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Numerical analysis of dynamic large deformation problems is one of the most challenging and sophisti-
cated tasks in computational geomechanics. The complexity is mainly due to nonlinear soil behaviour,
large deformations accompanied by severe mesh distortion, changing boundary conditions due to con-
tact, and time-dependent behaviour. A typical example of such problems is the dynamic penetration of
an object into a layer of soil due to its initial kinetic energy. This paper introduces an h-adaptive finite
element method to tackle penetration as well as indentation problems of geomechanics in the presence
of inertia forces. The h-adaptive finite element procedure automatically changes and optimises the den-
sity of the finite element mesh in a region to obtain a more accurate solution as well as to eliminate or
reduce possible mesh distortion. A key component of an h-adaptive strategy is the error assessment tech-
nique. Although several methods exist for estimating the error in a finite element domain, the advantages
as well as the capability of such methods in many geotechnical problems, particularly those involved
with dynamic forces and changing boundary conditions, are not clearly understood. This paper describes
a comparative study between three alternative error estimation techniques, including those based on the
energy norm, the Green–Lagrange strain, and the plastic dissipation. The specific problems investigated
involve the static and dynamic analysis of a strip footing on an undrained layer of soil, as well as the pen-
etration of an object into a layer of sand. For these dynamic contact problems of geomechanics, the
numerical results clearly show that the error estimator based on the Green–Lagrange strain outperforms
the other two methods.

Crown Copyright � 2011 Published by Elsevier Ltd. All rights reserved.
1. Introduction

Since the finite element method (FEM) was introduced and ac-
cepted as a reliable technique for analysing engineering problems,
one of the main challenges has been minimising the computational
time without affecting the accuracy of the results. One particular
solution to this challenge, which has attracted the interest of many
researchers in the last few years, involves applying adaptive finite
element methods. Adaptive techniques aim to provide an accurate
and reliable discretisation with a minimum number of elements
and nodes, while aiming to keep the error in the finite element
solution below a certain threshold.

Many geotechnical problems involve nonlinearities that arise
due to large deformations and changing boundary conditions. Typ-
ical examples of such problems include the penetration of various
objects into soil layers, the development of large lateral move-
ments of pipelines on the seabed and the pull-out of anchors
embedded in soils. Numerical modelling of such problems by finite
011 Published by Elsevier Ltd. All
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element procedures can be a cumbersome and complicated task,
mainly due to the potential mesh distortion associated with the
Lagrangian solution strategies, such as the Updated Lagrangian
method. A typical distorted mesh occurring during the analysis of
penetration of a cone into a layer of soil is depicted in Fig. 1. Such
distortion often results in a negative Jacobian of an element, lead-
ing to a spontaneous termination of the numerical analysis.

Adaptive finite element methods have been developed to over-
come the problem of mesh distortion as well as to improve the
accuracy of the finite element solution. The r-adaptive finite ele-
ment method, also known as the Arbitrary Lagrangian–Eulerian
(ALE) method, has now been established for a wide range of geo-
technical applications including the static analysis of various solids
[23], the analysis of consolidation of soils [11,24] and the dynamic
analysis of soil under rapidly applied loading and impacts [25]. The
ALE method refines the spatial location of the mesh nodes, but
does not change the mesh topology of the problem domain.
Although robust, the ALE method may not be efficacious in prob-
lems involved with localised failure or stress concentration.

The h-adaptive finite element method is one of the most effec-
tive strategies for tackling such drawbacks. The h-adaptive
rights reserved.
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Fig. 1. Typical mesh distortion under a penetrating cone.
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Fig. 2. An undrained layer of soil under a rigid footing.
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procedure generates a sequence of approximate meshes aimed at
either converging to an optimum mesh gradually or eliminating
mesh distortion in the finite element domain. In this method the
number of nodes and elements is not constant during the analysis
and the elements can be resized based upon a prescribed solution
precision. This approach can be particularly effective in dealing
with more complicated problems such as analysing large deforma-
tion contact problems where the chance of mesh distortion in-
creases dramatically. The analysis of geotechnical problems by
this method may provide more accurate results, which in turn
should lead to cheaper, safer and more reliable design.

