula:

(33)

The entropy increment ∆S is given by the following formula:

(34)

The normalised base entropy, the relative base entropy A is
given as:

(35)

The normalised entropy increment B is given as:

(36)

Being this mixture not only continuous but also optimal, the
preliminary dry density transfer function given in Fig. 19 can be
used. Let us determine the approximate minimum dry density
value in terms of dry solid volume ratio smin from Fig. 19. It is
found that at So = 2.5 and ∆S = 2 its value is equal to smin = 0.57.
It is known that the ratio of the minimum and the maximum dry
density is about equal to 0. 92 for sands (Kabai, 1972). It follows
that the maximum dry density in terms of smin is about equal to
smax = 0.57/0. 92=0.62. 
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