The basic idea of h-adaptivity is to achieve a more accurate and
reliable solution by gradually increasing the density of discretisa-
tion in the critical areas, as the analysis proceeds. To recognise
those areas, in which a mesh refinement is necessary, the h-adap-
tive method relies on error indicators and error estimators to pre-
dict the distribution of the error in the current solution. There are
two main possibilities for calculating the error that have been used
with adaptive methods. These are residual error estimators [1],
which evaluate the residuals of the approximate solution to obtain
more accurate answers, and recovery based error estimators [32],
which use the recovered solution instead of the exact solution to
estimate the error. The recovered values are usually obtained using
a technique known as superconvergent patch recovery. After esti-
mating the error in the current solution there are different mesh
optimality criteria that can be applied to ensure that refinement
results to a better solution. Among them is the LB strategy intro-
duced by Li and Bettess [22], which refines the discretisation by
considering the equal distribution of error in each element in the
new mesh. It has been proven that the LB criterion leads to the
lowest number of elements and the minimum number of degrees
of freedom for a given accuracy compare to other known strategies
[12]. According to this criterion, a new minimum element area is
defined for each element and then the discretisation is refined
based on these new areas.

The h-adaptive finite element method has attracted significant
attention for the analysis of a wide range of solid mechanics
problems that involve inertia effects as well as changing boundary
conditions. Some of the research work in this area has applied the
h-adaptive method for solid mechanics problems with the aim of
capturing localised shear bands and strain localisation
[4,10,17,18,19]. Wiberg and Li [29] suggested an h-adaptive finite
element procedure to refine the mesh and time step automatically
based on the spatial and discretisation error, but they limited their
investigation to linear elastic problems. One of the first applica-
tions of the h-adaptive technique in geomechanics was presented
by Hu and Randolph [15], where the analysis is performed assum-
ing small deformations within each load step, and is followed by
updating the mesh according to the computed incremental nodal
displacements and then remeshing the entire problem domain.

Other researchers have used the h-adaptive finite element
method to solve problems in contact mechanics. The early chal-
lenge to using adaptivity to solve problems involving frictionless
contact was the choice of a suitable error estimator (e.g., [21]). A
few error estimators were introduced for small deformation fric-
tionless contact (e.g., [20,14] considering the underlying mathe-
matical concepts of the problem. Johnson and Hansbo [16]
proposed a residual-based error estimator to be used for one-
dimensional membrane problems. Later, Wriggers et al. [31] im-
proved this approach, and used it for the contact of elastic bodies.
[8] developed an error estimator based on the penalty approach for
frictionless contact problems. Becker and Rannacher [2] used the
concept of dual error estimation to introduce a technique for eval-
uating the error in linear elastic contact problems. Rieger and
Wriggers [28] extended this technique to deal with the nonlinear
frictionless contact in three-dimensional problems. The recovery-
based error estimators were effectively used by Bessette et al. [5]
for modelling three-dimensional penetration impact problems
within an h-adaptive procedure in an explicit finite element meth-
od. Using this method, Bessette et al. [5] were able to solve ballistic
penetration problems. Many of these contact problems also in-
cluded dynamic loading. Blum et al. [7] used a time/space finite
element technique to overcome some of the special problems
involving dynamic contact. A comparison on the efficiency of dif-
ferent adaptive methods for solving two dimensional Hertzian con-
tact problems was reported by Franke et al. [13].

Although well established in solid mechanics, the h-adaptive fi-
nite element method warrants greater attention in geomechanics,
particularly in problems involving dynamic forces and changing
boundary conditions. In this paper, we will present a general frame-
work of the h-adaptive finite element method to tackle nonlinear
problems of geomechanics involved with inertia forces, contact
mechanics and large deformations. More importantly, the perfor-
mance of three well-established error assessment techniques to
deal with such problems, based on the energy norm, the Green–
Lagrange strain, and plastic dissipation, will be investigated.
2. h-Adaptive finite element method

The dynamic analysis by the h-adaptive finite element method
presented here includes four main steps. In the first step, the Up-
dated Lagrangian (UL) method is employed to solve the global gov-
erning equations to achieve dynamic equilibrium. Secondly, a new
finite element mesh is generated based on the new sizes of the ele-
ments, usually obtained by an error estimator which calculates the



Table 1
Performance of the error assessment methods, static bearing capacity of the soil
under a rigid footing assuming small deformations.

Error
assessment
method

Predicted
bearing
capacity

Total number
of elements

Total
number of
nodes

Normalised
CPU time

Energy norm 5.16su 3962 8059 20.0
Green–

Lagrange
strain

4.99su 2521 5146 15.7

Plastic
dissipation

5.10su 1122 2331 1.0
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error in each element and determines which regions of the mesh
domain should be subdivided into smaller elements. In the third
step, all nodal variables and state variables at integration points
are transformed (or mapped) from the old mesh to the new gener-
ated mesh. Finally, an automatic procedure must be employed to
check that dynamic equilibrium is satisfied at the global level
and to check that the principle of plasticity consistency is satisfied
at each integration point inside all elements. Each of these steps is
briefly explained in the following.
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In each time step of the analysis the h-adaptive procedure starts
with an UL step to calculate the displacements, velocities and
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Cauchy stress tensor, and de is the variation of strain due to virtual
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To model the contact between two bodies including large defor-
mations we employ the so-called node-to-segment (NTS) concept,
where a node on a slave surface may come into contact with an
arbitrary segment of the master contact surface, and is allowed
to slide along the master surface a finite distance [30]. For large
deformations, this technique facilitates the sliding of a contacting
node over several elements. With this assumption the last term
in Eq. (1), representing the virtual work due to normal and tangen-
tial components of the contact force, can be estimated according toZ

Sc

ðtNdgN þ tTdgTÞdSc �
Xnc

i¼1

duT
i Fc

Ni
þ
Xnc

i¼1

duT
i Fc

Ti
ð2Þ

where Fc
N and Fc

T represent the normal and tangential components
of the contact force, respectively, and nc is the total number of slave
nodes contacting the master surface.

The implicit generalised-a method proposed by Chung and Hul-
bert [9] is used here to integrate with respect to time the global
matrix equations obtained by linearisation of Eq. (1), as follows
(see e.g., [25]:
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Fig. 4. Dynamic analysis of soil under a footing.
where M is the mass matrix, C represents the damping matrix, Kt is
the tangential stiffness matrix, Fint and Fext are the internal and
external force vectors, respectively, u is the displacement vector,
and a superimposed dot represents the time derivative of a variable.
In the generalised-a method, am and af are two integration param-
eters used to estimate the inertia forces at time t þ ð1� amÞDt and
the internal forces as well as the damping forces at time
t þ ð1� af ÞDt, respectively, and a and b are Newmark’s integration
parameters which relate the accelerations and the velocities to dis-
placements according to

€utþDt ¼ 1
bDt2 ðutþDt � utÞ � 1

bDt
_ut � 1�2b

2b
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b
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Note that Eq. (3) is based on the iterative Newton–Raphson
method. KT in Eq. (3) is obtained by summation of the material
stiffness, the stiffness due to geometrical nonlinearity, and the
stiffness due to normal and tangential contact. In addition,
the internal force vector can be calculated by the contribution of
the Cauchy stress tensor and the nodal forces at the contact
surfaces as follows:

FtþDt
int ¼

Z
VtþDt

BT � rtþDtdVtþDt �
Xnc

i¼1

ðFc
Ni
þ Fc

Ti
Þ ð5Þ
2.2. Error estimators and indicators

In its general form, the error in an arbitrary function f is de-
scribed as:

e ¼ jf � � f hj ð6Þ

where f h represents the value of the function f calculated by the fi-
nite element method at an integration point and f � is the smoothed
value of function at the same point, derived fromf h. To find f �, the
function is mapped to the nodal points by a smoothing technique.
Here the superconvergent patch recovery (SPR) technique is used
to calculate the nodal values of a function based upon its values
at integration points [33]. Later, the nodal values of f will be used
to find the smoothed values at integration points by the following
interpolation equation:

f � ¼
XNtn

k¼1

Nkf �k ð7Þ

where N represents the finite element interpolation function, k de-
notes the local node number, and Ntn is the total number of nodes in
an element.

With knowledge of the error in each element, e�el, and the error
in the finite element domain, E, the relative error in the solution, g,
can be found from

g ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPNte
i¼1ke�elki

q
E

ð8Þ
Table 2
Performance of the error assessment methods for an undrained layer of soil under a
dynamically applied pressure assuming small deformations.

Error
assessment
method

Final
settlement/
B

Total number
of elements

Total
number of
nodes

Normalised
CPU time

Energy norm 0.665 9005 18,196 3.6
Green–

Lagrange
strain

0.652 5154 10,467 1.0

Plastic
dissipation

0.648 7390 14,941 2.8



a. Error assessment based on energy norm 

c. Error assessment based on plastic dissipation 

b. Error assessment based on Green-Lagrange strain 

Fig. 5. Dynamic small deformation analysis, final meshes at the end of each analysis.

Table 3
Performance of the error assessment methods for an undrained layer of soil under a dynamically applied pressure assuming large deformations.

Error assessment method Final settlement/B Total number of elements Total number of nodes Normalised CPU time

Energy norm 0.318 4509 9178 5.2
Green–Lagrange strain 0.332 1600 3303 1.0
Plastic dissipation 0.312 2289 4700 1.6
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in which Nte is the total number of the elements. Obviously, if the
relative error is smaller than a prescribed tolerance, �g, no more
mesh refinement will be needed. Otherwise, by assuming equal dis-
tribution of error over the elements, the new element size can be
obtained from the old element size. In two-dimensional problems
the new area of each element, Anew, is calculated by

Anew ¼ Aold
�gE

ke�elk
ffiffiffiffiffiffiffi
Nte
p

 !1
p

ð9Þ

where Aold is the old area of the element, p is the polynomial order
of the shape functions, and N represents the total number of ele-
ments. After calculating the new area of each element, a mesh gen-
eration algorithm, based on the Delaunay triangulation, is used to
generate a new mesh for the entire domain of the problem.

Two of the most common approaches for evaluating the magni-
tude of the computation errors involve the use of ‘error indication’
and ‘error estimation’. Error indicators are usually based on the va-
lue of intuitive parameters (geometrical, mechanical, etc.) which
can be easily computed to keep the processing cost at a low price.
The error indicators usually take advantage of some readily avail-
able quantities obtained routinely from the finite element compu-
tation. Error estimators, on the other hand, approximate the error
of a given norm. They are based on mathematical foundations
and are usually computationally more expensive to apply. How-
ever, because of their alibility to provide quantification of the error,
they have attracted more attention in the literature than error
indicators.

Among others, three different techniques of error assessment
are employed in this work, and their application as well as their
efficiency in solving dynamic problems of geomechanics will be
addressed. In the following, these techniques we will briefly
explained.

The first method used to estimate the error in the finite element
domain is the one introduced by Boroomand and Zienkiewicz [6]
based on the energy norm in nonlinear problems of elasto-plastic-
ity. In this method, the error in each element, e�el, can be calculated
by an energy norm defined as



a. Error assessment based on energy norm 

c. Error assessment based on plastic dissipation 

b. Error assessment based on Green-Lagrange strain 

Fig. 6. Dynamic large deformation analysis, deformed meshes at the end of each analysis.
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ke�elk ¼
Z
jðr� � rhÞTðDe� � DehÞjdVel

’
XNgp

i¼1

wiðr�i � rh
i ÞðDe�i � Deh

i Þ ð10Þ

where r� andDe� are recovered stresses and incremental strains,
respectively, rh and

Deh

represent the corresponding finite element approximations, Vel is
the domain of the element, wi is the Gauss quadrature weight,
and Ngp is the number of Gauss points in an element. After calculat-
ing the error in each element, the error in the solution is obtained
by

E ¼
XNte

j¼1

XNgp

i¼1

wir�Tji De�ji

 !1
2

ð11Þ

For elastoplastic materials, particularly in problems involving
large deformation, the error indicator based on the stress field
may not be the most efficient since the stresses in the plastic zones
tend to remain on the yield surface while large plastic strains may
occur due to further loading. Belytschko [3] suggested an error indi-
cator based on the recovered Green–Lagrange strain tensor, and
showed that this indicator is effective in mesh refinement of plastic
zones. For dynamic contact problems of geomechanics, such as dy-
namic penetration of an object into a soil layer, this type of error
assessment is potentially a good candidate due to the highly local-
ised deformations occurring around the contact surfaces. Based on
the Green–Lagrange strain tensor, EG, the error in each element and
the error in the finite element domain can be obtained by

ke�elk ¼
Z
jðE�G � Eh

GÞ
TðE�G � Eh

GÞjdVel

� �1
2

ð12Þ

E ¼
XNte

j¼1

XNgp

i¼1

wiE
�T
GjiE

�
Gji

 !1
2

ð13Þ

Another meaningful error measurement can be defined based
on the plastic dissipation and the rate of plastic work [27]. The
plastic dissipation function, Dp, is defined by

Dp ¼ rT _ep � A _a ð14Þ

where ep is the plastic strain, A is the hardening thermodynamical
force, and a represents a set of variables associated with the hard-
ening of the elastoplastic material. For a non-hardening material,
the errors in each element and the error in the finite element do-
main based on the plastic dissipation can be assessed from

ke�elk ¼
Z
jðr� � rhÞTðDep� � DephÞjdVel

� �1
2

ð15Þ

E ¼
XNte

j¼1

XNgp

i¼1

wir�Tji Dep�
ji

 !1
2

ð16Þ
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Fig. 7. Penetration of an object into a soil layer.
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Fig. 8. Static penetration of an object into a drained layer of soil.
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2.3. Remapping of variables

The state variables in the newly generated finite element mesh
must be calculated based on their old values using a robust remap-
ping scheme. Note that this procedure is only required for the new
nodal points as well as the new elements. Nodal variables, such as
displacements, velocities and accelerations, can be remapped from
the old mesh to the new mesh by a direct interpolation using the
displacement shape functions. Remapping of the variables at Gauss
points, on the other hand, is more challenging. First, the variables
in a patch are computed using the super convergent patch recovery
technique [33]. This method estimates the quantities in a patch
using a polynomial of the same order as the displacements, and
uses the least square technique to find the unknown coefficients
of the polynomial. The state variables at all new Gauss points are
then obtained by substituting their coordinates in the polynomial
describing the distribution of the variables over the patch.
2.4. Retrieving dynamic equilibrium

After remapping the state variables, equilibrium in the new
mesh is yet to be satisfied. Moreover, for elastoplastic soil models,
the principle of plasticity consistency may be violated due to some
stress points lying outside the yield surface. In this study, we use
the Newmark integration scheme to conduct further iterations to
guarantee equilibrium as well as plasticity consistency. Employing
the Newton–Raphson method, the following equation needs to be
solved in each iteration

M
b � Dt2 þ

C
b � Dt

þ Kði�1Þ

� �
� DuðiÞ

¼ DFtþDt
ext � DFtþDt

intði�1Þ �M
utþDt
ði�1Þ � ut

b � Dt2 �
_ut

b � Dt
� ð1� 2bÞ€ut

2b

" #

� C
aðutþDt

ði�1Þ � utÞ
b � Dt

þ ðb� aÞ _ut

b
þ Dt 1� a

2b

� �
€ut

" #
ð17Þ
3. Numerical examples

The h-adaptive finite element described in Section 2 has been
implemented into SNAC, the in-house finite element code devel-
oped by the Geotechnical research group at the University of New-
castle, Australia. SNAC was used to analyse the numerical
examples in this section. In all examples, six-node triangular ele-
ments with six integration points have been used. All examples
have been solved using a Dell T7500 Workstation with 2 Intel Xeon
processors (8 cores) at 3.33 GHz. Note that every analysis has been
run on a single CPU.

3.1. Undrained behaviour of a soil layer under a rigid footing

To compare the performance of the three error estimation tech-
niques and the accuracy of the h-adaptive method presented here
we first consider an undrained layer of soil under a rough rigid
footing. The footing, the soil layer, and the boundary conditions
are shown in Fig. 2. The soil was modelled as a Tresca material,
and any increase in shear strength due to strain rates effects was
neglected to avoid further complexity. The material properties
describing the soil behaviour include the shear modulus, G,



a. Error assessment based on energy norm, 
analysis terminated due to mesh distortion at 
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c. Error assessment based on plastic 
dissipation, mesh at the end of analysis 

b. Error assessment based on Green-Lagrange strain, 
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Fig. 9. Static cone penetration.
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undrained shear strength, su, and the density, c. The undrained
friction angle of the soil and its material damping are assumed to
be zero. To approximate elastic incompressibility of the soil, a
Poisson’s ratio of 0.49 was adopted in all analyses.

(a) Small deformation bearing capacity

Firstly, we investigate the static bearing capacity of the soil
assuming small deformations using the three error assessment
methods. According to Prandtl’s plasticity solution the static un-
drained bearing capacity of the soil under a rigid strip footing is gi-
ven by (2 + p)su. To estimate the capacity numerically, a prescribed
vertical displacement of 0.04B was applied to the footing, and due
to symmetry only one half of the problem domain was analysed. In
all analyses the initial topology, number of time steps, and the er-
ror tolerance were identical. Table 1 shows the bearing capacity
predicted by each method, the total number of the elements and
the nodes at the end of each analysis, and the CPU time normalised
by the CPU time of the fastest analysis.

Table 1 shows that the error assessment based on plastic dissi-
pation requires the minimum number of elements and nodes as
well as the minimum CPU time (808 s) to estimate the undrained
bearing capacity of the soil, assuming small deformations only.
The values of bearing capacity predicted by the energy norm, the
Green–Lagrange strain, and the plastic dissipation error assess-
ment methods are, respectively, 0.39%, 2.9% and 0.78% different
from Prandtl’s exact plasticity solution. Compared to the Green–La-
grange strain error estimator, the plastic dissipation is �16 times
faster and requires a significantly smaller number of nodes and ele-
ments, but yet provides a more accurate result. The error assessor
based on the energy norm predicted the bearing capacity of the soil
most accurately but was computationally the slowest method.
Fig. 3 depicts the failure mechanism of the soil under a rigid strip
as well as the finite element meshes at the end of each analysis.
Although only half of the geometry was considered in all analyses
the entire problem domains are shown in Fig. 3, presenting a more
meaningful visualisation. According to Fig. 3b–d, the h-adaptive
method can successfully predict the location and the orientation
of the slip surfaces generated due to the shear failure of the soil.

(b) Dynamic small deformation analysis

Next we investigate the behaviour of the same soil and footing
under a dynamic pressure loading of total magnitude 10su, where
su is the static undrained strength of the soil, applied at a uniform
rate over a period of 1 s. Small deformation conditions were also
assumed in this example. The magnitude of the pressure loading,
being applied rapidly, can exceed the static bearing capacity of
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Fig. 10. Dynamic penetration of an object into a drained layer of soil.
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the soil since it contributes to the development of inertia forces in
the elastoplastic continuum. In all analyses, it was assumed that G/
su = 33 and the soil had a mass density of 1 t/m3. In order to avoid
reflection of the outgoing stress waves, viscous energy absorbing
boundaries were used in all dynamic analyses (see e.g., [25]. Pre-
dictions of the applied pressure normalised by the static shear
strength of the soil are plotted versus the vertical displacement
of the footing normalised by the footing width in Fig. 4.a. Almost
identical predictions were obtained in all analyses performed using
the three error assessment methods. However, the final vertical
settlements of the footing predicted by the three methods are
slightly different, as shown in Table 2. This table also presents
the performance of each error assessment technique by comparing
the final densities of the various finite element meshes and the
normalised CPU times. According to Table 2 the error assessor
based on the Green–Lagrange strain tensor represents the best per-
formance. The actual CPU time of this analysis was 1065 s. Alterna-
tively, the performance of the h-adaptive strategies considered in
this study can be compared by plotting the growth of the total
number of degrees of freedom versus the analysis time, as in
Fig. 4b. According to Fig. 4b, the error estimator based on the
Green–Lagrange strain requires the minimum number of the ele-
ments and nodal points to finalise the dynamic analysis, suggesting
that for dynamic analysis of the footings this method is probably
the most efficient strategy among those methods studied here.
The final element meshes obtained at the end of each analysis
are shown in Fig. 5, which represent consistent plastic zones pre-
dicted by each method. However, for the rate of loading considered
in this problem no clear shear failure mechanism can be observed.

(c) Dynamic large deformation analysis

Finally, the footing problem solved in Section 3.1.b was reanaly-
sed by considering identical conditions but assuming large deforma-
tions. Nazem et al. [25] studied the behaviour of this soil layer for
pressure loading applied at rates of 2su and 20su per second, using
the Arbitrary Lagrangian–Eulerian (ALE) method. In this paper the
behaviour of the same ideal soil and footing for a load rate of 10su/
s is studied, i.e., a total pressure 10su applied at a uniform rate over
1 s. The problem was analysed using the three different error assess-
ment techniques described previously. By using a very fine mesh and
employing the ALE method, Nazem et al. [26] found that the final set-
tlement of the footing under the applied dynamic pressure load was
0.322B. This value was also approximated by the three h-adaptive
methods, as presented in Table 3. In addition, Table 3 provides the
normalised CPU times as well as the topology information at the
end of each analysis. These data show that in terms of efficiency,
the Green–Lagrange strain error estimator outperforms the other
two methods. The analysis by this error estimator took 1389 s.

A typical plot of the applied pressure normalised by the shear
strength of the soil versus the settlement of the footing normalised
by its width is shown in Fig. 4a. According to Fig. 4a, the predicted
resistance of the soil at any given displacement is higher in a large
deformation analysis than the resistance predicted assuming small
deformations. For all analyses, the growth of the total number of
degrees of freedom versus the analysis time is plotted in Fig. 4b,
which shows that the Green–Lagrange error estimator generates
the minimum number of nodes as the analysis proceeds, and thus
is the most efficient method of those considered. The deformed
meshes at the end of each analysis are shown in Fig. 6.

3.2. Cone penetration into a drained soil layer

In the second example, we study the performance of the error
assessment methods by analysing a complicated problem in geo-
mechanics, the penetration of an object into a soil layer, which re-
quires contact mechanics to deal with the interface between the
object and the soil. Fig. 7 represents a rigid cone penetrating into
a layer of sand. The soil is modelled by a Mohr–Coulomb material
with a non-associated flow rule. The Young’s modulus, Poisson’s
ratio, unit weight, cohesion, friction angle and dilation angle of
the soil are assumed to be 500 kPa, 0.3, 19.6 kN/m3, 2.0 kPa, 30�
and 20�, respectively. The diameter of the penetrometer, d, is
0.05 m and its length is assumed to be 10d. For simplicity, the fric-
tion forces between the cone and the soil are considered negligible.
Due to symmetry, only half of the problem domain is modelled in
the axi-symmetric analysis.

As the purpose of these analyses was to compare the efficiency
and effectiveness of the methods of error assessment, for simplicity
the initial stress state throughout the sand was assumed to be zero,
i.e., the effect of self weight on the initial stress state were ignored.
However, the finite mass density of the sand was used in the dy-
namic analysis. This may mean that the magnitude of the predicted
cone penetration resistance may be somewhat unrealistic,
although it is noted that maximum penetration is only 0.5 m, so
that the magnitude of the initial stress field, prior to penetration,
is expected to be relatively small.

(a) Static analysis

In field tests the penetrometer is usually pushed into the
ground at a relatively slow velocity of 0.02 m/s in which case it
is reasonable to ignore inertia effects. To simulate static penetra-
tion numerically, a total prescribed vertical displacement of 10d
was applied to the penetrometer. The three error estimation tech-
niques were used separately to analyse the problem and to predict
the soil resistance. In each analysis the maximum value of an ele-
ment area in the initial mesh was 1.2d2, representing a relatively
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coarse mesh. During the adaptive analysis the minimum area of
new elements was limited to 0.02d2.

The soil resistance normalised by its cohesion versus the verti-
cal displacement of the penetrometer normalised by its diameter is
plotted in Fig. 8a. The three error assessment methods predict sim-
ilar curves, but the h-adaptive method based on the energy norm
failed to complete the analysis due to mesh distortion occurring
at a penetration of 8.97d. Fig. 8b displays the growth in the number
of degrees of freedom versus the analysis time obtained by each
method. As shown in Fig. 8b, the adaptive method based on the
Green–Lagrange strain, compared to the other two error estima-
tion techniques, required significantly fewer nodal points to esti-
mate the soil resistance. This is also evident in the finite element
meshes at the termination of each analysis, as represented in
Fig. 9. For the static cone penetration analysis presented here, it
was observed that the Green–Lagrange strain error assessor is
approximately five times faster that the plastic dissipation error
a. Error assessment based on energy 
norm, analysis terminated due to 

mesh distortion at 4.64d penetration

b. Error assessment base
strain, mesh at th

Fig. 11. Dynamic cone p
estimator. The analysis time by the Green-Lagrange strain error
assessor was measured to be 5653 s.

(b) Dynamic analysis

To compare the performance of the three h-adaptive methods
for a dynamic contact problem, a prescribed vertical displacement
of 10d was applied to the same penetrometer over a period of 1 s,
and inertia forces were considered in the analysis. The mass den-
sity of the soil was assumed to be 2 t/m3. For this case in which
d = 0.05 m, the cone penetrates into the soil layer at a velocity of
0.5 m/s, which is 25 times faster than the standard penetration rate
of a static test, 0.02 m/s. As depicted in Fig. 7, energy absorbent
boundaries were used in all dynamic analyses and the material
damping was assumed to be zero. Similar to the static analyses
presented in the previous section, the initial mesh is relatively
coarse, including 285 elements and 468 nodal points. This config-
c. Error assessment based on 
plastic dissipation, mesh distortion 

occurred at 1.52d penetration 

d on Green-Lagrange 
e end of analysis 

enetration analysis.
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uration was obtained by initially limiting the maximum value of an
element area to 1.2d2, while the elements were permitted to attain
a minimum area of 0.02d2 during the adaptive analysis.

The predicted load–displacement curves for the dynamic analy-
ses are shown in Fig. 10a. Only the analysis in which the error esti-
mator was based on the Green–Lagrange strain was able to
complete the analysis, i.e., to an overall penetration of 10d. This
analysis took 16167 s. The analyses assuming the energy norm
and the plastic dissipation error estimators failed to provide a com-
plete solution for the problem due to mesh distortion occurring at
penetrations of 4.64d and 1.49d, respectively. The increase in de-
grees of freedom versus the analysis time is plotted in Fig. 10b.
In each analysis, when a penetration of 1.49d (t = 0.149 s) was at-
tained, i.e., the point at which the plastic dissipation error assessor
failed to proceed, the total number of degrees of freedom in the
adaptive finite element meshes predicted by the energy norm,
Green–Lagrange strain, and plastic dissipation error assessments
were 7474, 1732, and 5152, respectively. The rapid increase in de-
grees of freedom predicted by the energy norm and the plastic dis-
sipation error assessment methods was unexpected, and shows
that these two techniques are neither applicable nor efficient for
this dynamic contact problem. This is also shown graphically by
plotting the finite element meshes at the end of each analysis in
Fig. 11. Use of the energy norm and plastic dissipation error esti-
mators resulted in an increase in the density of the mesh in regions
distant from the penetrometer. This phenomenon could be due to
the propagation of stress waves in the continuum resulting from
the initial impact of the penetrometer with the soil, but it does
not necessarily improve the predicted results, and as observed,
eventually it caused unacceptable mesh distortion.
4. Conclusions

Application of the h-adaptive finite element method for the
analysis of contact and dynamic problems of geomechanics was
presented in this study. The performance of three alternative error
assessment techniques was investigated. This was achieved by
studying the static and dynamic behaviour of soil under a strip
footing as well as the response of soil to a penetrating object.

For the static problems studied here it was observed that, in
terms of accuracy, the three error assessment techniques provide
similar results. For the footing problem, the plastic dissipation er-
ror estimator outperformed the other two techniques. However,
for the case of static cone penetration involving an analysis of con-
tact behaviour, it was demonstrated that the error assessor based
on the Green–Lagrange strain was the most efficient technique.

For the dynamic problems considered in this study it was found
that the Green–Lagrange strain error estimator can provide a solu-
tion with a minimum number of required degrees of freedom. In
the case of dynamic penetration, the Green–Lagrange strain error
estimator is the only one which was able to complete the analysis
without any difficulty, while the other two techniques failed to
provide a complete solution due to excessive mesh distortion
caused by relatively large deformations occurring at the interface
between the soil and the penetrometer. In addition, the plastic dis-
sipation and energy norm error estimators tended to increase the
density of the mesh unnecessarily, which increased the computa-
tional time significantly.

Numerical results indicate that the choice of a suitable error
estimator depends on the problem and its complexity. In general,
for the geomechanics problems presented here, the energy norm
error estimator demonstrated the lowest performance while the
Green–Lagrange strain error assessor was found to the most opti-
mal. The results show that no unique error estimator may be gen-
erally prescribed for geotechnical problems. However, for dynamic
contact problems, the choice of an error estimator based on the
Green–Lagrange strain tensor is recommended.
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